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On power integral bases for certain

pure number fields defined by z'® — m

LHOUSSAIN EL FADIL

Abstract. Let K = Q(a) be a number field generated by a complex root a of
a monic irreducible polynomial f(z) = z'® —m, m # F1, is a square free
rational integer. We prove that if m = 2 or 3 (mod 4) and m Z F1 (mod 9),
then the number field K is monogenic. If m = 1 (mod 4) or m = 1 (mod 9),
then the number field K is not monogenic.
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Let K = Q(«) be a pure number field generated by a complex root « of a monic
irreducible polynomial f(z) = 2™ — m € Zx], Zx its ring of integers, A(f) the
discriminant of f, dx the discriminant of the field K, and ind(a) = (Zk : Z[a])
the index of Z[a] in Zk. It is well know that the ring Zg is a free Z-module of
rank n = [K : Q] and a well known formula relating A(f), dk, and ind(«) says
that for every prime rational integer p, v,(dx) = vp(A(f)) — 2vp(ind(er)). The
number field K is said to be monogenic if Z is generated by a single generator 6
as aring; Zx = Z[0] for some generator § € Zg; p does not divide the index ind(«)
for every rational prime integer p. In such a case, Zk is said to have a power
integral basis (1,6,---,0"!) or the number field K is said to be monogenic.
Otherwise, the number field K is said to be not monogenic. The problem of
testing the monogenity of number fields and constructing power integral bases
have been intensively studied mainly by I. Gaal, T. Nakahara, A. Peth6, and their
research teams, see for instance [1], [9], [10], [11], [16]. In [3], we gave conditions
for the existence of power integral bases of pure cubic fields in terms of the index
form equation. In [8] T. Funakura studied the integral basis in pure quartic fields.
In [12] I. Gaél and L. Remete calculated all generators of power integral bases
with coefficients less than 10'°% in pure quartic number fields generated by m!/*
for 1 < m < 10" and m = 2,3 (mod 4). In [1] S. Ahmad, T. Nakahara and
S.M. Husnine proved that if m = 2,3 (mod 4) and m # F1 (mod 9), then the
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sextic number field generated by m!/¢ is monogenic. They also showed in [2] that

if m =1 (mod 4) and m # F1 (mod 9), then the sextic number field generated

1/6 is not monogenic. Also in [14] A. Hameed and T. Nakahara proved that if

1/8

by m
m = 1 (mod 4), then the octic number field generated by m'/® is not monogenic.
They also showed with S. M. Husnine and S. Ahmad that if m = 2,3 (mod 4),
1/8 is monogenic. In [13] by applying
the explicit form of the index forms, I. Gaal and L. Remete obtained new results

then the octic number field generated by m

on monogenity of the number fields generated by m!/", where 3 < n < 9. While
Gadl’s and Remete’s techniques are based on the index calculation, Nakahara’s
methods are based on the existence of power relative integral bases of some special
sub-fields. In this paper, a new method based on prime ideal factorization is
proposed.

Let K = Q(«) be a pure number field generated by a complex root « of a monic
irreducible polynomial f(x) = '8 — m with m # F1 being a square-free rational
integer. In this paper, we prove that if m =2 or 3 (mod 4) and m # F1 (mod 9),
then the number field K is monogenic. If m =1 (mod 4) or m = 1 (mod 9), then
the number field K is not monogenic. As their degrees are 2" - 3!, these results
are very closed to that proved for the pure number fields defined by z'?> — m and
2?* — m, with the same techniques in the proofs, see [6], [5].

1. Main results

Let K = Q(«) be a number field generated by a complex root a of a monic

irreducible polynomial f(z) = z'® — m, where m # F1 is a square free rational

integer.

Theorem 1.1. Under the above hypothesis, if m = 2 or 3 (mod 4) and m #
F1 (mod 9), then K is monogenic. More precisely, generated by .

Theorem 1.2. Under the above hypothesis, if m =1 (mod 4) or m =1 (mod 9),
then K is not monogenic.

2. Proofs

We start by recalling some fundamental notions on Newton polygon’s tech-
niques. For more details, we refer to [4], [7]. For any prime integer p and for
any monic polynomial ¢ € Z[z] whose reduction is irreducible in F,[z], let F, be
the field Fp[z]/(@). For any monic polynomial f(z) € Z[z], upon the euclidean
division by successive powers of ¢, we expand f(x) as f(z) = Zi:o a;(z)p(x)?,
called the p-expansion of f(x) (for every i, deg(a;(z)) < deg(p)). The p-Newton
polygon of f(x) with respect to p, is the lower boundary convex envelope of
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the set of points {(¢,vp(a;(x))): ai(xz) # 0} in the euclidean plane, which we
denote by N,(f). For every ¢ # j, 4,5 = 1,...,1, let a; = a;(z) and p,; =
(vp(ai) — vp(aj))/(i — j) € Q. Then we obtain the following integers 0 = ig < i1 <
<o < iy = | satisfying i;41 = max{4, p;; s < pi; p for any i;,1 < k < I}, For
every j = 1,...7, let S; be the segment joining the points A; 1 = (i;_1,v(a;_,))
and A; = (ij,v(a;;)) in the euclidean plane. The segments Si,..., S, are called
the sides of the polygon N, (f). For every j = 1,...,r, the rational number
A = (vplay;) —vplai,_,))/(ij —i;-1) € Q is called the slope of Sj;, I(S;) =
i; — ;-1 is its length, and h(S;) = —\;I(S;) is its height. In what follows
v(ai;) = v(ai;_,) +1(S5)A;. The p-Newton polygon of f is the process of joining
the segments S, ..., S, ordered by the increasing slopes, which can be expressed
as Ny(f) = S1+---+Sr. Notice that N,(f) = S1 +---+ S, is only a notation
and not the sum in the euclidean plane. For every side S of the polygon N (f),
1(S) is the length of its projection to the z-axis, h(S) is the length of its projection
to the y-axis, and d(S) =gcd(1(S), h(S)), called the ramification index of S. The
principal part of N,(f), denoted NJ (f), is the part of the polygon N,(f), which
is determined by joining all sides of negative slopes.

For instance, for two distinct rational prime integers p and ¢, and for a monic
polynomial ¢ € Z[z] whose reduction is irreducible in F,[z], let f(z) = ¢7 +
q-p*¢* +q-p°o+q-p°

FIGURE 1. NS (f).
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For every side S of N, (f), with initial point (s, u,) and length I, and for every
0 <4 <1, we attach the following residual coefficient ¢; € F,, as follows:

0, if (s+ 14, us4i) lies strictly above S
¢ = Or Ugyj = 0O,

(4#62) (mod (p, o)), if (s + i, i) lies on S,

where (p, p(z)) is the maximal ideal of Z[z] generated by p and .

Let A = —h/e be the slope of S, where h and e are two positive coprime
integers, and let d = [/e be the degree of S. Notice that the points with positive
rational integer coordinates lying in S are exactly (s, us), (s+e,us—h), -, (s+de,
us — dh). Thus, if i is not a multiple of e, then (s+ 4, us4;) does not lie in S, and
so, ¢; = 0. Let fs(y) = caey® + ca—1)ey® " + -+ cey + co € Fy[y], called the
residual polynomial of f(z) associated to the side S. Let N:; (HH=S14+---+5-
be the ¢-principal Newton polygon of f with respect to p.

We say that f is a ¢-regular polynomial with respect to p, if for every i =
1,...,7, fs,(y) is square free in F,[y]. We say that f is a p-regular polynomial

if f is a y;-regular polynomial with respect to p for every ¢ = 1,...,t for some
monic polynomials @1, ..., ¢ with f(x) = Hle Pili is the factorization of f(x)
in Fp[z].

The theorem of O. Ore is a fundamental key for proving our main theorems.
Let ¢ € Z[z] be a monic polynomial, and ¢(z) is irreducible in F,[z]. As defined
in [7, Definition 1.3], the ¢-index of f(x), denoted by ind,(f), is deg(y) times
the number of points with natural integer coordinates that lie below or on the
polygon N;r (f), strictly above the horizontal axis, see Figure 1. In the described
case in Figure 1, ind, (f) = 11 x deg(y).

Now assume that f(z) = [['_, ;" is the factorization of f(z) in F,[z], where

every ¢; € Z[z] is monic, ¢;(z) is irreducible in F,[z], ¢i(z) and ¢;(z) are
coprime when i # j = 1,...,t. Forevery i =1,...,t, let N (f) = Siz +- -+ Si,;
be the principal part of the ¢;-Newton polygon of f with respect to p. For
every j = 1,...,m;, let fs, (y) = [[.2, fj;(y) be the factorization of fs,;(y)
in F,[y]. Then we have the following theorem of O. Ore, see [7, Theorem 1.7 and
Theorem 1.9], [4, Theorem 3.9], and [15]:

Theorem 2.1 (O. Ore). According the above hypothesis, assume that f(zx) =
[1._, @i% is the factorization of f(x) in Fp[z]. Then

(1) vp(ind(f)) = vp,((Zk : Z[a])) > 25:1 indy, (f) and equality holds if f(x)
is p-regular; a;js =1 for every i, j, s.
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(2) If every a;js =1, then

ri Sij

t
pZi =TT TTvi

i=1j=1s=1

where e;; is the ramification index of the side S;; and fi;s = deg(p;) %
deg(vijs) is the residue degree of p;js over p.

Corollary 2.2. Under the hypothesis of Theorem 2.1, if for every i = 1,...,t,
l; =1 or Ny, (f) = S; has a single side of height 1, then v,(ind(f)) = 0.

Indeed, as for every ¢ = 1,...,¢, d; = 1, fs, is of degree one, and so it is
irreducible over F,,,. Hence by Theorem 2.1, v,(ind(f)) = Y¢_, ind,, (f) = 0.

Let K = Q(«) be a number field defined by an irreducible polynomial f(x) =
2'® —m € Z[z]. The following lemma plays a key role for proving Theorem 1.2. It
allows the factorization of pZyg = Hle pst into primes ideals of Zg for p =2, 3.
For every factor p;, the residue degree f; is given too.

Lemma 2.3.
(1) If m =0 (mod 2), then 2Zx = pif, with fi; = 1.
(2) If m =1 (mod 2), then:
(a) If m =3 (mod 4), then 2Zy = p3,p3,p3,, with fi1 =1, fo1 = 2 and
f31 = 6.
(b) If m=5 (IIlOd 8), then 27y = P11P21P22P31P32, with f11 = f21 =
f22 =2 and f31 = f32 = 6.
(C) If m=1 (mod 8), then QZK = P11P12P21P22P31P32, with f11 =
fi2 =1, fa1 = faa =2, and f31 = f32 = 6.
(3) If m=1 (mod 3), then:
(a) If v3(1 —m) =1, then 3Z = p{,p3,, where every prime factor is of
residue degree 1.
(b) If v3(1—m) = 2, then 3Zk = p$,p3,pS,p3,, where every prime factor
is of residue degree 1.
(c) If v3(1—m) > 3, then 3Zs = p§1p3ap13pS,p32p23, where every prime
factor is of residue degree 1.
(4) If m = —1 (mod 3), then:
(a) If v3(1 +m) =1, then 3Zy = p3,, with residue degree 2.
(b) If v3(1 +m) = 2, then 3Zgk = p$,p3,, with every prime factor is of
residue degree 2.
(c) If v3(1+m) > 3, then 3Zy = p%,p3p13, with every prime factor is
of residue degree 2.

PRrROOF: (1) If m = 0 (mod 2), then f(z) = ¢i® (mod 2), where o1 = 2. As m
is square free, m = 2 (mod 4), and so NJ, (f) = S11 has a single side of degree 1.
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Thus fg,, (y) is irreducible over F,,, and ¢ yields a unique prime ideal p;; with
residue degree 1. Namely, 2Zx = pif.

(2) If m = 1 (mod 2), then f(z) = ¢ip3p3 (mod 2), where ¢1 = = + 1,
o2 = 2% +x+1,and o3 = 2+ 23 +1. Let f(z) = oI+ +1530? —18p1 +1—m,
f(x) =)+ —4bxp3 + (=64 63)p2 + (1 —m), and f(z) = i — 32303+ (—2+
22%) 3 + (1 — m) be the 1, @2, and p3-expansion, respectively. It follows that:

(a) If m =3 (mod 4), then for every i = 1,2,3, N (f) = Si1 has a single side
(because vo(1 —m) = 1), where fs,,(y), fss, (v), and fs,, (y) are of degree 1. So,
they are irreducible. Hence for every i = 1,2, 3, ¢; yields a unique prime ideal p;;
of Zk lying above 2 with residue degree deg(;). Namely, 2Zx = p3,p3,p3;-

(b) If m =5 (mod 8), then for every i = 1,2, 3, N;ri(f) = S;1 has a single side
of degree 2, joining the points (0,2),(1,1) and (2,0), where fs,,(y) =y?>+y+1
is irreducible over Fy,, ~ Fa, fs, (y) =zy*+ (1+2)y+1=2(y+1)(y+1+2)
in Fo,[y], and fs,, (y) = 2°y> + (1 +2°)y + 1= 2% (y + 1)(y + 2° + 1) in Fyly].
Thus 2Zx = p11p21P22P31P32, With fi1 = fo1 = foo = 2 and f31 = f32 = 6.

(¢) If m =1 (mod 8), then for every i = 1,2, 3, N; (f) = Si1+Si2 has two sides
of degree 2, joining the points (0,v2(1 —m)), (1,1) and (2,0) such that for every
i=1,2,3and j = 1,2, fs,(y) is of degree 1. Thus 2Zx = p11p12P21P22P31P32,
with fi11 = fi2 =1, fo1 = fa2 = 2, and f31 = f32 = 6.

(3) For p = 3 and m = 1 (mod 3), f(z) = (z — 1)%@ + 1)° (mod 3). Let
o1 =a—1, p2 = a+1, f(z) = pi®+- - —48620¢) +43758F — 31824 +18564¢F —
8568% + 3060 — 8163 + 15302 — 1801 + 1 —m, and f(z) = o3+ - -+4862009 +
437585 + 318247 + 185645 + 85685 + 30603 + 81603 + 15303 + 182 + 1 —m
be the ¢1 and @o-expansion of f(x). It follows that:

(a) If v3(1—m) = 1, then for every i = 1,2, N}, (f) = Si with degree 1. Thus
3Zx = pipY;, with every prime factor is of residue degree 1.

(b) If v3(1 —m) = 2, then for every i = 1,2, N (f) = Si + Siz has two
sides with the same degree 1, joining the points (0,2),(3,1) and (9,0). If p;;
corresponds to S;;, then write 3Zx = p$,p3opS;p3,, where every prime factor is
of residue degree 1.

(c) If v3(1 —m) > 3, then for every i = 1,2, Nf (f) = Si + Siz + Siz has
three sides with the same degree 1, joining the points (0,v5(m — 1)), (1,2), (3,1),
and (9,0). Thus 3Zx = p3,p3op13h3,P32P23, where every prime factor is of residue
degree 1.

(4) Let p=3 and m = —1 (mod 3), f(z) = (22 +1)° (mod 3). Let ¢; = 22 +1
and f(z) = o] + -+ 84¢% — 3697 + 9¢p1 — (1 +m) be the p1-expansion of f(z).
It follows that:

(a) If v3(1+m) =1, then N, (f) = S11 with degree 1. Thus 3Zg = p};, with
residue degree 2.
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(b) If v3(1+m) =2, then Nf, (f) = S11 + Si2 has two sides with the same
degree 1, joining the points (0,2),(3,1), and (9,0). Thus 3Zg = p$,p3,, where
every prime factor is of residue degree 2.

(c) If v3(1 +m) > 3, then N (f) = Si1 + S12 + S13 has three sides with
the same degree 1, joining the points (0, v3(m + 1)), (1,2),(3,1), and (9,0). Thus
3Zx = p%,p3,p13, where every prime factor is of residue degree 2. (I

PROOF OF THEOREM 1.1: Since the discriminant of f(z) is A(f) = F18¥m!7
thanks to the well known formula v,(dx) = vp(A(f)) — 2vp(ind(e)), in order to
prove that Zx = Z[«] under the hypothesis of Theorem 1.1, we need only to show
that p does not divide the index (Z g : Z[a]) for every prime integer dividing 6-m.
Let p be a prime integer dividing 6 - m.

(1) Assume that p divides m. In this case f(z) = ¢'® in F,[z], where ¢ = z.
As vp(m) =1, Ny(f) = S has a single side of height 1, by Corollary 2.2, we get
vp(ind(f)) = 0; p does not divide (Zg : Z[a]).

(2) Assume that p = 2 and 2 does not divide m. Then f(z) = p3¢3¢3 (mod 2),
where o1 =2+ 1, po =22 +x+ 1, and 3 = 2% + 23 + 1. Let f(z) = ¥+ +
15393 —18¢p1 + 1 —m, f(x) = 93 + -+ — 4523 + (=6 + 6x)p2 + (1 —m), and
f(z) = @3 —323p3 + (=2 + 22%)p3 + (1 — m) be the ¢1, 2, and p3-expansion
of f(x), respectively. It follows that if m = 3 (mod 4), then v2(1—m) = 1 and for
every i = 1,2,3, N} (f) = S; has a single side of height 1. Thus, by Corollary 2.2,
vo(ind(f)) = 0, and 2 does not divide (Zk : Z[a]).

(3) Assume that p = 3 and 3 does not divide m. Then f(z) = (28 — m)3
in Fs[z].

In the first case m = 1 (mod 3), f(z) = (z—1)?(x+1)? (mod 3). Let ¢1 = x+1,
po =x—1, f(z) = pI¥+- - — 4862007 +43758F — 318247 + 185645 — 8568(F +
3060¢1—816¢1+153¢1 1801+1—m, and f(z) = Qb8+ -+4862003+ 4375805+
3182407 + 1856448 + 856803 + 30604 + 8163 + 153(,02 1802 + 1 —m be the ¢
and g-expansion of f(z). It follows that if m £ 1 (mod 9), then v3(1 —m) =1
and therefore, Ny, (f) = S; has a single side of height 1. Thus, by Corollary 2.2,
v3(ind(f)) = 0, and 3 does not divide (Zx : Z[a]).

For p =3 and m = —1 (mod 3), f(x) = (22 +1)? (mod 3). Let p1 = 22 + 1

and f(z) = ¢} +- - - +84¢3 — 3603 +9p1 — (1+m) be the ¢;-expansion of f(z). If

m # —1 (mod 9), then v3(1+m) = 1 and N, (f) = 51 has a single side of height 1.
So, by Corollary 2.2, v3(ind(f)) = 0, and 3 does not divide (Zk : Z[a]). O

PRrROOF OF THEOREM 1.2: In every case, we will show the non monogenity of Zg.
The idea is that if there exists § € Zx which generates a power integral basis
of Zk, then p does not divide the index (Zg : Z[0]). In this case, by applying
Kummer’s theorem, the factorization of pZyg is p-analogous to the factorization
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of F(z) modulo p, where F(x) is the minimal polynomial of # over Q. More pre-
cisely, pZx = [[p_y p5', where F(z) = [[_; ¢ (2) is the factorization of F(z)

70

into powers of monic irreducible polynomials of F[z].

(1) Assume that m = 1 (mod 4). By Lemma 2.3, the factorization of 2Zk
contains at least 2 distinct prime ideal factors with residue degree 2 each one.
So, if Dedekind’s theorem is applied, then in Fa[z], there are at least 2 monic
irreducible polynomials of degree 2 each one. That is a contradiction because
there is only a unique monic irreducible polynomial of degree 2 in Fo[x], namely
22+ +1.

(2) Similarly, if m =1 (mod 9), then by Lemma 2.3, the factorization of 3Zg
contains four distinct prime ideal factors with residue degree 1 each one, which
is a contradiction because there is only three monic irreducible polynomials of
degree 1 in F3x]. O

Remark. In the proof of Lemma 2.3 for the calculations of the g-expansions
of f(x), we used Maple 12.
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