Czechoslovak Mathematical Journal

Yong Lu; Qiannan Zhou
On hyper-Zagreb index conditions for hamiltonicity of graphs
Czechoslovak Mathematical Journal, Vol. 72 (2022), No. 3, 653-662

Persistent URL: http://dml.cz/dmlcz/150608

Terms of use:

© Institute of Mathematics AS CR, 2022

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/150608
http://dml.cz

Czechoslovak Mathematical Journal, 72 (147) (2022), 653—662

ON HYPER-ZAGREB INDEX CONDITIONS
FOR HAMILTONICITY OF GRAPHS

YoNG Lu, QIANNAN ZHOU, Xuzhou

Received March 10, 2021. Published online March 21, 2022.

Abstract. During the last decade, several research groups have published results on
sufficient conditions for the hamiltonicity of graphs by using some topological indices. We
mainly study hyper-Zagreb index and some hamiltonian properties. We give some sufficient
conditions for graphs to be traceable, hamiltonian or Hamilton-connected in terms of their
hyper-Zagreb indices. In addition, we also use the hyper-Zagreb index of the complement
of a graph to present a sufficient condition for it to be Hamilton-connected.

Keywords: hyper-Zagreb index; hamiltonian; sufficient condition

MSC 2020: 05C45, 05C07

1. INTRODUCTION

Over the past decades, topological indices have attracted much attention. These
indices are from the field of chemical graph theory. A topological index is regarded as
a molecular descriptor to be calculated based on the molecular graph of a chemical
compound. Further, many topological indices have been used to characterize the
topology of a graph, and they are widely known as graph invariants.

Since topological indices are concise and useful for characterizing the structure of
a graph, many graph theorists began to use them to establish sufficient conditions
for graphs to posses hamiltonian properties. Wiener index and Harary index have
been widely used to study hamiltonian properties, see [6], [10], [11], [14], [15], [22].
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In this paper, we study the relation between hyper-Zagreb index and some
hamiltonian properties of graphs including traceability, hamiltonicity and Hamilton-
connectivity. A graph is called traceable if it contains a Hamilton path, hamiltonian
if it contains a Hamilton cycle and Hamilton-connected if every two vertices are
connected by a Hamilton path. Let G = (V(G), E(G)) be a graph with vertex
set V(G) and edge set E(G). The complement of G is denoted by G. Denote by
m(G) = |E(G)| the number of edges of G. For u € V(G), we use dg(u) to denote
the degree of u. If there is no confusion, we will omit the subscript G. The Zagreb
indices have been introduced by Gutman and Trinajesti¢ a few decades ago, see [9].
They are defined as

M= Y @) M= Y d(w)d(),

ueV(G) weE(G)

which are called the first Zagreb index and the second Zagreb index, respectively.
More background and results about these two Zagreb indices can be found in [§],
[18], [19], [20]. The hyper-Zagreb index of G was introduced by Shirdel et al. in [17]
and is defined as
HM(G)= > (d(u)+d(v))*.
weE(G)
Some recent results about hyper-Zagreb index can be seen in [5], [7], [16].

Li in [13] presented several sufficient conditions for graphs to be traceable or hamil-
tonian with respect to the hyper-Zagreb index of the complement of the graph. Mo-
tivated by this, we aim to give sufficient conditions on hyper-Zagreb index for graphs
to possess some hamiltonian properties including traceability, hamiltonicity and
Hamilton-connectivity. As a supplement, we will also give a sufficient condition for
graphs to be Hamilton-connected in terms of the hyper-Zagreb index of the comple-
ment of the graph. Throughout the paper, we consider simple and undirected graphs
only. Unless otherwise stated, we use the terminology and notation described in [3].

2. PRELIMINARIES

In this section, we first recall three degree sequence results on hamiltonian prop-
erties of graphs. Here, the degrees of the n vertices of a graph G are ordered in
a nondecreasing way as a degree sequence (dy,ds,...,d,). We start this section by
introducing a degree sequence result for traceable graphs.

Lemma 2.1 ([3]). Let G be a graph with degree sequence (dy,ds, ... ,d,), where
dy <dy <...<d, and n > 4. Suppose that there is no integer k < %(n + 1) such
that d, < k—1 and d,_xy1 <n —k—1. Then G is traceable.
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The next result is a well-known degree sequence on hamiltonicity that dates back
to the 1970s.

Lemma 2.2 ([4]). Let G be a graph with degree sequence (di,ds,...,d,), where
di <ds <...<d, and n > 3. If there is no integer k < %n such that d;, < k and
dn—y, <n—k—1, then G contains a Hamilton cycle.

The third degree sequence result is on Hamilton-connected graphs.

Lemma 2.3 ([1], Theorem 12, page 218, [12], Lemma 3). Let G be a graph of
order n > 3 with degree sequence (di,ds,...,d,), where dy < do < ... < d,. If
there is no integer 2 < k < %n such that d,_1 < k and d,,_, < n —k, then G is
Hamilton-connected.

In the proofs of our main results, we need the following result which is due to Bondy
and Chvatal, see [2]. It deals with the closure cl,,+1(G) obtained from a graph G by
recursively adding edges between nonadjacent pairs of vertices with degree sum at
least n + 1, until no such pair remains in the resulting graph.

Lemma 2.4 ([2]). A graph G is Hamilton-connected if and only if cl,,4+1(G) is
Hamilton-connected.

The last lemma we need is a sufficient condition for graphs to be Hamilton-
connected in terms of the edge number of the graph.

Lemma 2.5 ([21]). Let G be a connected graph on n > 6 vertices and m edges
with minimum degree 6(G) > 3. If m(G) > (";2) + 6, then G is Hamilton-
connected unless G € NP = {K;3 V (K,—5 + 2K1),K¢ V 6 K1, Ky V (K2 + 3K1),
K5 V5K 1, K4V (K14+ K1), K4V (K1 3+K2), K3V Ko 5, K4 V4K, K3V (K1 + K1 3),
K3V (KLQ + KQ), KoV K2’4}.

3. SUFFICIENT CONDITIONS ON HM(G)

In this section, we mainly use the hyper-Zagreb index of G to give sufficient con-
ditions for G to be traceable, hamiltonian and Hamilton-connected, respectively. We
will show our main results, each followed by its proof. Before giving our theorems, we
first introduce an upper bound for hyper-Zagreb index of graphs, which is the basis
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of the proofs of our main results. By the definition of hyper-Zagreb index, we have

(1) HM(G)= > (d(u)+d(v))?

weE(G)

= > (d*(w) + d*(v) + 2d(u)d(v))
uw€eE(G)

= > dw+2 Y du)d(v)
ueV(Q) uveE(G)

< Y B+ Y (Pu) + P (v))
ueV(Q) weE(G)

= Z d>(u) + Z d® (u)
ueV(Q) ueV(G)

=9 Z d(u).
ueV(G)

The first result is for traceable graphs.

Theorem 3.1. Let G be a connected graph of order n > 5. If
HM(G) > 2n* — 14n® + 36n? — 40n + 16,
then G is traceable.

Proof. Suppose G is not traceable and has degree sequence dy < dy < ... < dy,.
Then by Lemma 2.1, there is an integer k < 3(n + 1) such that d, < k — 1 and
dp—r+1 <n—k—1. Hence, by (1), we have

n k n—k+1 n
HM(G)<2Zd?—2<Zd§+ S+ Y dg)
=1 i=1 i=k+1 i=n—k+2

L2[k(k—1P 4+ (n—2k+1)(n—k—1)>%+ (k—1)(n —1)%
=2n* — 14n3 + 36n2 — 40n + 16 + (k — 1)[6k® — (14n — 10)k?
+ (18n? — 38n + 22)k — 8n® + 30n? — 38n + 16].

Due to the condition of Theorem 3.1, we get that (k — 1)[6k® — (14n — 10)k? +
(18n2—38n+22)k—8n3+30n%—38n+16] > 0. Note that G is connected. We have k >
di+1 > 2. Hence, 6k — (14n—10)k?+ (18n2? —38n+22)k —8n>+30n? —38n+16 > 0.
Since k is an integer, k < %(n + 1) is equivalent to k < %n In the following proof,
we always assume that k < %n

Let f(z) = 623 — (14n —10)2% + (18n? — 38n +22)x — 8n> + 30n? — 38n + 16, where
2<z< %n It is easy to calculate that f’(z) = 1822 — (28n — 20)z + 18n2 — 38n + 22
and the discriminant of equation f’(z) = 0is A = —16(32n% — 101n + 74) < 0 for
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n > 1. Hence, f'(z) > 0 for 2 < z < %n Then f(z) is a strictly monotonically
increasing function on the interval [2, %n] And fiax(x) is obtained by the right
endpoint of the domain of f(z). Since k is an integer, we need to discuss the parity

of n. When n is even, then

_omN T g 2T

fmax(2) = f(§> =—qn+ 5 —2Tn+16.
But f(4n) < 0 for n > 5, which implies f(z) < 0 for 2 < z <
When n is odd, then

%n, a contradiction.

-1t Ty T

Com—1\ T, 37, 57 27
fnax(@) = £(*5—)

But f((n—1)) < 0 for n > 4, which implies f(z) <0 for 2 < x <
tion.

%n, a contradic-

This completes the proof. O

Next, we present and prove the result which gives sufficient condition on hyper-
Zagreb index of a graph G for G to be hamiltonian.

Theorem 3.2. Let G be a connected graph of order n > 12 with minimum degree
5G) =2 If
HM(G) > 2n* — 2203 + 114n? — 258n + 244,

then G is hamiltonian.

n-e

Proof. Suppose G is not hamiltonian and has degree sequence d; <ds < ... <d
k< k

Then by Lemma 2.2, we obtain that there exists an integer k < %n such that d
and dp,_r < n—k — 1. Hence, by (1), we have

(2) HM(G) <2 i: d?

k n—k n
:2(Zd§+ SNoodd+ > df)
i=1

i=k+1 i=n—k+1
2Mk-k+(n—2k)(n—k—1)°+k(n—1)%
(3) =2n* — 2203 + 114n? — 258n + 244 + (k — 2)[6k> — (14n — 24)k?
+ (18n% — 58n 4 60)k — 8n> + 54n? — 128n + 122].

Combining with the condition of Theorem 3.2, we know that (k — 2)[6k® —
(14n — 24)k? + (18n% — 58n + 60)k — 8n3 + 54n? — 128n + 122] > 0. Since k is
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an integer, k < %n is equivalent to k& < %(n —1). In the following proof, we
always suppose k < %(n — 1). Note that k > dy > 6(G) > 2. Let f(z) =
623 — (14n — 24)2? + (18n2 — 58n + 60)z — 8n3 + 54n? — 128n + 122, where
2<x2< %(n —1). We divide the following proof into two cases.

Case 1: (k — 2)f(z) = 0. In this case, we have k = 2 or f(z) = 0. It is
easy to get f/(z) = 18z% — (28n — 48)z + 18n? — 58n + 60 and the discriminant
of equation f’(z) = 0is A = —16(32n2 — 93n + 126) < 0 for n > 1. Therefore,
f'(z) > 0for 2<x < $(n—1) and f(z) is strictly monotonically increasing on the
interval [2, %(n —1)]. Then fiax(z) is obtained by the right endpoints of the domain
of f(x). Since k is an integer, we need to consider the parity of n. If n is even, then
fmax(z) = f(4(n—2)). By a simple calculation, we have

—9 7 . 45
f(n ) = —n® + Sn? = 69n + 80.

But f(i(n —2)) < 0 when n > 10, which implies f(z) < 0. If n is odd, then
fmax(z) = f(3(n—1)). By a simple calculation, we get

4 4 4 4

f<n—1)_ 7 5,107 5 329 389
2
But f((n—1)) < 0 when n > 12, which implies f(z) < 0.

By the above analyses we can see that f(z) # 0 for 1 < z < 2(n — 1) and
n > 12. Hence, we only need to consider the case k = 2. If £k = 2, we have
HM(G) = 2n* — 22n? +114n? — 258n + 244 and inequalities (2) and (3) both should

be equalities. If (3) is an equality, then dy = ds =2,d3 = ... =dp—2 =n — 3 and

dp—1 = d, = n — 1, which implies G = K5 V (K,,—4 + 2K7). But this graph does

not satisfy 2 Y. dud, = Y. (d2 + d?), which yields that (2) can not be an
wweE(G) wweE(G)

equality, a contradiction.

Case 2: (k—2)f(z) > 0. In this case, we have k > 3 and 6k — (14n — 24)k? +
(18n2 — 58n + 60)k — 8n® 4 54n? — 128n + 122 > 0. By the proof of Case 1, we
know that f(x) is strictly monotonically increasing and fimax(z) < 0. So for 3 < k <
2/(n — 1), we still have 6k — (14n — 24)k* + (18n? — 58n + 60)k — 8n> + 54n? —
128n + 122 < 0, a contradiction.

This completes the proof. O

At the end of this section, we use the hyper-Zagreb index of a graph G to give
a sufficient condition for G to be Hamilton-connected.
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Theorem 3.3. Let G be a connected graph of order n > 13 with minimum degree
0(G)=3. If
HM(G) > 2n* — 22n3 + 126n* — 306n + 372,

then G is Hamilton-connected.

Proof. Suppose G is not Hamilton-connected and has degree sequence dy <
dy < ... < dy. Then by Lemma 2.3, there exists an integer 2 < k < %n such that
dr—1 < k and d,,_, < n — k. Hence, by (1) we have

(4) HM(G) <2 i: d3

n

k—1 n—k
—2(Zd§+2d§+ > df)
i=1 i=k i=n—k+1

<2k —1)- &+ (n—2k+1)(n—k)* +k(n—1)%
(5) =2n* — 22n® + 126n* — 306n + 372 + (k — 3)[6k® — (14n — 14)k?
+ (18n? — 36n + 42)k — 8n® + 42n? — 102n + 124].

Combining with the condition of Theorem 3.3, we have (k — 3)[6k> — (14n — 14)k? +
(18n% — 36n + 42)k — 8n> + 42n? — 102n + 124] > 0. Note that k > dx_1 > 6(G) > 3.
Let f(x) = 623 — (14n — 14)2? + (18n2 — 36n + 42)x — 8n>+42n? — 102n + 124, where
3<x < %n We divide the following proof into two cases.

Case 1: k = 3 or f(z) = 0. It is easy to obtain that f'(z) = 1822 —
(28n — 28)x + 18n? — 36n + 42 and the discriminant of equation f/'(zr) = 0 is
A = —64(8n? — 161+ 35) < 0 for n > 1. Hence, f'(z) > 0 for 3 <z < %n, and f(x)
is a strictly monotonically increasing function on the interval [3, 2n]. Then fuax()
is obtained by the right endpoint of the domain of f(z). Since k is an integer, we
need to discuss the parity of n. When n is even, then fi.x(z) = f(%n) By a simple
calculation, we have

f(ﬁ) I SN R S DY)
4 2
But f(%n) < 0 when n > 13, which implies f(z) < 0. When n is odd, then

fmax(z) = f(3(n—1)). By a simple calculation, we have

1 1 IR

n—1\ 7 5 93 , 285 423
(<)
But f(%(n — 1)) < 0 when n > 10, which implies f(x) < 0.
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By the above analyses we can see that f(z) # 0 for 3 < z < %n and n > 13.

Hence, we only need to consider the case k = 3. If k = 3, then HM(G) > 2n* —
22n3 4 12612 — 306n + 372 and inequalities (4) and (5) both should be equalities.

If (5) is an equality, then dy = do = 3, ds = ... = dp—3 = n— 3 and d,,—2 =

dp—1 = d, = n — 1, which implies G = K3 V (K,,—5 + 2K7). But this graph does

not satisfy 2 >°  dud, = Y. (d? + d?), which yields that (4) can not be an
wweE(G) wweE(G)

equality, a contradiction.

Case 2: k > 4. In this case, we get 6k% — (14n — 14)k? + (18n? — 36n + 42)k —
8n3 + 42n2 — 102n + 124 > 0. Due to the proof of Case 1, we know that f(z) is
strictly monotonically increasing and frax(z) < 0. Hence, when 4 < k < %n, we
still have 6k3 — (14n — 14)k? + (18n2 — 36n + 42)k — 8n® + 42n? — 102n + 124 < 0,
a contradiction.

This completes the proof. O

4. SUFFICIENT CONDITIONS ON H M (G)

In [13], the author presented some sufficient conditions for graphs to be traceable
and hamiltonian, respectively, by using the hyper-Zagreb index of the complement
of graphs. In this section, we will use the hyper-Zagreb index of the complement of
graphs to give sufficient condition for graphs to be Hamilton-connected.

Theorem 4.1. Let G be a connected graph of order n > 6 with minimum degree
0(G)=3. If
HM(G) < (n—2)*(2n —9),

then G is Hamilton-connected unless G € {K3V3K;, K¢V6K1, K5 V5K, K4 V4K, }.

Proof. Suppose G is not Hamilton-connected. Let H = cl,,41(G). Then by
Lemma 2.4, H is not Hamilton-connected, and then H # K,,. For any two nonadja-
cent vertices v and v in H, we have dy(u) + dg(v) < n. Hence, for any two adjacent
vertices u and v in H, we have

dg(u) +dg(v)=n—-1—dg(u)+n—-1—du(v) 2 n—2.
According to the definition of hyper-Zagreb index, we get

HM(H) = Y (dg()+dg(©)* > (n—2)*m(H).
wwEE(H)
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Since H is not Hamilton-connected, by Lemma 2.5, we have m(H) < ("52) + 5 or
m(H) > (";%) + 6 and H € NP. If m(H) < (*°) + 5, then

HM(G) > HM(H) > (n — 2)?m(H) > (n — 2)2 K;‘) - <” N 2) - 5}

=2(n—2)%(n—4).

Combining with the condition of Theorem 4.1, it is easy to see that (n—2)2(2n—9) <
2(n —2)%(n — 4) for n > 3, a contradiction.

If H € NP and m(H) = (";2) + 6, then H belongs to the class NPy =
{KsV (K5 +2K1), Ko V6K1, Ky V (Ka+3K1), Ky V (K14 + K1), K4V (K134 K>),
K3V K2’5, K3V (Kl + Klyg), K3V (Kl,Q + KQ), Ky vV KQA}. And we have

6) HM(G) > HM(H) > (n—2)2m(H) > (n - 2)2 K;’) - <” ) 2) - 6}

=(n—2)*(2n-9).

Due to the condition of Theorem 4.1, we know that all inequalities in (6) should

be equalities. Then dg(u) = dg(u) for every u € V(G) = V(H); dg(u)dg(v) =
dz(u)dz(v) for uv € E(H), where E(H) C E(G); and dz(u) + dg(v) = n — 2 for
uwv € E(H). Hence, G = H and G € {K3V 3K,Ks V 6K1}. If He NP\ NPy, we
know that H = K5 V5K; or K4V 4K;. The hyper-Zagreb index of the complement
of these two graphs is easy to calculate since they have a small number of vertices.
After some simple calculations, we get that both K5V 5K; and K V4K, can enter
the exceptional graphs list.

This completes the proof. O

5. CONCLUDING REMARKS

Theorems 3.1-3.3 give sufficient conditions on H M (G) for graphs to be traceable,
hamiltonian and Hamilton-connected, respectively. We do not know whether the
results are sharp. For weakening the condition by (1), we have not found any excep-
tional graph. It is worthwhile to further study whether the bounds are sharp or they
can be improved. Also, we might get more interesting results if the minimum degree
of the graph is also involved. Further, can we use hyper-Zagreb index as conditions
for other properties of graphs such as connectivity and toughness? We will leave
these topics for our future work.

Acknowledgements. The authors are grateful to the anonymous referees for the
valuable comments, suggestions and corrections which improved the presentation of
this paper.
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