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Abstract. We study the axisymmetric Navier-Stokes equations. In 2010, Loftus-Zhang
used a refined test function and re-scaling scheme, and showed that

lw" (@, )] + |w(r,t)] < T% 0<7<

N =

By employing the dimension reduction technique by Lei-Navas-Zhang, and analyzing w",
w? and w” /7 on different hollow cylinders, we are able to improve it and obtain

Cllnr|

1
T z
|w" (z, )| + |w* (r, t)] < TR 0<7’§§.
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1. INTRODUCTION

We investigate the axisymmetric solutions to the Navier-Stokes equations

(L.1) du+ (u-V)u— Au+ VII =0,
. V-u=0,

where u = (u!,u?,u?) = ule; + u’esy + ues is the fluid velocity field, II is a scalar
pressure. In cylindrical coordinates r, 6, z with

r1 =rcosf, xy=rsinf, x3=z,

Zujin Zhang was partially supported by the National Natural Science Foundation of
China (Grant No. 11761009) and the Natural Science Foundation of Jiangxi Province
(Grant no. 20202BABL201008).

DOI: 10.21136/AM.2021.0344-20 485

© Institute of Mathematics, Czech Academy of Sciences 2021.


http://dx.doi.org/10.21136/AM.2021.0344-20

the axisymmetric solutions are of the form

(1.2) u=u"(r,z,t)e, + u®(r,z,t)eg + u*(r, z, t)e.,
where
e, = (ﬂ, %,0) = (cosf,sin6,0), ep= (—@,E,O) = (—sin#, cos¥,0),
r’or roor

e, =(0,0,1)

are the basis of R? in the cylindrical coordinates. Here, u”, u and u? are called the
radial, swirl (or azimuthal) and axial components of u, respectively. In terms of u",
uf and u?, the system (1.1) can be equivalently reformulated as

1 6\2
ou” + (b-V)u" — (A - —Q)ur — M + 0, I =0,
r r
1 u"ul
0 0 0 _
(1.3) O’ + (b-V)u _<A_r_2)u + " =0,
Ou® 4+ (b Viu® — Au®* + 0,11 =0,
Or(ru”) 4+ 0, (ru®) = 0,
where b = u"e, + u®e..
Applying the curl operator to (1.1); and putting
(1.4) w=curlu =w"e, +wley + w?e,
with
0 0 ] w1 0
(1.5) w'=-0u", w =0du" -0, w=0ou"+ = - (ru’”),
we may rewrite the vorticity equation
(1.6) ow+ (u-Viw—(w-Vu—Aw=0
as
T T 1 T T z T
Ow” + (b-V)w" — (A— r_Q)w — (W0 + w0, )u" =0,
(1.7) 1N 5 2090,u%  wrwf

0 . [% _ _ R =
0w’ + (b-V)w (A 2 )o.) " " 0,
Ow® + (b- V)w® — Aw® — (W0, + w0, )u® = 0.
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A key property of (1.3) is that the quantity © = ru’ obeys the equation
2
0O+ (b-V)O — AB + ;8,«6) =0.
Applying the maximum principle as in [1], Proposition 1, we have
(1.8) [©E)lz= < [|©0]|Loe-

When uf = 0, we deduce from (1.8) that u’ vanishes for all later times and (1.3)
is exactly two-dimensional, and its global well-posedness problem has been solved,
see [9], [13], [18]. However, when the initial swirl does not vanish, the global regularity
is open, even if (1.3) can be rewritten as a two dimensional form, that is, (1.3), and
(1.7),, with u”,u* being recovered from w? by the axisymmetric Biot-Savart law.
And thus, tremendous efforts and interesting progresses have been made on the
regularity problem, see [1], [3], [2], [4], [7], [8], [11], [12], [15], [16], [19], [20], [22],
[21], [24], [17], [23] and references cited therein. The above sources are what we
need (now being in a state of Serrin type for réu”, r%u?, riu?, riw? rio.u", r?o,u’
and r¢0,u?) to ensure the global regularity. Another interesting topic is to consider
what we have, or equivalently, the a priori estimates. Besides (1.8), Chae and Lee [1]
showed that

(1.9) r3w? € L°°(0,00; L2(R®)) N L2(0, 00; H' (R?)).
Then the weight in (1.9) was lowered down from 3 to 2 by Lei and Zhang [12] and

Zhang, Ouyang and Yang [26] independently. Recently, Zhang [25] has refined the
weight further as

(1.10) riw? € L°°(0, 00; L2(R®)) N L2(0, 00; HY(R?)), ; <d<3,

by the use of the weighted Sobolev inequality (see [5])

(1.11)
1<y, <00, =1<a, b<2,0<b—a<1,
1 1 14a-b = [[r*u" || ) < ClIr*w’|| Lo q)
v B 2

with Q = {(r,2); r >0, z € R}.
As far as the point-wise bound is concerned, Loftus and Zhang [14] proved

|~

C
W'+ |w*] < =5, 0<7r<

C
6
(1.12) W] < o
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The first bound was improved in Lei, Navas and Zhang [10] as

1
(1.13) |wf| < 0<r<g,

by re-scaling and dimensional reduction techniques. Furthermore, Lei, Navas and
Zhang in the same paper showed the bound of b,

—_

1/2
< C|1n72"|

(1.14) 1b] L 0<r<-=.

[\

The purpose of the present paper is to improve the second bound in (1.12). More
precisely, we have

Theorem 1.1. Suppose u is a smooth, axisymmetric solution of the three-
dimensional Navier-Stokes equations in R® x (—T,0) with the initial data ug =
u(-,—T) = ube, + uleg + uie, € L*(R?) and w = w'e, + wep + w?e, is the
vorticity. Assume further rul € L>°(R?). Then there exists a constant C' depending
only on the initial data such that

Cllnr|

(1.15) |w" |+ |w®| < T2

1
0<r<-=.
"S5

2. PROOF OF THEOREM 1.1

In this section, we prove (1.15). The main ingredient we introduce in this paper,
is analyzing w”,w?* and w?/r on different hollow cylinders. We follow ideas from [10]
and [14].

Let (x,t) be the point in the statement of Theorem 1.1. For simplicity, we assume
t=0and z=0. Let R> 0,5 >0 and 0 < A < B be constants. Denote by

(2.1) Carpr=1{(r,0,2); AR<r<BR, 0<0<2n, |2 <BR}CR®

the hollowed out cylinder centered at the origin with the inner radius AR, outer
radius BR and height extending up and down BR, and thus C4r gr has the total
height of 2BR. If R = 1, we simply write C4 p instead of C41 p1.

Let

(2.2) Parprsr = Carpr x (—S*R?,0)

be the parabolic region. Again, we write P4 p g for Pa1 p1,s1-
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Since any point (z,t) aside from that in the z axis belongs to a parabolic region
Psyj, 3k,31/4 for some k > 0 and r is comparable with &, it suffices to prove

Cllnk
k|17/2| V(w,t) € Pay 3k,3k/4-

(2.3) |w" (2, )] + | (z, )] <
We use the scaling property of the Navier-Stokes flow to shift the consideration from
Poy 3,314 t0 Pa33/4. Indeed, recall that if (u(x,t),II(z,t)) is a solution to the
system, then (@(z,t) = ku(kx, k*t),I1(x,t) = k*T(kx, k*t)) where k > 0 is a param-
eter of solutions. Consequently, if (u(z,t),II(x,t)) is a solution to the axisymmetric

Navier-Stokes equations in Py 4, then (@(Z,t),II(Z,t)) with the variables & = z/k,
t = t/k? is the solution of the equation in (%,%) € Pj 4.1.

During the proof below, we drop the “tilde” notation for all relevant quantities
when computations take place on the scaled cylinders, say P 4.1; and at last, we
scale down the quantities (on Py 4k % for example) to the original solution. In P 41,

we do our analysis on the governing equations of T’ def w”, Q def 0 /r and @ def w?,
ie.,
1
(2.4) & + (b- V)T — (A - ﬁ)r — (WO +wd)u" =0,
2 00,1’
(2.5) A2+ (b- V)2 = AQ = 29,0 - 4 r;“ =0,
(2.6) 0P+ (b-V)® — AD — (W0, + w*d.)u* =0.

We divide the following proof into three steps.
Step 1. L* estimate of Qy, I'y, ®, by a refined cut-off function. Noting that

def
(2.7) AE W oo pyany < Hlr’ (| Lo (rs) < 00,

we may put

— qef | Uz, ) +A+1, Qz,t) 20,

s g, s [ 260 (@,1)
A+1, Q(z,t) <0,
which is exactly A + 1 plus the positive part of 2. We list some properties of .,
which make sense of the calculations below,
(1) Oy >A+1;
(2) all derivatives of Q. vanish on the set where Q(x,t) < 0;
(3) Q is Lipschitz and (2 is smooth by assumption;
(4) at interfaces where Q(z,t) = 0, the boundary terms upon integration by parts
cancel out.
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Similar considerations apply to I'; and ® . For ¢ > 1, direct computations yield that

2qu?0,ub —4—1 g2, —
=704 Falg- D2 VR =0.

_ — — 2
(2.9) 8tQi+(b-V)Qi—AQi—;8rQi—
Let%<02<01<1. Put

(2.10) C(oi) ={(r,0,2); 5—4o; <r <4do;, 0<6 <2, |z] <4o;},
P(U’i) - C(Ut) X (_U'L'Zao) C Py, 404,04

for i = 1,2. Choose 1) = ¢(y)n(s) to be a refined cut-off function satisfying

Vo gl
supp C C(01), ¢low,) =1, 0<d <1, pEVEI
2 N2
C(=02%0), i ozg=1 0<n<l, < .
supp7) C (=071,0),  1l[=03,0) " g (01— 02)2

Let f = ﬁi, test (2.9) by f?2, and notice that

/ 0uf - fu? dyds = / B,(f2)¢? dy ds
P(o1) 2 Jp(on)

1

_ 1 2.2\ 2 2
=5 [ [ - o ayas

I 1
—5 | [ aretads— 5 [ P mondyas
—o3 JC(o1) P(o1)

1
= 5/ f2(y,0)9*(y,0) dy —/ f?¢* - ndsndy ds
C(Ul) P(U'l)

1
—5 | Pwoeeod- [ P mondds
C(a1) P(o1)

as well as

/ —Af'wadyds:/ V- V(fe?) dyds
P(o1) P(o)
_/P( )Vf'[v(f¢)'¢+f¢'vw]dyds
- [, ATGIT) ~ $0 4 5TF 0Tyt
o L R I
= [ 1vGwE - PIveP ayds
P(Ul)
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We obtain

(211) = / (5,008 (y) dy
C(o1)

—2(g—1 —
+/P( )IV(fw)IQdyderq(q—l)/P( T Payas

- - / (b-V)f - fU?dyds + / (6%nds + [V[2) £2 dy ds
P(o1) P(o1)

2 2 0 A 0,
+/ —arf-wadyder/ 294 gz ?“ 02y dyds
P(a) T P(o1) r

=N+ Fy+ F5+ Fy.

Similarly, we have

(2.12) &T(JIF +(b- V)fi - Afi + %fi — q(W" Oy + W0, )u" -fi_l

+q(g — DT VT, =0.

Set g = fj_ and test (2.12) by 91;2, where 1; is 1) modified through replacing o1 by
o1 = (02 + 0’1)/2. We find that

e 5[ Fwor@ws [ Sl

P(c1)

~—2(q—1)
+q(q—1)/( )Wr;’ |VT4|? dyds
P(o1

v f
P(o1)

-
P(c1)

b 12
%‘ dyds
r

+ [ @ ViR s
P(c1)
+ /P(~ : q(W" 0y + w0, )u" -Fi‘HJQ dy ds

= G1 + Go + Gs.
Finally,

(2.14) 8,3% +(b-V)BL — AB! — g(w, +w D )u*- B +q(g—1)TT VD, [ = 0.
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Letting h = 51 and testing (2.14) by h{/ﬁ, we deduce that

e 5[ IRGZEOLY

i —2(g—1),——
+/P(~)IV(W)IQdyds+q(q—1)/}3(~ )w%f" VB, |2 dyds

= —/ (b-V)h.hzZQdyder/ (27077 + | V|2 h% dy ds
P(c1)

P(c1)
+ / q(W" O, + w*0, )u* .Eiq_l{/? dyds
P(c1)

= H, + Hy + Hs.

We will estimate F;, G; and Hy term by term.

Estimation of I}, G1, and H;. Since b is divergence-free, we have

1 1
Fl = _5 /P(Ul)(b : V)(fQ) 'W dde - 5 /P(m)(b ’ v)(wQ) ’ f2 dde

:/ (b- V) -9 f?dyds.
P(o1)

To get a fine estimate, we need to use the dimension reduction argument explored
in [10]. Put

{(r,2); (r,0,2) € C(0;)},
(0;) ={(r,z,8);(r,0,z,5) € P(oy)}, i=1,2,

and if y = (r,0,2), dy = rdrdfdz, we set
y=(r,z),dy = drdz.

Since w is divergence-free, that is, 9, (ru”)+0,(ru®) = 0, there exists an axisymmetric
stream function L such that

1
u =—-0,L, u®= ;&n(rL).
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For the later application of the Poincaré inequality, we introduce a function a(t),
depending only on the time. Upon integrating by parts, it follows that

F= [ -9 ufads
P(o1)
:/ ("0 + u*0.9) - 4 f* dy ds
P(o1)
= 211/ —0.(rL — a)dpp - f* drdzds
P(o1)
—|—21‘c/ Op(rL — a)d1p - ap f2drdzds
P(o1)
= 211/ (rL — a)[0.0,% - Y f* 4+ 0p1p - 0. (¢ f?)] dr dz ds
P(o1)
—2n/ (rL — a)[0,0.¢ - Y f* 4+ 0.9 - 0, (¢ f?)] dr dzds
P(o1)
= 27‘:/ (rL — )0, - 0. (¢ f?) drdzds
P(o1)
—21‘[/ (rL — a)d.v - 0, (1 f*) dr dz ds.
P(o1)

Since

V@ f?) =VWf) f+y9f-Vf=V@f) f+ V@)~ V] =2V f) - f— VY,

we can estimate Fj as

(216)  F1 < ClIrL = all e 000 IV | e @y
$ V@A @y 1 2oy + 18l o1 F 122G

1 2

< - dyd
<3/, [VUDPayas
"o

_‘_7
(01 —02)?

sup ||rL —a(t)]|? .. = oy T 1 / f?dyds.
te(=02,0) (Clen) } Plon)

Here and in what follows, we employ the fact that r is comparable to 1 in P(o1)
and hence the two-dimensional volume element dr dz is comparable to the three-
dimensional one 7 dr df dz for axisymmetric functions.

We are going to estimate |rL — a(t)||p«@(,,)- In order to apply the two-
dimensional logarithmic Sobolev inequality (see [6], Appendix)

(217) [|fllz=(z2) < CUIV FllL2@e)+1 L2y 1) W2 (A S| 2oy HI 1] 22y +e),
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we introduce the cut-off function 6 = 6(r, z) € C>°(R?) such that
—(9 -
Ol =1 suppd CT(zo1), 0<O<L, (VO +[A00] < 1.

Here and hereafter, V is the two-dimensional gradient and Ay = 02 + 9? is the
two-dimensional Laplacian with respect to the variables r and z. Applying (2.17) to
rL — a(t) then gives

[rL = a(t)|| L G (or))
<L = a(t) || L= (r2)
< CYIV(rL = a(t))0) || L2 =2y + [(rL — a(t))0| L2 g2y + 1]
x In'2[| Ag((rL — a(t))0) || L2 (g2) + | (rL — a(£))0]| L2 (r2) + €]
S ClOV(rL — a(®)llL2(mz) + L — a(t)ll 12 G904 /8y + 1]
x In'2[| Ag((rL — a())0) || z2(r2) + 7L — a(t) ]| 1290, /5)) + €)-

Choose a(t) to be the average of 7L on C(201) under the two-dimensional volume
element drdz, we may employ the two-dimensional Poincaré inequality to deduce

(2.18)  |IrL = a(®)| p @01y
< C[|W(7’L)||L2(6(gal/8)) +1]

x ' 2| 82((rL = a(t)®) | 2 @00, /5)) + VD 200, /5 + €l

To proceed further, we calculate

FOLP = 10,0 + 0.(rD) =7 | 20,(rL)
— 7"2|’LLZ|2 +T,2|u7'|2 _ T2|b|2,
Ao((rL — a(t))f) = Ao(rL)0 + 2V(rL) - VO + (rL — a(t)) A
=0(0? +0?)(rL) +2V(rL) - VO + (rL — a(t)) A0
- ar(af +O2+ %&)L +2V(rL) - VO + (rL — a(t)) A0

= é)r(af + 0?2 + %& - %Q)Ln%)(ar + %)L

+2V(rL) - VO + (rL — a(t))A20
= —0rw? 4 0u* +2V(rL) - VO + (rL — a(t))Aqf,
|A2((rL — a(t)))] < |rw? — u?| 4 27|b| + C|rL — a(t)].

2
‘ + 72| - 9.L)?
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Applying the two-dimensional Poincaré inequality again, we get
[A2((rL — a())0)l 2@ (90, /8))
< CHwGHw(ﬁ(gal/s)) + Clbll 2@ (90, /8)) + ClITL — a®)[ L2 & (96, /8))
< Clwll 2@ 001 /8y + CIBl L2 B 00, /5y + CIV L)l 12 G001 8))
< COlwll L2001 /8y + 2C1Bl L2 (@001 5))-
With the above estimates, (2.18) becomes
(2.19) IrL = a(t)|| Lo @ (0y))
< Clllu Ol 2@ (90, sy + 1
X lnl/Q[CHWG('at)HLZ(é(gal/S)) + Cllul D)l 2@ 90, /5)) T €l

Consequently, (2.16) reduces to

—2
ey Fi<yf ( )|V(fw)|2dyds+cm [ ras
P(o1

4 (01 = 02)? JB(oy)
where
(2.21)
K=K(u,w)= sup {[||u('vt)”L2(6(9al/s)) +1]
te(—o2,0)
X 1111/2[(}”“9('7t)HLz(U(gal/s)) + Cllu, Ol 2@ 90, 8y + €1}
Similarly,

—2
1 K (u,w)
2.22 G, < —/ V(g1 2dyds+07’/ g% dyds,
(2.22) ! P(51)| ()] (01— 02)2 Jp(sy)
—2
1 K
(2.23)  Hy < —/ |V(hw)|2dyds+cL“’)2/ K2 dgjds.
4 Jp@G.) (01— 02)? Jp@&)

Estimation of I, G2, and Hy. Employing the routine treatment, we obtain

(224) Fy< / (10| + [V[2) f2 dy ds = /
P(o1) P

(01)
C / 9 C / 2 1—
(01— 2)% Jp(o) (01— 02)* JP(o)

(10011 + 6] 55| ) 77wt

Similarly,

C
2.25 Go < 7/ g*dyds,
( ) 2 (0_1 _ 0.2)2 F(El)

C / 9 4
2.26 Ho < ——— h*dyds.
( ) 2 (0_1 _ 0.2)2 ?(51)
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Estimation of F3. Integrating by parts provides

404 404
(2.27) F3 = / ds/ dz/ —5‘ f-fy?- 2nrdr
—01 5

401 401 T

40’1 40’1
—211/ ds/ dz/ fAy?adr
70'1 401 5—401
4o 401
= —211/ ds/ dz/ 12240, dr
—01 401 5—40q

=—/ 20,0 f? dyds
P(oy) T

2, 0,6
< 2, 25rY  3/2 2d d
,/P l)rn ¢1/2 ¢ f y S
C
<

< / f2dyds
o1 — 02 P(o1)

< ¢ / F2dgds.
o1 — 02 ﬁ(Ul)

Estimation of Fj. Integrating by parts gives

——q/P( “702[ o.(I1v| )—+Q+w2 (—a?*)}dyds

2
+
u? |2 1 —2q 1
= —Q/ — [ L(1fl? )—— - 2—1#282(2;1_—} dy ds
P(o1) Q4

=

|

|

=)
N
B
~3|§¢°

o {0-070R) = 0.0 50) = 0.2 s

= |8

012 1 [2q—1

2 2
7|5 O-(0) + =200 dy s

09
¢1/2
A
A2q2+7}/ fzdyds—i——/ IV(f9)? dyds

71 =024 Jp(e) 4P

A 1
[ [ radseg [ V@R dyas,
01 = 02- JP(o1) P(o1)

Tl ool + ¢ oo

J,
<Cq [ - a%g [l 0.+ L] dyas
/ }dyds

A2q2 4

<c|
<c|
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where, in the last three lines, we have used that

6 6
u TU
Q+>A>0, ‘—‘:| 2|
r

T S O% S A(g)z'

Estimation of G35 and Hj;. Applying integration by parts to Gs could provide
some cancellation,

Gs3 = / (W'op + w?0)u" - T 2q 11/12 dyds
P(61)
= q/ {— 9,uld,u" + 1(’9r(7"u9)(’9zu'”} T2 11/)2 dyds
P(61) r

= q/ —9u0,u" -fi"flq? dyds
P(&1)

461 o1 -
+ 2nq/ ds/ dz/ o (ru?)d,u” -fiq_le dyds
52 464 5—45,

= q/P(~ . 0.0 - T3 g2 4+ 0pu” - 0,(T2042)] dy ds

40’1
—21'cq/ ds/
5’% 40’1
—2q—1

461 ~,
></ u?[0,0.u" - qu lw +0.u"-0,(T, ¢*)]dyds
5

—401

2q—1

:q/ u‘g-(‘),«ur-ﬁz(f+7 1;2)dyds
P(&1)

2q—1

— q/ u? o (p)‘,,(fJr 1’/;2) dy ds.
P(61)

Since g1~ g1 ~
VTP = (2 - DTYIVTL02 42T Ve
2 l—g-1_ —¢ g1~ _ ~
= qq T V(T )2 + 2T OV
2q — 1—=q—1 —q ~ =q —2g—1~_ ~
= T V(T 0) - T V9] + 2T v
2 —1eg1 =g ~ -
== T} 1W(Fiw)+q v,
we have
1 . F2e1
Gs<a [ Sl v [TV )+ LT V0 ] ayas
PG T q

< OqA[|Vu" | L2a(p(ay))
~ 1
X T 12 i IV (99 2Py + ooy T2 tro)-
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Applying Lemma 3.3,

1
[4
(229) G5 < CaA ||l zapiony + o= blliacpion

~ 1 2
$ T V@D 2 + ooy T pny |
Put

9 —-Q+A+1, Q<0,
A+, Q> 0,

and, similarly, I'_ and ®_. Also, set f; = ﬁ‘i, g1 = f‘i, hi = ®. Then
|7 < f+fi on P(on).

Moreover, 0 < o1 < 1 implies

1/(2q)
} < O|Ibl[ e (P(oy))-

[Blriony < Wliceieny | [ 1
P(o1)

With the above two observations, (2.29) becomes

CqA
Gs < ——[|1w’ | L20(P(r)) + 1Bl Lo (P(or))]
g1 — 02
-1 ~ 1 2g—1
x Mokt IV DNz + s Il )
CqA 1
< f[”f + f1||L/zq(p(,,1)) + [bll oo (P(o1))]

(a-1)/q 0 1 29—1)/q
< 5 - IV P ooy + s ol

<of(z=2)" anzé(gmﬁ( B A o)

x Ulq ) IIQHfzulaffql)) IV (99l 22(pony)

e e R L P [ R T A
+ Ulch ||bHL°°(P(01))Hg”(Lq?_(]lD)({}qO)HV(QQZ)HLQ(P(‘}Q)

+ %Ilbuwwmnﬂgﬁf AN
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Noticing that ¢ > 1, g > A +1 > 1, K > 1, and applying the Young inequality,
we get

1 ~ 2AZ 4 A
(2.30) Gs3 < —/ |V(gw)|2dyds+cu/ (% + f1) dyds
P(G1)

4 (01 —02)? P(o1)
2A2 272
A+ A *A 5 A
+ C[(Jl s o e o1 L] A T pey o1 L A CICR)
></7 g*dyds
P(31)
1/ o Cq*(A+1)? s
< - V(gp)|?dyds + ——=— 24 ) dgds
4 P(51)| e) (01 — 02)? ?(m( )
C(A+1)” 2 / 2 4
(o1 — 09)? (LA 1Bl (o] ﬁ(‘}l)g Yy

1 ~
< 1/ V(gv)|* dy ds
P(51)

Cq?(A+1)? _
L O ) B2 o] L s+ g anas

(01 — 02)? 1)
Similarly,

1 ~
(231)  Hy< _/ IV (h) 2 dy ds

4Jpe)

C*(A+1)? 2 / 2 2 2\ 31—
+ 2R )R o, 24 12+ h2) dyds.
B U Bl i) [ 4 A

Collecting (2.20), (2.22), (2.23), (2.24), (2.25), (2.26), (2.27), (2.28), (2.30),
and (2.31) into (2.11) + (2.13) + (2.15), and observing that K > 1,0 < o1 — 09 < 1,
we find

(2.32) /C P wOFm s / IV (/) dyds

P(o1)

+ / 16%(5,0) + h3(y, 015 (y) dy
C(o1)

+ / V() + [V (k) dyds
P(c1)

Cq*(A+1)* —» 2
< LT R (w,w) + b2 ps
R 0) + 100 < )

X /_ (fP+ ff+¢°+h?) dyds,
P(o1)

where K = K (u,w) is defined by (2.21).
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Since n|[*0§’0] = 1, we may now replace the upper time limit 0 of the time cut-off
function 7 by any s € [~03,0]. Consequently,

(233 sup [ / PRy [ w0+ 12010 dy

70'§<s<0 C(51)
+ / V() dy ds + / (VD) + [V (hd) ) dy ds
P(o1) P(c1)
_ Ce(A+1)?

(01 —02)?

x /, (f+ ff +9°+ h*) dyds,
P(o1)

2
(K (u,w)(Cos,5) + Hb||2L°°(P1,4,1)]

where we have used the facts that ¢ > 1, 0 < 01 — 02 < 1, and
0<01\1:>C< )CC()55

Step 2. L?-L> estimate on solutions to (2.4)—(2.6) via Moser’s iteration.

We are in a state to apply the dimension reduction argument from [10]. Since r
is comparable with oy or o2 in C(oy) or C(d1), respectively, (2.33) actually can be
reformulated as

(234)  sup [ /6 ARG /6 B0+ 1 F0)8F) a7

—03<s<0
+ / IV (f4)? dgds + / (IV(g) + [V(hd)P?) dy ds
P(o1) P(51)

Ca®(A+1)% — 2
——F|K -
L R 0,0 Cons) + 6l

x [ (FP+ 1 +9g°+h*) dyds.
P(o1)
By the two-dimensional Gagliardo-Nirenberg inequality,

1/2 1/2
19l sy < O ey IV oy

The inequality (2.34) implies that

0
4 31— _
(2.35) /ﬁ f dyds—/ £ 4 oy 48
(02) -

0
<C  sup ”waiQ(?(al))/ HV(fWHLg(C (o1)) ds

—03<s<0 o2

<C s ol [, U s

—0?<s<0
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Cq®(A+1)* —» 2
< ———[K (u,w)(Cos,5) + ||b]| 7
{ R ) (Cosa) + bl )

2
></_ (f2+f12+92+h2)dyds}.
P(o1)

Similarly,

0
230 [ gdpds= [ llgvltio,ds
P(o2) g EHOED)
2 0 Avi 2
<C s Nl [ IV@0 g, ds
< —05

g2
05<s

<C sw g0l [, Ve ayas

—52<s<0

CPA+1)° 2 2
< ——[K (u,w)(Cos.5) + ||b||7
{ R R ) Cosa) + bl )

2
X /_ FP+fr+9+ h2)dyds}
P(o1)

as well as

(2.37) /_ htdyds < {

P(o2)

C*(A+1)% 2
L (R .0)(Coss) + bl )

2
X /_ (f? +f%+g2+h2)dgds} .

P(oy1)

Gathering (2.35), (2.36) and (2.37) together, and setting J, = Q4 + T, + &,

J_.=Q_ +T_+®_,and J = J, + J_, we obtain

0 g T _ CY/CDgl/a(A + 1)1/
_ + ydas = (0. - )l/q
P(o2) 1— 02

—2
x [K(w,w)(Coss) + [bll7<(p, , )] 9

1/(29) 1
X [/ Jquyds] ,  where T = .
B(o1) 2%q

Repeating the above argument to J_ gives

. T 1/(2q) 41/q 1/q
P(o2) (o1 —02)t/a

—2
x [ (u,w)(Coss) + [bll7<(p, , )] 9

1/(29)
X [/ J* d@ds] .
P(o1)
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Summing up the above two estimates yields

T
(2.38) / JPaqgas| < oCC0a 1A+ )
P (01 — o9)V/a

P(o2)
—2
x [K™(u,w)(Cos,5) + Hb||2LOO(PL4>1)]1/(2q)

1/(29)
X [/ J* dyds} .
P(o1)

For i =0,1,2,..., we take ¢ = 2 in (2.38), and replace o1 and o9 by

i i+1
o;=1-» 2772 and op=1-) 27772
Jj=1 j=1

i .
respectively. Here, we set Y. 27772 =0 for i = 0. Then
Jj=1

9—i=2 9—i—1,,.\og—i g—i
i 2 A+1
[/ g2 dyds] <o ;)1 (2 s )
ﬁ(0'11+1) (2_(14_ )= )

— 9 —i—1
X [K (u,w)(Coss) + Hb||2L°°(P1,4,1)]2

_ ' _g—i—1
x /_ J2 " dgds

L P(O’L) 4

9 —i—1
(u,w)(Co.s,5) + ||b|\%°°(P1,4,1)]2

i Jo—i—1
x L J2 T Ay ds ,
L/ P(o;) J

where we have used the boundedness of the convergent sequences

<CA+1)? 'K

lim €27 =1, lim(2)? =1, lim 204327 =1,
1—00 1—00 1—00

After iteration, we deduce

271'72
oo —i—1
2
0

it2 —
[/ﬁ( : J* dyds <K (u,w)(Cos,5) + Hb||2Loo(P1)4Y1)]Z,;:
Oit1

» 1/2
X (A +1)==02"" [/_ J? dyds]

P14

—2
= [K (u,w)(Co.5,5) + Hb||%°°(P1,4,1)]

1/2
><C(A+1)2[/ J2d§ds] .

P14
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Letting ¢ — oo and noticing that

def | 1 N2 8 s _
o<1 ilil&_zf =7 b-do=2 do=3,
pm

we get

1/2
—2 _
(2.39) sup J < CO(A+ 1)K (w,0)(Coss) + 0], 1) [ /_ J?dyds}
Py 3374 Pian
< C(A+ 12K (u,w)(Coss) + [1b]2(py 0 )]

1/2
x{/ [QQ+F2+<I>2+(A+1)2]d§ds}

P11

Observing that Q) = wa/r and w? are equivalent on Py 4,1, we have

(2.40) Csup |w[ < C(A+ 12K (u,w)(Cos,s) + 1B (p, 4 1))
P33.3/4
1/2
y {/_ [lwf? + (A + 1)?] dyds}
P14

Step 8. A priori bound of |w| by re-scaling.
Recall that we have omitted the “tilde” in the above two steps. So what actually
has been proven thus far is

~ ™ - —2 . ~
(2.41) sup  |@(Z,1)| < C(A+1)*[K (2,@)(Cos5) + [0l 7 (p, 1))
(#,£)€P23,3/4 '
i 1/2
y {/ 12 + (A + 1) dgdg} ,
P14

where & = x/k, t = t/k?. Notice that

K(1,)(Cos55)

= sup {[lla(-lr2(coss) +1]
te(—1,0)

% lnl/Z[CHC:Ja('ag)HLz(Co.s,s) + H’fl,(',g)HL?(CO_&S) + e]}

1
| R

1
X ln1/2 [Ckl/QHWB('vt)HLQ(CO.sk,Sk) + W”u('?t)HLQ(CO.Sk,Sk) + e} }
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Whence, by (1.12) and the energy inequality, we find

-~ C 1
K(u7w)(00.5,5) < W 1111/2 (Ck;l/2 . E +

C ) Cln k|'/?
<

1
RYE 0<k<-=

Ktz 7 2

Also, A is a scaling-invariant quantity,

A= sup 183, ) < 72, ~T) =) = I o, =T ow iy = el sy
1,4,1

Moreover, by (1.14),

C|ln k|*/?

- 1
1Bl (pran) = IOl Lo (P ) S —3

We may now scale down (2.41) on the original solution as in [10] and deduce for
0 <k <1 that

Ink| |Ink 1 1z
Bl < O[5+ S [ [l (o4 02 apas}
k,4k.,k

Clln k|
S g13/2

This is exactly our goal (2.3). This finishes the proof of Theorem 1.1.

3. APPENDIX

In this appendix, we state and prove variants of Lemmas 4.1, 4.2 of [14], which
are needed in (2.29). First, we have:

Lemma 3.1. Let u be a smooth vector field on R? with a sufficient decay at
infinity. Then for any q € (1,00) there exists a constant c¢(q) > 0 such that

(3.1) (IVullLe < c(g)[|| curl w| pe + || divwl|La].

Proof. This is a classical result. Since the proof is short, we provide it. Put

u = (ut,u? v?) and curlu = w = (w!,w? w?). Then direct computations show

—Aut = —(0} + 05 4 93)u'
= -0 (81u1 + 82u2 + 83u‘3) + 82(81u2 — 82u1) — 83(5‘3u1 — 81u‘3)

= -9 divu + ow?® — d3w?.
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Thus,

Vul = — 91(—A) V2V (=A) V2 divu + 8y (—A) V2V (—A) 7208
— 03(=A) TPV (=A) 202

The LP boundedness of the Riesz transform then yields
Vol pa < cl@)[|| curl w||pe + || div | pq].

Similar considerations apply to Vu!, i = 1,2, and this finishes the proof of
Lemma 3.1. ]

Lemma 3.1 has its local version, which reads

Lemma 3.2. Let u € C*(P(01)) be a vector field. Then for q € (0,00) there
exists a constant c(q) > 0 such that

(32)  IVulze(p(os))

< cl) [llewrl ] papiory) + | div el zogpony + el agpiony|-

01— 02

Proof. Choose a cut-off function 6 such that

c

9|P(Ul) :17 Suppecp(01)7 0<9< 17 |V9| < 91_92'

Then w6 is compactly supported. By Lemma 3.1,
IVullLa(p(oz)) < V(b)) La(poy))
< Ol curl(ud) || a(p (o)) + [ div(wd)|| Lapo))]-

Since
curl(uf) = VO x u+ G curlu, div(ud) = (u- V)0 + 0divu,

we are led to (3.2), as desired. O

For axisymmetric smooth vector field, we have the following version of Lemma 3.2.

Lemma 3.3. Let u be a divergence-free, axisymmetric, smooth vector field in
P(01). Then for all g € (0,00) there exists a constant c(q) > 0 such that

T ur z
(3.3) IV llatpoay + || [rroceoan + 190 apiea)

< c(q) |:Hw9HL’1(P(01)) + Hb||L‘1(P(01)):|a

g1 — 02

where we recall b = u"e, + u®e,.
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Proof. Itis well-known (see [21], page 186, for a direct calculation) that

Mo

divb=0, curlb=w’ey.

reover, by [21], Lemma 2.1,

+ Ve |[La(p(on)) < ClIVDILa(os)-

’U;T
T JE—
Ve oo + H r ‘L‘?(P(Gz))

Then we may apply Lemma 3.2 to conclude the proof. O

Acknowledgments. We would like to thank Prof. Qi Zhang for the valuable
discussions regarding [10].

1]
2]
3]
[4]

5

[6]

(7]

8]

[9]

[10]
[11]
[12]
[13]
[14]

[15]

506

References

D. Chae, J. Lee: On the regularity of the axisymmetric solutions of the Navier-Stokes

equations. Math. Z. 239 (2002), 645-671. | zblJMR] doi
H. Chen, D. Fang, T.Zhang: Regularity of 3D axisymmetric Navier-Stokes equations.
Discrete Contin. Dyn. Syst. 37 (2017), 1923-1939. MR
Q. Chen, Z.Zhang: Regularity criterion of axisymmetric weak solutions to the 3D
Navier-Stokes equations. J. Math. Anal. Appl. 881 (2007), 1384-1395. zbl MR} doi]

S. Gala: On the regularity criterion of axisymmetric weak solutions to the 3D Navier-
Stokes equations. Nonlinear Anal., Theory Methods Appl., Ser. A 74 (2011), 775-782. IMR]
T. Gallay, V. Sverdk: Remarks on the Cauchy problem for the axisymmetric Navier-

Stokes equations. Confluentes Math. 7 (2015), 67-92. IMR]
T.Y. Hou, C.Li: Global well-posedness of the viscous Boussinesq equations. Discrete
Contin. Dyn. Syst. 12 (2005), 1-12. MR]

O. Kreml, M. Pokorny: A regularity criterion for the angular velocity component in
axisymmetric Navier-Stokes equations. Electron J. Differ. Equ. 2007 (2007), Article ID

08, 10 pages. MR

A. Kubica, M. Pokorny, W. Zajaczkowski: Remarks on regularity criteria for axially sym-

metric weak solutions to the Navier-Stokes equations. Math. Methods Appl. Sci. 35

(2012), 360-371. MR
0. A. Ladyzhenskaya: Unique global solvability of the three-dimensional Cauchy problem

for the Navier-Stokes equations in the presence of axial symmetry. Zap. Nauchn. Semin.

Leningr. Otd. Mat. Inst. Steklova 7 (1968), 155-177. (In Russian.) zb] MR}

Z. Lei, E. A. Navas, Q.S.Zhang: A priori bound on the velocity in axially symmetric
Navier-Stokes equations. Commun. Math. Phys. 841 (2016), 289-307. MR
Z. Lei, Q. S. Zhang: A Liouville theorem for the axially-symmetric Navier-Stokes equa-

tions. J. Funct. Anal. 261 (2011), 2323-2345. zbl MR} doi]
Z. Lei, Q.S. Zhang: Criticality of the axially symmetric Navier-Stokes equations. Pac.

J. Math. 289 (2017), 169-187. MR
S. Leonardi, J. Mdlek, J. Necas, M. Pokorny: On axially symmetric flows in R3. Z. Anal.

Anwend. 18 (1999), 639-649. MR
J. B. Loftus, Q. S. Zhang: A priori bounds for the vorticity of axially symmetric solutions

to the Navier-Stokes equations. Adv. Differ. Equ. 15 (2010), 531-560. MR]

J. Neustupa, M. Pokorny: Axisymmetric flow of Navier-Stokes fluid in the whole space

with non-zero angular velocity component. Math. Bohem. 126 (2001), 469-481. MR


https://zbmath.org/?q=an:0992.35068
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1902055
http://dx.doi.org/10.1007/s002090100317
https://zbmath.org/?q=an:1364.35114
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3640581
http://dx.doi.org/10.3934/dcds.2017081
https://zbmath.org/?q=an:1151.35067
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2313720
http://dx.doi.org/10.1016/j.jmaa.2006.09.069
https://zbmath.org/?q=an:1205.35194
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2738629
http://dx.doi.org/10.1016/j.na.2010.09.026
https://zbmath.org/?q=an:1356.35159
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4059266
http://dx.doi.org/10.5802/cml.25
https://zbmath.org/?q=an:1274.76185
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2121245
http://dx.doi.org/10.3934/dcds.2005.12.1
https://zbmath.org/?q=an:1387.35456
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2278422
https://zbmath.org/?q=an:1236.35107
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2876817
http://dx.doi.org/10.1002/mma.1586
https://zbmath.org/?q=an:0195.10603
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0241833
https://zbmath.org/?q=an:1341.35102
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3439228
http://dx.doi.org/10.1007/s00220-015-2496-4
https://zbmath.org/?q=an:1244.35105
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2824580
http://dx.doi.org/10.1016/j.jfa.2011.06.016
https://zbmath.org/?q=an:06722850
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3652459
http://dx.doi.org/10.2140/pjm.2017.289.169
https://zbmath.org/?q=an:0943.35066
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1718156
http://dx.doi.org/10.4171/ZAA/903
https://zbmath.org/?q=an:1195.35240
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2643234
https://zbmath.org/?q=an:0981.35046
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1844284
http://dx.doi.org/10.21136/MB.2001.134015

[16] M. Pokorny: A regularity criterion for the angular velocity component in the case of ax-

isymmetric Navier-Stokes equations. Elliptic and Parabolic Problems. World Scientific,

Singapore, 2002, pp. 233-242. MR
[17] J. Renctawowicz, W.M. Zajaczkowski: On some regularity criteria for axisymmetric

Navier-Stokes equations. J. Math. Fluid Mech. 21 (2019), Article ID 51, 14 pages. IMR]
[18] M. R. Uhkovskii, V. I. Iudovich: Axially symmetric flows of ideal and viscous fluids filling

the whole space. J. Appl. Math. Mech. 32 (1968), 52-62. IMR]
[19] D. Wei: Regularity criterion to the axially symmetric Navier-Stokes equations. J. Math.

Anal. Appl. 435 (2016), 402-413. MR]
[20] P.Zhang, T.Zhang: Global axisymmetric solutions to three-dimensional Navier-Stokes

system. Int. Math. Res. Not. 2014 (2014), 610-642. | zblJMR] doi|
[21] Z. Zhang: Remarks on regularity criteria for the Navier-Stokes equations with axisym-

metric data. Ann. Pol. Math. 117 (2016), 181-196. MR
[22] Z. Zhang: On weighted regularity criteria for the axisymmetric Navier-Stokes equations.

Appl. Math. Comput. 296 (2017), 18-22. zbl MR} doi]
[23] Z. Zhang: A pointwise regularity criterion for axisymmetric Navier-Stokes system. J.

Math. Anal. Appl. 461 (2018), 1-6. | zblIMR] doi
[24] Z. Zhang: Several new regularity criteria for the axisymmetric Navier-Stokes equations

with swirl. Comput. Math. Appl. 76 (2018), 1420-1426. MR
[25] Z. Zhang: New a priori estimates for the axisymmetric Navier-Stokes system. Appl.

Math. Lett. 92 (2019), 139-143. MR]
[26] Z. Zhang, X. Ouyang, X. Yang: Refined a priori estimates for the axisymmetric Navier-

Stokes equations. J. Appl. Anal. Comput. 7 (2017), 554-558. MR

Authors’ address:  Zugin Zhang (corresponding author), Chenzuan Tong, School of
Mathematics and Computer Sciences, Gannan Normal University, Ganzhou 341000, Jiangxi,
P.R. China, e-mail: zhangzujin3610163.com, 13427452850@qq. com.

507


https://zbmath.org/?q=an:1033.35085
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1937543
http://dx.doi.org/10.1142/9789812777201_0022
https://zbmath.org/?q=an:1448.76055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4010661
http://dx.doi.org/10.1007/s00021-019-0447-0
https://zbmath.org/?q=an:0172.53405
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0239293
http://dx.doi.org/10.1016/0021-8928(68)90147-0
https://zbmath.org/?q=an:1330.35298
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3423404
http://dx.doi.org/10.1016/j.jmaa.2015.09.088
https://zbmath.org/?q=an:07357636
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3163561
http://dx.doi.org/10.1093/imrn/rns232
https://zbmath.org/?q=an:1359.35163
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3539076
http://dx.doi.org/10.4064/ap3856-3-2016
https://zbmath.org/?q=an:1411.35222
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3572774
http://dx.doi.org/10.1016/j.amc.2016.10.001
https://zbmath.org/?q=an:1390.35239
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3759525
http://dx.doi.org/10.1016/j.jmaa.2017.12.069
https://zbmath.org/?q=an:1434.35072
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3850659
http://dx.doi.org/10.1016/j.camwa.2018.06.035
https://zbmath.org/?q=an:1417.35098
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3903956
http://dx.doi.org/10.1016/j.aml.2019.01.022
https://zbmath.org/?q=an:07309521
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3602437
http://dx.doi.org/10.11948/2017034

