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On non-normality points, Tychonoff

products and Suslin number

SERGEI LOGUNOV

Abstract. Let a space X be Tychonoff product [], ., Xa of 7-many Tychonoff
nonsingle point spaces Xqo. Let Suslin number of X be strictly less than the
cofinality of 7. Then we show that every point of remainder is a non-normality
point of its Cech-Stone compactification X . In particular, this is true if X is
either R™ or w” and a cardinal 7 is infinite and not countably cofinal.

Keywords: non-normality point; Cech—Stone compactification; Tychonoff prod-
uct; Suslin number

Classification: 54D15, 54D35, 54D40, 54D80, 54E35, 54G20

1. Introduction

Let X* = X \ X be a remainder of Cech-Stone compactification X of
Tychonoff space X. In 1960 L. Gillman [3] posed the following question for
countable discrete space w = {0,1,2,...}, despite great efforts so far having
only very particular or conditional solutions, see, for example, [1], [2] or [7]:

Is w*\ {p} not normal for any point p of w*?

But one turned to be more solvable for crowded spaces. Thus in 2007 the
following result was obtained independently by J. Terasawa [6] and the author [4]:

Theorem A. Let X be a non-compact metrizable crowded space. Then any
point p of X* is a butterfly-point in X. Hence 8X \ {p} is not normal.

In 2014 the following generalizations for Tychonoff products were obtained by
the author [5]:

Theorem B. Let 7 be an arbitrary cardinal number and for every k < T let F} be
a family of metrizable spaces with the following properties: Fj contains a crowded
space and Fj, contains at most one non-compact space. Let a space S be a free
union J, . Sk of Tychonoff products Sy, = [[{X: X € Fi}. Then every point p
of S* is a butterfly-point in 8S. Hence S\ {p} is not normal.
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Corollary A. Let a space S be a free union of arbitrary powers of closed segment
U<, I™. Then every point p of S* is a butterfly-point in 8S. Hence 35\ {p} is
not normal.

Corollary B. Let S = w x I®. Then every point p of S* is a butterfly-point
in 8S. Hence S \ {p} is not normal.

Now we obtain the next facts on Tychonoff products. By C(X) we denote
Suslin number of a space X, i.e. the maximal size of cellular families of nonempty
open sets. By d(X) we denote density of X, i.e. the minimal size of everywhere
dense subset of X and by c¢f(7) — cofinality of a cardinal 7, i.e. the minimal size of
unbounded subset of 7. By the Hewitt—Marczewski—Pondiczery theorem on the
density of products and its corollary on the Suslin number we have C'(X) < ¢f(7)
under the conditions of Corollaries 1-3.

Theorem 1. Let a space X =[], Xo be Tychonoff product of T-many non-
single point Tychonoff spaces X,. Let a point p € X* be in the closure of some
subset G C X with C(GQ) < ¢f(7). Then X \ {p} is not normal.

Corollary 1. The space (R") \ {p} is not normal if T is not countably cofinal
andp € (R™)*.

Corollary 2. The space (w”) \ {p} is not normal, if infinite T is not countably
cofinal and p € (w7)*.

Corollary 3. The space B(X7)\{p} is not normal if d(X) < ¢f(7) and p € (X7)*.

2. Proofs

In our article all spaces are Tychonoff and R is a straight line. In what follows,

we are in the conditions of Theorem 1. So by X =[] X we denote Tychonoff

a<T
product of 7-many nonsingle point Tychonoff spaces X, Z and by [ ] closure operator
in its Cech-Stone compactification 5X. We assume all the ordinals to be less than
the number of factors 7. Our goal is to construct subsets F' and G of 8X \ {p}
so that {p} = [F] N [G]. This obviously implies the validity of Theorem 1.
Considering pairwise products, if necessary, we can assume that every factor X,
consists of at least three points. Therefore, there are points a = (aq)a<r, b =
(ba)a<r and ¢ = (cq)a<r in X, all coordinates of which a,, b, and ¢, are
pairwise different. For an arbitrary bases B, of X, we define B to be a base
a<r Ua, where U, € B, for
some finite K C 7 and every o € K and U, = X, otherwise. For any U € B we

of X, consisting of all products of the form U = []
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put A(U) = max{a < 7: U, # X, } and
Ule,a) = [J Uy x [[{as}
v<a >

for each a < 7. In other words, (2 )y<r € U(e, a) if and only if ., € U, for every
v < a and x, = a, otherwise. Let O be all open neighbourhoods of p in 5X.
For any O € O define F(O) to be the family

{FCB: UFco, 0oncc [UFmG} and | F |< C(G)},
which is, obviously, nonempty. Let 7 = (Jocp F(O). For every F € F denote
AMF) =sup{\({U): U € F} and
F(a,a) ={U(w,a): U € F}
for each a < 7. Then the condition C(G) < ¢f(7) implies \(F') < 7.

Lemma 1. If U € B and a > A(U), then U(o,a) CU. If F € F and a > \(F),
then |J F(a,a) C U F.

Proor: If U(a,a), # Uy, then v > a. But then U, = X, implies Lemma 1. O
Lemma 2. The family {|J F(o,a): F € F} is centred for every a < 7.

PRrROOF: Let Fy € F(Oy) , ..., F,, € F(O,) for some n < w and Oy,...,0, € O.
Let O =();<,, Oi. Then every V; = |JF; NGN O is open and everywhere dense
subset of nonempty O N G. There is a point z = (%y)y<r of X with z € (), Vi.
Then = € U; for some U; € F;. Define y = (y),<- as follows: y, =z, if '; <«
and y, = a, otherwise. Then y € ,.,, Ui(o, a). O

For every v < 7 define &, (a) € X to be an arbitrary point of (\pe 7 [ U F(av, a)].
Similarly, b and ¢ generate the points &4 (b) € Nper [UF(a,b)] and &u(c) €
Nrer [UF (o, c)], respectively. Denote A = {&a(a): a < 7}, B = {&(b): o < 7}
and C = {{,(c): a < 7}

Lemma 3. The space $X \ {p} is not normal.
PrROOF: Let O € O, F € F(O) and a > A(F). Then

£a(a) € [UF(a,a)} c [UF] c 0]

by Lemma 1. Therefore {{,(a): @ > A(F)} and, quite similarly, {&,(b):
a> MF)} and {&4(c): a > A(F)} are subsets of [O].

For any A < 7 let a continuous map fy: X\ — [0,2] satisfies fy(ax) = 0,
fa(by) = 1and fr(cx) = 2. Denote its composition with the orthogonal projection

133



134

S. Logunov

ma: X = X\ by f: X —[0,2], i.e. put f(z) = fa(zy) for each x € X. There is
a continuous extension f: fX — [0,2].
If o« < X and F € F is arbitrary, then

H(UF@) = U fwiea) = | fife) = {0}
UeF UeF
implies

sala) € [UF(aa)] € 770

Therefore {£,(a): o < A} € £71(0) and, quite similarly, {£,(b): a < A} € f~1(1)
and {€,(c): @ < A} C f7(2). Hence the closures of these sets are pairwise
disjoint.

It implies that A, B and C are also pairwise disjoint and at most one of them
contain p. For any O € O, F' € F(O) and A > A(F) we can argue as above to
show that A, B and C have pairwise disjoint closures outside [O] and, therefore,
outside {p}. Two of them not containing {p} show that p is a non-normality
point. O
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