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Abstract. Let X be a semibrick in an extriangulated category. If X is a T-semibrick, then
the Auslander-Reiten quiver I'(F (X)) of the filtration subcategory F(X) generated by X
is ZAso. If X = {X;}{_; is a 7-cycle semibrick, then ['(F(X)) is ZAoo /4.
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1. INTRODUCTION

In representation theory of algebras, the notion of simple modules is fundamen-
tal. By Schur’s lemma, the endomorphism ring of a simple module is a division
algebra; and there exists no nonzero homomorphism between two nonisomorphic
simple modules. We say that a module is a brick if its endomorphism ring is a di-
vision algebra. Clearly, this notion is a generalization of simple modules. For
each set of isoclasses of pairwise Hom-orthogonal bricks, we call it a semibrick.
By Simson and Skowronski (see [5]), the filtration subcategory F(X) of a semib-
rick X in the module category is an exact abelian subcategory. Let X = {X;}!_;
be a 7-cycle semibrick in the module category of a hereditary algebra. An in-
teresting and significant result says that the indecomposable objects in F(X) are
uniserial, and the Auslander-Reiten quiver of F(X) is a stable tube of rank ¢,
cf. [4], [5].

Recently, Nakaoka and Palu in [3] introduced an extriangulated category by ex-
tracting properties on triangulated categories and exact categories. Iyama, Nakaoka
and Palu in [2] developed the Auslander-Reiten theory for extriangulated categories.
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In this paper, we continue our study on semibricks in an extriangulated category in [6]
and investigate the Auslander-Reiten quiver of the filtration subcategory generated
by a semibrick.

The paper is organized as follows: We summarize the definition and some prop-
erties of an extriangulated category, its Auslander-Reiten theory and the filtration
subcategory in Section 2. In Section 3, we describe the Auslander-Reiten quiver of
the filtration subcategory generated by a semibrick in an extriangulated category.

Throughout this paper, we assume, unless otherwise stated, that all considered cat-
egories are skeletally small, Hom-finite, Krull-Schmidt, linear over a fixed field k, and
subcategories are full and closed under isomorphisms. We denote by D the k-dual.

2. PRELIMINARIES

2.1. Extriangulated categories. Let us recall some notions concerning extri-
angulated categories from [3].

Let ¥ be an additive category and let E: €°P x ¥ — Ab be a biadditive functor.
For any pair of objects A, C € €, an element § € E(C, A) is called an E-extension.
The zero element 0 € E(C, A) is called the split E-extension. For any morphism
a € €(A,A") and ¢ € €(C’,C) we have E(C,a)(d) € E(C,A’) and E(c, A)(9) €
E(C’, A). We simply denote them by a.0 and ¢*d, respectively. Let 6 € E(C, A) and
§ € E(C',A"). A morphism (a,c): 6§ — ¢ of E-extensions is a pair of morphisms
a€ % (A, A") and ¢ € €(C, ') satisfying the equality a.d = ¢*¢'.

By Yoneda’s lemma, any E-extension 6 € E(C, A) induces natural transformations

§: €(—,C) — E(—,A) and &*: €(A,—) — E(C, ).

For any X € ¢, these (§3)x and (6%)x are defined by (64)x: ¢(X,C) — E(X, A),
fr f*6and (6%)x: €(A,X) = E(C, X), g+ gsf.

Two sequences of morphisms A 5 B % C and A £I> B' % C in € are said to be
equivalent if there exists an isomorphism b € €' (B, B’) such that the diagram

A—2>p—">C

|k,

A—>B’—>C

is commutative. We denote the equivalence class of A % B % C by [A % B % ().
In addition, for any A,C' € € we denote

0=4 Y 4sc
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For any two classes [A = B % C] and [A’ Z Y ('] we denote

’ /

ASBAClaA S B %O =[AeA " BeB 'Y cac).

Definition 2.1. Let s be a correspondence which associates an equivalence class
5(8) = [A S B % C] to any E-extension 6 € E(C, A) . This s is called a realization
of E if for any morphism (a,c): 6 — ¢ with s(6) = [A1] and s(¢') = [As], there is
a commutative diagram as follows:

z’ y'
Ag A —— B —— (.

A realization s of E is said to be additive if it satisfies the following conditions:
(a) For any A,C € €, the split E-extension 0 € E(C, A) satisfies §(0) = 0.
(b) s(d ® &) = 5(0) @ s(¢') for any pair of E-extensions ¢ and ¢'.

Let s be an additive realization of E. If s(5) = [A = B % (], then the sequence
A% B Cis called a conflation, z is called an inflation and vy is called a deflation.
In this case, we say that A = B % C 2 isan E-triangle. We write A = cocone(y)
and C' = cone(x) if necessary. We say an E-triangle is splitting if it realizes 0.

Definition 2.2 ([3], Definition 2.12). We call the triplet (%, E,s) an extriangu-
lated category if it satisfies the following conditions:

(ET1) E: €°P x € — Ab is a biadditive functor.

(ET2) s is an additive realization of E.

(ET3) Let 6 € E(C, A) and ¢’ € E(C’, A’) be any pair of E-extensions, realized as
s(0)=[A3 B4 ], s(8) =4 Z Y C'’]. For any commutative square

A—I>B—y>c

|

AIL>B/LC/

in ¢ there exists a morphism (a,c): § — ¢’ which is realized by (a, b, ¢).
(ET3)°P Dual of (ET3).
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(ET4) Let 6 € E(D, A) and ¢’ € E(F, B) be E-extensions realized by A ENYRI)

and B % C % F, respectively. Then there exist an object E € ¢, a commutative

diagram
(2.1) A—f>BL>D
Atlsc
F F

in ¢, and an E-extension 6” € E(FE, A) realized by A Yo LN E, which satisfy the
following compatibilities:

(i) D 4 E 5 F realizes E(F, f)(d),

(i) E(d, 4)(6") =0,

(i) E(E, £)(3") = E(e, B)(®),

(ET4)°P dual of (ET4).

The higher positive and negative extensions E™ in an extriangulated category have

been defined in [1].

s
Proposition 2.3 ([1], Theorem 3.5). For any E-triangle A — B — C --», the
following sequences of natural transformations are exact:

=

1)

%wr> %(B,—) »€(4,-) S E(C,-)
E(B,—) = E(A,—) = E*(C,—) — ...,

wa> %(=,B) = €(~,C) B E(—, 4)
E(—,B) = E(—,C) = E*(—,A) — ...

In what follows, we always assume that (¢, E,s) is an extriangulated category.

2.2. Auslander-Reiten theory. Recently, Iyama, Nakaoka and Palu developed
the Auslander-Reiten theory for extriangulated categories in [2].

Definition 2.4. A nonsplit extension 6 € E(C, A) is said to be almost split if it
satisfies the following conditions:

(1) f+6 =0 for any nonsection f € Hom(A, A’).

(2) g*0 = 0 for any nonretraction g € Hom(C’, C).

The E-triangle A - B — C 2, for an almost split extension J is called an almost
split sequence or Auslander-Reiten E-triangle in the sense of [7].
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Definition 2.5. We say that € has almost split extensions if it satisfies the
following conditions:

(1) For any indecomposable nonprojective object A € € there exists an almost
split extension ¢ € E(A, B) for some B € ¥.

(2) For any indecomposable noninjective object B € € there exists an almost split
extension 0 € E(A, B) for some A € ¥.

We denote by P(%) the ideal of ¥ cousisting of all morphisms f such that
E(f,—) = 0, and define the ideal quotient € = € /P(%). Dually, we define the ideal
Z(€) of € and the ideal quotient ¥ = € /Z(%). In order to study the existence
of almost split extensions, Iyama, Nakaoka and Palu in [2] introduced the notion
of the Auslander-Reiten Serre duality. More explicitly, the Auslander-Reiten Serre
duality is a pair (7,7) of an additive functor 7: € — % and a natural isomorphism 7
such that

np,.a: DE(B,7TA) =% (A, B)

for any A, B € €. By [2], Theorem 3.6, € has almost split extensions if and only
if € has the Auslander-Reiten Serre duality.

Let € be an extriangulated category with Auslander-Reiten Serre duality. Denote
by ind (%) the set of isoclasses of indecomposable objects in . Given X,Y € ind(%),
set Irr(X,Y) = rad(X,Y)/rad?(X,Y), and it is an End(Y)-End(X)-bimodule. We
set dxy = dimy Irr(X,Y"). The Auslander-Reiten quiver T'(€) = (Qo, Q1,7) of € is
defined as follows:
> The set Qo of vertices is ind(%).
> For X,Y € Qg there exists dxy arrows X — Y in Q1.
> The functor 7, called the Auslander-Reiten translation, is such that X = 7Y if

and only if there exists an almost split extension 6 € E(Y, X).

It is well-known that the Auslander-Reiten quiver of 4" has a close relationship
with sink and source morphisms. To be precise, if f: X — Y is a source morphism,
then ¥ & @Yidxy"' for all Y; € ind(¥). If f: X — Y is a sink morphism, then
X 2 aX™ for all X; € ind(€).

2.3. Filtration subcategories. We recall some preliminary properties about
filtration subcategories from [6].

Let X be a collection of objects in €. The filtration subcategory F(X) consists of
all objects M admitting a finite filtration of the from

0=X) 2% X, D5 X . I x, =M

with f; being an inflation and cone(f;) € X for any 0 <i < n — 1.
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In this case, we say that M possesses an X-filtration of length n and the minimal
length of such a filtration is called the X-length of M, which is denoted by x(M).

Remark 2.6. Let X and ) be two collections of objects in %.

> F(X) is the smallest extension-closed subcategory containing X in %.

> For any E-triangle A — B — C' --» in F(&X), we have that lx(B) < lx(4)+1x(C).
> If Hom(X,)) = 0, then Hom(F(X), F())) = 0.

> If E(X,Y) =0, then E(F(X), F(Y)) =0.

Proposition 2.7. Let X be a collection of objects in €. If M € F(X), then there
exists two E-triangles

Xi—>M—M --» and M'->M—= X;-->

with X;, X; € X and lx(M') =lx(M") =lx(M) — 1.
Proof. It is easily proved by [6], Lemma 2.9. O

Let M be an object in €, we say that M is a brick if End(M) = k. A set X of
mutually nonisomorphic bricks in 4 is called a semibrick if Hom(X;,X5) = 0 for
any two nonisomorphic objects X1, Xo in X.

The following result will be frequently used in what follows, see [6], Lemmas 3.5, 5.4
and Corollary 3.6.

Proposition 2.8. Let X be a semibrick in €.
(1) If f: X — M is a nonzero morphism in F(X) with X € X, then f is an inflation
such that lx(cone(f)) = lx (M) — 1.
(2) If f: M — X is a nonzero morphism in F(X) with X € X, then f is a deflation
such that lx(cocone(f)) =lx (M) — 1.
(3) F(X) is closed under direct summands in € .
(4) For any object X € F(X), if X = A® B, then lx(X) =lx(A) + lx(B).

3. THE AUSLANDER-REITEN QUIVERS OF FILTRATION SUBCATEGORIES

In what follows, we assume that % is an extriangulated category with Auslander-
Reiten Serre duality (7, 7).

Definition 3.1. A semibrick X = { X };¢7 is said to be 7-semibrick if it satisfies
the following conditions:

1) rX;=X,_1 forie 7.

(2) [E2(Xi,Xj) =0fori,je 7.
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If € has positive global dimension 1 in the sense of [1], Definition 3.28, then (2)
is satisfied. Denote by ZA, the infinite translation quiver of the infinite quiver A,
7a is an automorphism of ZA . For explicit definitions, we refer to [5], Section 1 of
Chapter X. Now we are able to present our main results of this paper.

Theorem 3.2. Let X be a T-semibrick in €. Then I'(F(X)) = ZA

Before proving Theorem 3.2, we need some preparations.

Lemma 3.3. Let X = {X;}icz be a 7-semibrick in €. We set X;[0] = 0,
Xi[1] = X, fori € Z. Then there exists an infinite diagram

NN N
NN

Xit1
Ut—1,2
di—1,2
Xi-1[2
Ut—2.3 ur—1,3
di—1,3
Xi—2[3 Xi1[3

satisfying the following conditions.
(1) For each X;[j], with i € Z and j > 2, there exist two E- tr1angles

l/,;

dé] g Uij . ij . dij
X, — Xi[j] — Xi+1[] — ].] -—> and Xl[j — ].] — Xl[ ] —) XZ+] 1 --2,

where d;] = dz g dig and u;] = Uj4j—2,2 - Ujj-
(2) For each X;[j] W1th i€ Zandj>1, there exists an E-triangle
(dum ) (dit1,5 Wi, j+1) 0
I+l ] +1,5 Wi, j+1 Xi+1[j] by .

Xl -1l Xilj+1

XilJj]
(3) For any f € Hom(X;[j],X;) withi,l € 7 and j > 2, we have that fd;; = 0.
(4) For any f € Hom(X;, X;[j]) with i,l € Z and j > 2, we have that u;; f = 0.
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Proof. We proceed the proofs of (1) and (2) by induction on j. For i € Z, we
have that
1 < dimg E(X;41, X;)
dimy E(X;41,7Xi41)
dimy, D€ (Xit1, Xit1)
< dimy End(X;41) = 1.

Thus, dimg E(X;4+1,X;) = 1 and there exists a unique nonsplit extension g;; €
E(Xi+1,X;), which is also an almost split extension. Hence, there exists an
Auslander-Reiten E-triangle

di2 Ui2 Qi1

X, = X1[2] — XiJrl -——3 .

Since d;z # 0, by Proposition 2.8, we have that [x(X;[2]) = 1 + lx(Xi41) = 2. In
this case, we take p;o = v0 = 041-

For j > 2, by induction, there exist two E-triangles

Hij

di; 4 Ui .
X, — Xz[]] £> X7;+1[_] — 1] -=>

and
. dit1,j o Uig1 Vit1,5
(3.1) Xiplj =] —= Xipaj] — Xigj — =7~
with d;j = dij...dip and “;+1,j = Uiyj—1,2..-Uit1,;. Applying the functor

Hom(—, X;) to (3.1), we obtain an exact sequence
E(Xivj, Xi) = E(Xipa1[5], Xi) = E(Xipa[j — 1], Xi) = 0.
Hence, there exists an extension v € E(X;11[j], X;) such that the diagram

!
d Ui Mg

X; — Xi[j] Xip1lj —1] ===

]

Ui+l

X — Xilj + 1] =5 X [j] - - >
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is commutative. Using (3.1) together with (ET4)°P, we obtain a commutative

diagram
/. . Uij I
(32) Xlj] — = Xipa[j — 1] ==~
I
H |
¥ i
H Xigalj —1] - ==
R

—Ui,j+1

Xy — Xl + 1] = X ] - -

!’
Uit1,j

Set lh = d; j+1, by (3.2), we obtain two E-triangles

d; ; i i
Xi;“>X[j+1]i>Xz+1[‘]_“i“
and
d; i i
X 2 Xl 1] S X

where dg7j+1 = lhd;j = di’jJrldij .. .dig and
Ug g1 = Uipr Ui j+1 = Widj—1,2 -« - Ui 1,54, 541+

Moreover, by [3], Corollary 3.16, there is an E-triangle

Xl — 2 e g ) et
with 0;; = dj; 7.

(3) For j = 2, fdio € Hom(X;, X;). If | # i, then fd;o = 0. If [ = 4, either
fdio = 0 or fd;s is an isomorphism. For the latter, we obtain that d; o is a section
and ¢;; = 0, which is a contradiction.

For j > 2, by induction, fd;;jd; j—1 € Hom(X;[j — 2], X;) = 0. Thus, we obtain
the commutative diagram

i—1

. di,J .
Xilj = 2] ——— Xi[j — 1]

Xiyj2
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with fdij = su;’jfl = SUj4j-3,2 .- Ui41,j—2Uq,5—1- Let f’ = SUj4j-3,2-- - Ujt1,5-2 *
Xiy1lj — 2] = X; and fd;j = f'u; ;1. Since (—f, f) (“” ') =0, there is a commu-
tative diagram

Ui, G 1)
dij (dit1,5—1uij)
_ >

Xiv1ld — 2] ® Xq[j]

\ l/(f/!f) B //S/
A//

X

Xi[j —1] Xipa[j —1]

with —f’ = sd, 11 j—1. By induction, we get that —f’ = 0 and fd;; = 0. The proof
of (4) is similar. O

In what follows, we keep the notation used in Lemma 3.3.

Remark 3.4. Note that X;[j] # 0 for i € Z and j > 1. Clearly, X;[j] # 0 for
i€ Zand 1 < j < 2. For j > 2, there exists an E-triangle
dit1,j i Vi,j
X)L X 1) Xy S
If X;[j] = 0, then u;’jﬂ is an isomorphism and wu;4;_1,2 is a retraction, which is

a contradiction.

Lemma 3.5.

(1) dij and u;; are nonzero for i € Z and j > 2.

(2) If Hom(X;, X,[k]) #0 fori,j € Z and k > 1, then j =i.

(2" IfHom(X [k],X;) #0 fori,j € Z and k > 1, then j =i —k + 1.
3) d —d” .dip #0 forie 7 and j > 2

(3) u ' ;= Uij-2,2- uij;éOforiEZandj22

(4) 1 ( [])—ijFZEZade

Proof. (1) For j > 2 and i € Z, by Lemma 3.3, we have an E-triangle
d;] o Uij . Hij
Xi = Xil[j] = Xinalj — 1] -,

where d;j = dj;...dj2. Assume that u;; = 0, then d;j is a retraction. Since X;
is indecomposable and X;[j] # 0, we conclude that dgj is an isomorphism and
Xit1[j — 1] =0, which is a contradiction. Similarly, one gets that d;; # 0.

(2) Assume that 0 # f € Hom(X,, X;[k]). By Lemma 3.3 (4), there is a commu-
tative diagram

X
c o g lf\
Ve
£d] Uj Vik
X; X;[k] Xjplk —1] - =
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since ujpf = 0. As f # 0, we know that ¢ # 0. It follows that j = i. The proof
of (2') is similar.
(3) The case of j = 2 follows from (1). If j > 2 and d}; = 0, there is a diagram

Uq2 Qi1

(3.3) X; —> X;[2] Xig1—— >
x ld/»//
Xilj]

such that d' = d;;...dis = su;2. By (2), we know that s € Hom(X, 1, X;[j]) =0
and d' = 0. Take d”’ = d;; ... ds, then d"d;3 = d’ = 0. Replacing g;1 by v;3 in (3.3),
there exists a morphism s': X;4o — X;[j] such that s'ul; = d”. It follows that
d” = 0. Repeating the process, one has that d;; = s”u; ; _;, where s” is a morphism
from X; ;5 to X;[j]. Thus, s” =0 and d;; = 0, which contradicts to (1). The proof
of (3') is similar.

(4) By Lemma 3.3 and (3), there is an E-triangle

a |
Xi = Xi[j] = Xigalj = 1] --»

with d;; # 0. By Proposition 2.8, we obtain that lx(X;[j]) = 1 + lx(Xi41[j — 1]) =
14+j—1=j. 0

Lemma 3.6.
(1) If f: Xs — X;[j] is a nonzero morphism for i,s € 7 and j > 1, then s = i
and f is an inflation such that cone(f) = X;+1[j — 1].

Proof. (1) By Lemma 3.5(2) and Proposition 2.8, s = 4 and there is an
E-triangle
X, 5 xil) = M-
with Iy (M) = lx(X;[j]) —1 = j — 1. By Lemma 3.3(4), there is a commutative

diagram

X; = Xi[j M---->

| |
| h ‘ h'l
vood Ui Y

X; Xilj] Xiqalj—1]-->

since u;; f = 0. Note that , then . us, h 1s an isomorphism and so is h'.
i i f=0.N hat f # 0, then h # 0. Thus, h i i hi dsoish/

775



(2) If j = 1, then X; is indecomposable since X; is a brick. Assume that X;[l] is
indecomposable for ¢ € Z and 1 <1< 5 — 1. If X,[j] = M1 ® M> with My, My # 0,
by Propositions 2.7 and 2.8, M; € F(X) and there exists an E-triangle

XS£M1—>M3 -=>

with {x(M3) = lx(M1) — 1 for some s € Z. Since lx (M) > lx(Ms), we have that
f # 0. We have the following commutative diagram by (ET4):

Xs M,y Ms
|

| l

Xs >M1@M2—>g My @ Ms .

N

M2:M2
\ \
10 10
Y Y

Since f # 0, by (1), we obtain that Ms® M3 = X;11[j — 1], which is a contradiction.

(3) By (2).

(4) If j = 1, then p;; is an almost split extension for i € Z. If j > 2, we claim that
0ij # 0. Indeed, if 0;; = 0, then X;11[j — 1] ® X;[j + 1] = X;[j] @ Xita[j]. It follows
that X;[j + 1] is a direct summand of X;11[j] or X;[j]. Thus, Lemma 3.5 (4) implies
that j + 1 < 7, which is a contradiction.

(5) Let f € Hom(X;+1[j], X;[j+1]). By Lemma 3.5 (2), we obtain that fd; ; ; =0
and then we have the commutative diagram

’
d’i+11j g Witlg

Xip1 —> Xip1[j] —> Xijolj — 1]

~
81//
0 ! P
27

Xilj +1]
such that f = sju;41,;. By Lemma 3.5 (2) again, we know that
s1d;4 o ;1 € Hom(Xipo, Xi[j +1]) =0

and there exists a morphism sp: X;y3[j — 2] = X;[j + 1] such that sou;q2;-1 = $1
and f = sou;y2—1ui41,;. Repeating the process, we obtain that

f=8j 2Uirj 23 . Uit2j-1Uit1j,
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where s;_o € Hom(X;1,;-1[2], X;[j + 1]). Since
Sj—oditj—1.2 € Hom(X,y;_1,X;[j +1]) =0,
there exists a morphism s;_; € Hom(X;4;, X;[j + 1]) = 0 such that
f=sj—1Uitj—1,2.. Uit2,j—1Ui41,5 = 0.
(6) By (5), we have that

dimy, E(Xi4 1[5 + 1], Xiq1[§]) = dimg DL (7 X0 [5], Xia[§ + 1))
= dimy, D€ (Xi12[j], Xit1[j +1])
< dimg Hom(Xi2[5], Xi1[j +1]) = 0.

Therefore, we complete the proof. O

Lemma 3.7. For each X;[j] with i € Z and j > 1, the sequence

( ‘uLJ )
d; dit1,jusi,;
j+1 (dit1,juij+1)

Xily] Xiplf - o Xij +1] ————= Xipalj] - - - = - >

is an Auslander-Reiten E-triangle.

Proof. We proceed the proof by induction on j. The proof of j = 1 follows from
Lemma 3.3. Assume that g;; is an almost split extension for ¢ € Z and 1 <1 < j.

By Lemma 3.6, we know that X;;1[j + 1] is an indecomposable nonprojective
object in €. Then there exists an Auslander-Reiten E-triangle

TXimlj+1] = F— Xiq[j+1] --»
in ¥. By Lemma 3.3, there is the following diagram:

Xip1lj — 1] Xitalj — 1]

SN

XilJ] Xit1ly]
\ \GZH G+1
Xz J+ 1] XH-l[J + 1]
Xilj+2]

T



Since diy1,+1 is an irreducible morphism, there exists an irreducible morphism

=

st Xl + 1] = Xip1lj]. It means that 7X,1[j + 1] is a direct summand o
Xit1[j — 1] @ X;[j + 1]. Then either 7X;41[j + 1] & Xi[j + 1] or 7X,11[J + 1]
XiJrl[j — ].] If TXiJrl[j + ].] = XiJrl[j — 1], then Xi+1[j + 1] = TﬁlXiJrl[j — ].] =
Xit2[j —1]. By Lemma 3.5 (4), we have that

I

JH1=lx(Xinli +1]) = lx(Xip2[j — 1)) =7 — 1,

which is a contradiction. Hence, 7X;1[j + 1] = X;[j + 1]. There is a commutative

diagram
(u: jié) . . (dit1,+1i5+42) Qi j+1
Xilj + 1] —" s X ] @ X[ + 2) X [ 1) - - -
| |
' |
\ \ p
Xilj +1] E Xiglj+1]---"-- >

since (dit1,j+1ui,j+2) is not a retraction.
Assume that s is not an isomorphism. For d; ;,, = d; ji1...di2, we claim that
sd; ;1 = 0. If sdj ;1 # 0, by Lemma 3.6 (1), there is a commutative diagram

”H U, j41 Hi,j+1

e RBIES R
I
|
Y [%
Xy — Xilj + 1) —= Xiaa [j) - £ -

Since End(X;+1[j]) is local and s is not an isomorphism, then h™ = 0 for some
n € N. Observe that hn_l*Ui’jJ’,l = h"*# = 0, we have that there exists a morphism
st Xit1lj] = Xi[j + 1] such that A" ~! = u; j115’. By Lemma 3.6 (5), we have that
s’ =0 and h"~! = 0. Repeating the process, we have that h*0 = y; j11 = 0, which
is a contradiction. Therefore, we conclude that sd; ;. ; = 0 and there is a diagram

7 j+1 Ui, j+1

x 2y, U+ 1] —— Xital7]
Xilj+1]
with s = qu; j41. By Lemma 3.6 (6), we get that
o = S$x0i,j+1 = (quz‘,j+1)*Qi,j+1 = Gxli 11, 0i5+1 = 0,

since u; j4+1,0ij+1 € E(Xit1[j + 1], Xit1[j]) = 0. This contradicts the fact that o’ is
an almost split extension. Hence, s is an isomorphism and g; j4+1 = o’. ([
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Lemma 3.8. Let M € F(X) withlx(M) > j > 1, and h € Hom(X;[j], M) such
that hd;; # 0 for i € Z. Then there exists an E-triangle

Xz[]] M =M -

with lx(M//) = lx(M) —j.

Proof. If j = 2, by Proposition 2.8, there is a commutative diagram

Ui2 Qi1

X Xi[2] Xip1— — >
|
H lh "
hdsa ¥ 6
Xi M M- = >

with [y (M) = lx(M) — 1. If A’ = 0, then g;; = h™*0 = 0, which is a contradic-
tion. Hence, by Proposition 2.8 again, h’ is an inflation and we have the following
commutative diagram by (ET4)°P:

(3.4) X, —2% x, 2] =2 Xi
H l y l y

X; M M’

J\i{// ]\QL//

with lx(M") = lx (M) — 2. So the second column in (3.4) gives a desired E-triangle.
For j > 2, by diagram (3.2) in Lemma 3.3, there is a commutative diagram

Ui2 Qi1

X; X;[2] Xip1— == >
|
H ldi]~~~di3 ldit1,j—1--dit1,2
d;, L Ui ‘V_ ij
Xi Xi[] Xialj =1 ===
|
H lh w
M 0
X; M Y

with [y (M') = lx(M)—1. Since g;1 # 0, then h'd; 11 j—1...di11,2 # 0. By induction,
we know that A’ is an inflation such that

lx(cone(h')) =lx(M') —j+1=1x(M)—j.
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Applying (ET4)°P yields an exact commutative diagram

!
iy Ui

(3.5) Xi Xilj] Xipalj —1]
H \Lh“ \Lh/
X M M’
cone(h') cone(h').
So the second column in (3.5) gives a desired E-triangle. ]

Now we are in the position to prove Theorem 3.2.

Proof of Theorem 3.2. By Lemmas 3.3 and 3.7, it remains to show that each
indecomposable object M in F(X) has the form X;[j] for some i € Z and j > 1.

Assume that M is an indecomposable object with [y (M) = j. By Proposition 2.7,
there is a nonsplit E-triangle

X % M — M, —-»

with {x(My) = j — 1 for some ¢ € Z. Since lx(M) > lx(My), we get that a # 0.
Since a is not a section and
X; 25 X[2) M X

is an Auslander-Reiten E-triangle, there exists a morphism af: X;[2] — M such that
a = abd;s # 0. By Lemma 3.8, there exists an E-triangle

X1[2] ﬁ) M — My --»
with [y (Ms) = j — 2. Tt is clear that as # 0 and as is not a section. Since

71/'2
(d:J) (dig1,2 uis) Qi2
—_—

Xi[2] Xit1 @ X;[3] X2 - -2 - =

is an Auslander-Reiten E-triangle, there exists a morphism (s1, s2): X;11®X;[3] > M
such that sjus + saod;s = as. Hence, sod;3dis = sadisdio 4+ s1uiedis = asd;s.
We claim that azd;z # 0. Indeed, applying (ET4) yields an exact commutative

diagram
X; di2 X; [2] Ui Xi+1
[
X; M M’
Moy M.
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By Remark 2.6, we have that lx(M') < 1+ x(Ms) = j — 1. If asd;s = 0, then M
is a direct summand of M’ and lx (M) < lx(M') < j — 1, which is a contradiction.
Therefore, we conclude that sodj; = sodizdia = asdiz # 0. By Lemma 3.8, there
exists an E-triangle

Xi[3] =2 M — Mz —-»
with [x(M3) = j—3. Note that a§ is not a section and g;3 is an almost split extension.
Repeating the process, we obtain an E-triangle

Xz[]] & M — My --»

Let T'(F(X)) = (Qo, Q1,T) be the Auslander-Reiten quiver of F(X'). Then

Qo ={Xi[j]: i€ Z and j > 1}.

For any a = X;[j], b € Qo, by Lemma 3.7, we know that d,, # 0 if and only if
b= Xit1[j — 1] or b = X;[j + 1]. Then the arrows in ()7 starting at a are

dij+1

Xilj] =5 Xipa[j — 1] and  X[j] —5> X,[j + 1] .

Similarly, the arrows in ()1 ending at a are

dij Wi—1,j+41

Xialj] = Xilj] and  Xia[j+ 1] —— X[j] .

Therefore, we obtain that I'(F (X)) is the diagram in Lemma 3.3, and it is isomorphic
to ZA. O

Definition 3.9. A finite semibrick X = {X;}!_; is said to be T-cycle if it satisfies
the following conditions.

(1) 7Xo = X1, 7X5 = Xo,.. ;71X = X317 and 7X7 = X;.

(2) E2(X;, X;) = 0 for i, 5 € [1,1].

Theorem 3.10. Let X = {X;}!_, be a 7-cycle semibrick. Then I'(F(X)) &
ZA /7.

Proof. It is proved by the analogous arguments as those for proving Theo-
rem 3.2. O
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