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Abstract. We introduce the notion of quasi-trace functions on Lie algebras. As ap-
plications we study realizations of 3-dimensional and 4-dimensional 3-Lie algebras. Some
comparison results on cohomologies of 3-Lie algebras and Leibniz algebras arising from
quasi-trace functions are obtained.

Keywords: quasi-trace function; 3-Lie algebra; Leibniz algebra

MSC 2020: 17B05, 17A42, 17A32, 17B56

1. INTRODUCTION

An n-ary groupoid G is a nonempty set with an n-ary operation f: G" — G,
see [12]. One may define various (n — 1)-ary operations on G via f. For example,
if G is an n-Lie algebra, then some (n — 1)-Lie algebras can be defined on G by
the method given in [15]. However, in general there seems no apparent construction
of n-ary groupoids with some specific properties from (n — 1)-ary groupoids. For
example, there are 3-groups which cannot be derived from any groups, see [12].

This paper is motivated by the construction of 3-Lie algebras from Lie algebras.
A vector space L with a 3-ary multilinear skew-symmetric operation [+, -,-]: ®*L — L
is a 3-Lie algebra if

(11) [X1)X2) [X37X47X5]] - [X3)X4) [X17X27X5]]
= [[x1,%2,x3], x4, x5] + [x3, [x1, X2, X4], X5]

holds for all x1, X2, X3,X4,X5 € L, see [15]. The identity (1.1) is called the fundamental
identity (FI for short). Subalgebras and homomorphisms between 3-Lie algebras are
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defined in the obvious way, while an ideal I of a 3-Lie algebra L is a subspace
of L satisfying [I,L,L] C I, and the center Z(L) is defined to be the subspace
Z(L) ={x € L: [x,y,2z] =0 for all y,z € L}. 3-Lie algebras have a close relation
with Nambu mechanics, see [23]. For an extensive review of 3-Lie algebras, see [10].

In [5] a 3-ary operation on the general linear Lie algebra gl,,(C) is introduced to
make gl,,(C) be a 3-Lie algebra by defining

[A, B,C] =tr(A)[B, C] + tr(B)[C, A] + tr(C)[A, B],

where tr denotes the trace of square matrices. Note that tr is a linear function
on gl,(C) satisfying tr([A, B]) = 0 for any A, B € gl,(C). This construction was
generalized in [4], [6] as follows. Let g be a Lie algebra with the bracket [,-] and
T € g* a linear function on g. Define a 3-ary bracket [-,-,]; on g by

(1.2) x,v,2: £ O 7(x)]y,2] Vx,y,z€g.
X,y,Z

Hereafter ( denotes the summation over the cyclic permutations of x, y, z
X,y,%

O 76ly ) = 7Gly. )+ 7(5) 2. + 7(a) )

Denote the 3-ary groupoid g with [-, -, ], by g-. If 7 is a trace function on g, that is,
7([g,9]) = 0, then g, is a 3-Lie algebra (see [6], Theorem 3.1 and [4], Theorem 3.3).
We denote by Fi,(g) the set of all trace functions on g.

The notion of trace functions is closely related to the notion of “subordinate” on
Lie subalgebras. Recall that, for a 7 € g* and a Lie subalgebra h of g, b is subordinate
to 7 if 7([h, b]) = 0 (see [11], Section 1.12.7). So, 7 € Fi,(g) if and only if g itself is
subordinate to 7.

Trace functions are not enough to induce 3-Lie algebras. For example, as Corol-
lary 3.1 below shows, the unique nonabelian 3-dimensional 3-Lie algebra cannot be
induced, using only trace functions, from all except one isoclass of 3-dimensional
nonabelian Lie algebras. For other examples see Corollary 4.2.

For any 7 € g*, a sufficient and necessary condition for g, to be a 3-Lie algebra is
given in Theorem 2.1. Denote the set of those linear functions by Fj 1.(g). We show
that if g is solvable then g, (7 € Fs.1ie(g)) is also solvable (see Proposition 2.4), and
if dimg < 3 then F31;.(g) = g%, see Lemma 2.1.

Note that 7 € g* is a trace function if and only if ker 7 is an ideal of g. We
consider the weaker condition that ker7 is just a subalgebra of g. It is shown that
ker 7 is a subalgebra of g if and only if O T( )7([y,z]) = 0 for any x, y, z € g, which

implies that such a 7 also makes g, be a 3 Lie algebra. We call 7 € g* a quasi-trace
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function on g if ker 7 is a subalgebra of g. If 7 is a quasi-trace function, then ker
is a quasi-ideal in the sense of Amayo, see [1], [2]. Denote the set of all quasi-trace
functions on g by Fgi:(g). So we have the inclusions

Ftr(g) g thr(g) g FB-Lie(g) g g*

Quasi-trace functions are related with Leibniz algebras, which we explain briefly
as follows. For any 7 € g* there is a map 7%: A%2g — g given by

Tn(X Ay)=71(x)y —T(y)x Vx,¥y €g.

Following [9], for any vector space L with a 3-ary bracket [-, -, ] we have the following
notation: for X = x; Axa, Y =y1 Ays € AL, x3 € L, set

(1.3) [X,x3] := [x1,%X0,x3] € L, [X,Y]r = [X,y1] Ava +y1 A [X,y2] € A’L.

Due to Daletskii and Takhtajan (see [9]), if L is a 3-Lie algebra then A?L is a Leibniz
algebra with the bracket [, ]p.

It is shown that 7 is a quasi-trace function if and only if 7% preserves Leibniz
brackets, that is, 74([X, Y]r) = [7#(X), 7#(Y)] for any X, Y € A%g (see Lemma 6.2).
In this case, ¢ is a homomorphism of Leibniz algebras from A%g, to g, where g is
regarded as a Leibniz algebra.

Based on this observation we consider further the connection between quasi-trace
functions and universal enveloping algebras of Lie algebras. In [16], for any 3-Lie
algebra L an associative algebra U(L) is introduced as an analogue of universal
enveloping algebras of Lie algebras. For any 7 € Fj.ri.(g) we show that 7! induces
a homomorphism of associative algebras from U(g,) to U(g) if and only if 7 is
a quasi-trace function on g, where U(g) is the universal enveloping algebra of g,
see Theorem 6.1. This result motivates us to consider some representation theoretic
connections between 3-Lie algebras and Lie algebras via quasi-trace functions.

It turns out that, for any quasi-trace function 7 on g, one can construct a rep-
resentation (V, o;) of the 3-Lie algebra g, from a representation (V,p) of g, see
Corollary 6.2. Then we consider connections between the Cartan-Eilenberg coho-
mology H,(g,V) and the cohomology H; (g,,V). As partial results we construct
1-cocycles and 2-cocycles for g, in V' from those of g in V. For details, see Propo-
sitions 7.1 and 7.2. For a trace function 7, a similar construction of 1-cocycles and
2-cocycles for g, from g is considered in [3] for the trivial representation and the
adjoint representation of g,. Note that the adjoint representation of g, cannot be
induced in general from the adjoint representation of g, since, for example, the al-
gebra homomorphism 7¢: U(g,) — U(g) has the image U(ker 7) (see Corollary 6.1),
and hence 7% cannot be surjective.

561



Note that the cohomology Hj;(L,V) of a 3-Lie algebra L is deduced from the
cohomology HL],.(A’L,Hom(L,V)) of its associated Leibniz algebra A*L given
by [21], where (V,0) is a representation of L and (Hom(L,V'),l,r) is the represen-
tation of A?L induced from 6. For a brief review see Section 5, where we also give
a construction of morphisms from Hj(L, V) to HLj _4(A?L, V), see Proposition 5.1.
H;(L, V) has been applied to study extensions and deformation of L, see, for exam-
ple, [14], [19], [22], [24], [25]. Due to [16] there is another cohomology H*(L, V) of
L defined via the invariant submodule functor. The relation between #;(L, V') and
H*(L, V) remains open.

For the 3-Lie algebra g, (7 being a quasi-trace function on g) and a representation
(V,0) of g, H*(g-, V) is related to Hj(g,V) via the algebra homomorphism Tt
U(g,) — U(g). As an example, if U(g) is a projective module of U(g,) via 7, then
H*(g-, V) = H;(g,V), see Corollary 6.3. We don’t know whether there is a natural
morphism from H;(g,V) to H; (g,,V), but we show that 7 induces a morphism
from Hy(g,V) to HL, _,. (A%g,, V), see Proposition 7.3.

We consider only low-dimensional 3-Lie algebras which can be induced from Lie
algebras via linear functions. As mentioned earlier, 3-dimensional and 4-dimensional
3-Lie algebras have been studied via some specified Lie algebras and trace functions
in [3], [6]. Let L3 1 be the unique nonabelian 3-dimensional 3-Lie algebra. We show
that for each nonabelian 3-dimensional Lie algebra g there is a 7 € g* such that
L31 = gr. We list all quasi-trace functions on each isoclass of 3-dimensional Lie al-
gebras which induce L3 ;. For details see Theorem 3.1, Corollaries 3.1 and 3.2 below.

Let g be any complex 4-dimensional Lie algebra. We classify all 3-Lie algebras
of the form g, with 7 being a quasi-trace function on g, see Theorem 4.1. To do
this we make a little refinement (see Corollary 4.1) on the classification of complex
4-dimensional 3-Lie algebras given by Filippov, see [15]. We obtain a complete list
of all quasi-trace functions for each isoclass of complex 4-dimensional Lie algebras
and their induced 3-Lie algebras, see Corollary 4.3. Note that the simple complex
4-dimensional 3-Lie algebra, which is unique up to isomorphism, cannot be realized
as g, for any Lie algebra g and any quasi-trace function 7, since such 3-Lie algebras
are always solvable, see Proposition 2.3.

The paper is organized as follows. In Section 2 we introduce the notion of quasi-
trace functions on Lie algebras and discuss some basic properties including solvability
of 3-Lie algebras induced by linear functions on Lie algebras. In Section 3 we use
linear functions, especially quasi-trace functions, to realize 3-dimensional 3-Lie al-
gebras via each isoclass of 3-dimensional Lie algebras. In Section 4 we classify all
4-dimensional 3-Lie algebras of the form g, where 7 is a quasi-trace function on g. In
Section 5 we review representations and cohomologies of 3-Lie algebras and their as-
sociated Leibniz algebras. In Section 6 we show that a linear function on g is a quasi-
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trace function if and only if 7% is a homomorphism of Leibniz algebras from AZg.
to g, if and only if 7% induces a homomorphism of associative algebras from U(g,)
to U(g), from which we construct a representation of g, from those of g. In Section 7
we obtain some results on comparison of cohomologies via quasi-trace functions.

Throughout we work on the complex number field C. Notations such as Hom,
End, ®, A are defined over C.

2. LINEAR FUNCTIONS AND THEIR INDUCED 3-LIE ALGEBRAS

Let g be a Lie algebra which may be infinite-dimensional. Let 7 € g* be a linear
function on g. Then codimker 7 = dim g/ker 7 < 1. By [8], Lemma 2.1, 7 is a repre-
sentation of g on C if and only if 7([g, g]) = 0, hence if and only if ker 7 is an ideal
of g. Such linear functions are called trace functions, see [4]. Let Fi.(g) be the set
of trace functions on g. Then Fi.(g) is a subspace of g*.

Example 2.1. If g is a perfect Lie algebra then Fi.(g) = {0}.

Proposition 2.1. Let g be a Lie algebra and 7 € g*. Then ker 7 is a subalgebra
of g if and only if T satisfies

(2.1) O 7(x)7([y,z]) =0 Vx,y,z€g.

X,¥,2

Proof. Assume that ker 7 is a subalgebra of g. If ker 7 = g then (2.1) follows.
Suppose that ker7 # g. Then codimker7 = 1, and hence there is a u € g\ ker 7
such that x,y,z € g have the form x = x' + au, y = y' + bu, z = 7z’ + cu, where
x,y',7z" € kert and a,b,c € C. So 7(x) = ar(u), 7(y) = b7(u), 7(2) = c¢r(u). Since
ker 7 is a subalgebra of g, 7([y’,z']) = 0. Hence

(2.2) 7(x)7([y,2]) = ar(W)7([y" + bu,z" + cu]) = acr(W)7([y’, u]) + abr(w)7([u, z']).
Similarly, we have

(2.3) 7(y)7([2,x]) = ber(w)7([u,x]) + abr(u)7([z’,u]),

(2.4) 7(2)7([x,y]) = ber(W)7([x", u]) + acr(W)7([u, y']).

Then (2.1) follows by (2.2), (2.3) and (2.4).

Conversely, assume that (2.1) holds. Fix any x,y € ker 7. It suffices to show that
7([x,¥]) = 0. Without loss of generality we assume that ker 7 # g. Then there exists
an element z € g such that 7(z) # 0. By 7(x) = 7(y) = 0, 7(z) # 0 and (2.1) it
follows that 7([x,y]) = 0 as required. O

563



Motivated by Proposition 2.1 and trace functions, we introduce the following
definition.

Definition 2.1. Let g be a Lie algebra. A linear function 7 € g* is called a quasi-
trace function on g if T satisfies (2.1), i.e., 7 is a quasi-trace function on g if and only
if ker 7 is a subalgebra of g.

Let Fyi:(g) be the set of quasi-trace functions on a Lie algebra g. Note that all
trace functions on g are quasi-trace functions on g, that is, Fi,(g) C Far(9)-

Example 2.2. Consider the Lie algebra sly with a basis {e1, ez, es} such that
[e1,e2] = es, [e1,e3] = —2e1, [e2,e3] = 2es. Since sly = [slo, s[5 there is no nonzero
trace function on sly. Define 7 € (slp)* by 7(e;) = 7(e3) = 0, 7(e2) = 1/2. Then
T € Fyire(sla).

Example 2.3. Let a: g — g be a homomorphism of Lie algebras. For any

T € Fy(g) it holds that Ta € Fy(g). Indeed, for any x,y,z € g, by a direct
computation one obtains

which means that 7o satisfies (2.1).

By Proposition 2.1 we have the following result, which is crucial for our further
computations.

Corollary 2.1. 7 € Fy,(g) if and only if

(2.5) 7([x1,X2,%3]-) =0 Vx1,X2,X3 € g,

where the 3-ary bracket [-,-, -], is given by (1.2).
We give a sufficient and necessary condition on any 7 € g* such that the 3-ary

bracket given by (1.2) makes g, a 3-Lie algebra.

Theorem 2.1. Let g be a Lie algebra and T € g*. Then g, is a 3-Lie algebra if
and only if for all x; € g, the following identity holds:

(26) (O 7xa)7(xa,xs]))xa,xe] = (O 7(x1)7([x2, x5]))[x3,x4]

= (O 70)7(lxexa]))lxaxs] + (O 7(xa)7([x2, xa])) x5, x5].

In this case we say g, is a 3-Lie algebra induced by g and .
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Proof. Since the Lie bracket is skew symmetric, the bracket [-,-, -], given by
(1.2) is also skew symmetric. By (1.1) the FI for [, -, -], is

(2'7) [X1,X2, [X3,X47X5]r]r - [X37X47 [X1,X2,X5]r]r

= [[X17X27X3]T7X47X5]T + [X37 [X1)X2)X4]T7X5]T'

By a direct check we decuce that (2.7) is equivalent to (2.6) due to (1.2) and the
Jacobi identity of g. O

Since (2.1) implies (2.6), by Theorem 2.1 we get the following result, which gen-
eralizes Theorem 3.1 in [6].

Corollary 2.2. Let (g,[-,-]) be a Lie algebra. If 7 € Fy,(g), that is, 7 € g is
a quasi-trace function on g, then g, is a 3-Lie algebra.

Remark 2.1. Let a: g — g be a homomorphism of Lie algebras. For 7 € F,(g),
T € Fyix(9), @: gr — g7 need not be a 3-Lie algebra homomorphism.

Example 2.4. Let a: g — g be a Lie algebra endomorphism and 7 € Fg.(g).
Then 7o € Fy(g) by Example 2.3. One can show that, if (1 — a?)(g) C kerr
then « is a 3-Lie algebra homomorphism. In particular, if « is an involution of g,
then « is a 3-Lie algebra homomorphism.

Let F5.10(g) be the set of linear functions on g satisfying (2.6), that is, 7 € F3 1.(g)
if and only if g, is a 3-Lie algebra. Then

(2.8) Fir(g9) € Far(9) C Farie(g) C g*.

Remark 2.2. Let g be a Lie algebra. In general it is difficult to compute
F51ic(g). It might be an interesting question whether a 3-Lie algebra can be in-
duced by g and some 7 € F51i.(g). Note that different functions in Fs.,;.(g) may
induce isomorphic 3-Lie algebras. We shall discuss 3-dimensional and 4-dimensional
3-Lie algebras in Section 3 and Section 4, respectively.

Example 2.5. If g is abelian then Fi,(g) = Fqir(9) = FiLie(9) = g*.

Before we give more examples in Section 3 and Section 4, we present the following
examples to show that inclusions in (2.8) may be proper. We use the following

notations.

Notation 2.1. For a Lie algebra g with a basis {e;}1<i<dimg, We denote the
corresponding coordinate functions by {t;}1<i<dimg and denote the coordinate of

x € g by (zi)1<i<dim g-
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Notation 2.2. In the definition of a Lie algebra or a 3-Lie algebra via the multi-
plication table of basis elements, omitted brackets are either zero or can be obtained
by skew-symmetry.

Example 2.6. Let g be the Lie algebra with a basis {ej, e3,e3} and the multi-

plication table [e1, es] = e3, [e1, €3] = —2e1, [ea, e3] = 2e5. Then
Fi.(g) = {0},
Fau(g) = {7 € g*: 7(x) = i1 + taxo + t3s, dt1ts + t5 = 0},
Fyrie(9) = 9"

Example 2.7. Let g be the 3-dimensional Lie algebra with a basis {e1,e2,e3}
and the multiplication table [ey, e3] = e3. Then

Fi(g) ={r€9¢": 7(x) = t1x1 + 323},
Fur(g) = {7 € g*: 7(x) = t1x1 + taxa + t3z3,t2t3 = 0},
Firie(9) = 9"

Example 2.8. Let g be a 2-dimensional Lie algebra. By Example 2.5 we may
assume that g has a basis {e1, ea} with [e1, ea] = e2. Then

Fu(g)={r€g": 7(x) =tiz1}, Fuu(9) = 9" = F31ic(9).

It is not accidental that F31;.(g) = g* holds in Examples 2.6 and 2.7, since we
have the following result which will also be used in Section 3.

Lemma 2.1. Let g be a Lie algebra with dimg < 3. Then F314.(g) = ¢g*, that
is, for any T € g*, g, is a 3-Lie algebra.

Proof. By Examples 2.5 and 2.8, we may assume that dimg = 3. Let
{e1,ea2,e3} be a basis of g. By linearity it suffices to check that (2.6) holds for
any x; € {e1,e2,e3}, 1 <1 < 5. There are the following two exclusive cases.

Case 1: There exist at least three elements x;, x;, x;, which are equal, 1 <1, 7,k < 5.
Without loss of generality, suppose that x; = xo = x3 = €. Then

O 7(x1)7([x2,x5])) [x3, x4]

X1,X2,X5

= (1(e1)7([e1,x5]) + 7(e1)7([xs5, e1]) + 7(x5)7([e1, e1])) [x3,x4] = 0,

and hence the left hand side of (2.6) becomes

(O 7la)(xayxs]))basxe] = (O 7(xa)7([xa, x5]))[x3, x4

X3,X4,X5 X1,X2,X5

=( O 7(x3)7([x4,%5]))[e1,e1] —0=0.

X3,X4,X5
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By a similar computation we get ( O  7(x1)7([x2,X4]))[x5,x3] = 0, and hence the
right hand side of (2.6) is e
O 7a)7([xe, xs])xas xs] + (O 7m(xa)7([xa; xa])) (x5, x5]

X1,X2,X3 X1,X2,X4

= 37(e1)7([e1, e1])[xa,x5] + 0 = 0.

So (2.6) holds in this case.

Case 2: There exist at most two elements which are equal. For simplicity, we
consider only the subcase x; = x4 = e1, Xo = X5 = eg, X3 = e3, other subcases are
similar. Note that

29 (O 7))k, xs]))[xs,xa] = (O 7(a)7([x2,xa])) x5, %3] = 0.

X1,X2,X5 X1,X2,X4

Thus, the left hand side of (2.6) becomes

(2.10) ( O 7(x3)7([xasxs5]))[x1,x2] = (O 7(x1)7([x2, x5]))[x3,%4]

X3,X4,X5 X1,X2,X5

(O 7(x3)7([xa,%5]))[x1,%2] =0 (by (2.9))

X3,X4,X5

(O 7(e1)7(e2, es]))ler,eal,

€1,€2,€3

while the right hand side of (2.6) is

211) (O rlx)7(fxe,xs]))[xa,x5] + (O 7(xa)7([x2,x4])) [x5, x3]

X1,X2,X3 X1,X2,X4

(O 7a)7([x2,%3]))[xa,%5] + 0 (by (2.9))

X1,X2,X3

(O 7ler)r(ez,es]))ler, ea]-

€1,€2,€3

So (2.6) holds in this case by (2.10) and (2.11). O

Note that Propositions 3.1 and 3.2 in [3] can be generalized to any 3-Lie algebra
of the form g, as follows. Recall that an ideal I of a 3-Lie algebra L is a subspace
of L satisfying [I, L, L] C I. By (1.2) we get the following result.

Proposition 2.2. Let g be a Lie algebra and 7 € F3.1,4.(g). If b is a subalgebra
of g then b, is also a subalgebra of g.. Moreover, if by is an ideal of g then b, is an
ideal of g, if and only if ) C ker or [g,g] C b.

To close this section we consider the solvability of 3-Lie algebras of the form g,.
Nilpotency of g, may be treated similarly and we omit the details. Let I be an ideal

of a 3-Lie algebra L, see [15]. Put
(212) 1@ =71 [0 ==Y =Y p=D 01— [ )

b

Then I is solvable (or nilpotent) if I(™) =0 (or I"™ = 0, respectively) for some n > 0.
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The following result generalizes Theorem 3.1 of [3] which states that if 7 € Fi,(g)
then g, is solvable. See also Proposition 3.5 in [6].

Proposition 2.3. Let g be a Lie algebra and 7 € Fq,(g). Then g(TQ) =0. In
particular, g is solvable.

Proof. By linearity it suffices to compute [x,y,z], € 99)

y = [y1,y2,¥3l, 2 = [21,22,23]7, and x;,y4,2; € g. Since 7 € Fyi(g), by (2.5) it
follows that 7(x) = 7(y) = 7(z) = 0, and hence by (1.2) it follows that [x,y,z], =
7(X)[y, 2] + 7(y)[z,x] + 7(2)[x, y] = 0 as required. O

for x = [x1,x2,x3]7,

If 7 € Fs1ie(g) \ Fqir(g) then (2.5) is not applicable. However, Proposition 2.3 can
be generalized as follows. Denote by [ker 7, ker 7] the linear span of [x,y], x,y € ker 7.
We have the following result.

Proposition 2.4. Let g be a Lie algebra and 0 # 7 € F5.1;.(g). Then [g:,9-,9:]+
= [ker 7, ker 7]. In particular, if g is solvable then the 3-Lie algebra g. is solvable.

Proof. Since 7 # 0, codim ker7 = 1. Let {f;};cz be a basis of ker 7. Choose
an f € g\ ker7. Then {f;};ez U{f} is a basis of g = g,. Set t = 7(f). Then ¢t # 0.
Since f; € ker7 (i € Z) and f ¢ ker, by (1.2) it follows that [g,, g-, g-]- is spanned
by [fi; f;, fl= = tifi, f5], i, € Z. Note that [kerr, ker 7] is spanned by {[fi, f;]},
i,j € Z. Since t # 0, it follows that [g., g-, 9] = [ker 7, ker 7]. O

Remark 2.3. Up to now we have not found an example where g, is not solv-
able for 7 € F314e(g) and 7 & Fy,(g). Note that the converse of the last statement
of Proposition 2.4 is not true. For example, let g be the Lie algebra with a ba-
sis {e1, ea,e3} and the multiplication table is given by [e1,es] = e3, [e2,e3] = ey,
[es, e1] = e2. Define 7 € g* by 7(e1) =1, 7(e2) = 7(e3) = 0. Then 7 € F3 1i.(g) and
(g-)") = Ce;. So g, is solvable, while g is a simple Lie algebra.

3. REALIZATIONS OF 3-DIMENSIONAL 3-LIE ALGEBRAS

Keep the notation as in last sections, especially Notations 2.1 and 2.2. It is
known that there are only two isoclasses of 3-dimensional 3-Lie algebras: the abelian
one L3 and the nonabelian one L3 (see [15]), where the multiplication table of
basis elements of L3 1 can be written as [e1, e, e3] = e1. Since L ¢ is abelian it can be
induced by either any 3-dimensional Lie algebra with the zero function, or an abelian
3-dimensional Lie algebra with any linear function. In this section we show that L3 ;
can be realized as g, where g can be chosen from each isoclass of 3-dimensional
nonabelian Lie algebras. Moreover, we give explicitly all linear functions 7 such
that L371 = gr.
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Throughout this section we always consider 3-dimensional Lie algebras. On the

classification of complex 3-dimensional Lie algebras we get the following proposition.

to

Proposition 3.1 ([7], [13]). Any complex 3-dimensional Lie algebra is isomorphic

one and only one Lie algebra in Table 1.
g Lie brackets
93,0 trivial
93,1 le1,e2] = e1
93,2 le1,e3] =e1 +ea, [e2,e3] = e
033 [e1,e3] =e1, [e2,e3] =aer, € C,0< |a| <1
934 [617 62] =e3
93,5 le1,ea] = e3, [e1,e3] = —e2, [e2,e3] = €1

Table 1. Classification of complex 3-dimensional Lie algebras.

Remark 3.1. In Section 3.2 of [13], Table 1 is given in terms of derived subal-

gebras and centers. Let g be a 3-dimensional complex Lie algebra. Let g(!) and Z(g)

be

the derived subalgebra and center of g, respectively.

(1) If dim g(») = 0 then g = g30.
(2) Assume that dim g®) = 1. Then g = g3 4 if and only if g*) C Z(g). In this case g

is the Heisenberg algebra. g = g3 ; if and only if g ¢ Z(g). In this case g is
the direct sum of a nonabelian Lie algebra and a 1-dimensional Lie algebra.

(3) Assume that dimg(*) = 2. Then either g = g3 or g = g3 3, depending on

whether there is an x € g(!) such that adx is diagonalizable.

(4) g = g3 5 if and only if dim g™V = 3. In this case g is the unique 3-dimensional

by

simple Lie algebra up to isomorphism.

In the proof of Theorem 4.1 of [6] it is shown that L3 1 = (g3.1)-, where 7 is given
T(e1) = 7(e2) = 0, 7(eg) = 1, which is a trace function of g3 1. In fact we have

the following theorem.

Theorem 3.1. Keep the notation as above. For each g3;, 1 < i < 5, there is

T € (93,:)* such that L3 1 = (g3,:)r. More precisely:

(1)
(2)

L3 = (g3.1), ifand only ifT € Sy = {1 € 9510 T(x) = tiz1 +tawa+t3ws, t3 # 0},
Ls1 = (gsz2)r if and only if 7 € Sy £ {7 € g5,: 7(x) = t121 + toxy +
tsxs,ta # 0 or t1 # ta}.

Ls1 = (g33)r if and only if 7 € S3
t3xs, (t1,t2) # (0,0)}.

L3y = (g34)r ifandonly if T € Sy = {7 € g3 4: 7(x) = tix1+tawa+l323,t3 # 0}.
Ls1 = (gss)r if and only if 7 € S5 £ {7 € g55: 7(x) = t1a1 + toxz +
tsws, (t1,t2,t3) # (0,0,0)}.

{T S 9331 T(X) = t1x1 + tox2 +
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Proof. Since dimgs; = 3, by Lemma 2.1, F51,c(g3,:) = (g3,)*, which means
(g3,:)r is a 3-Lie algebra for any 7 € (gs;)*. So, due to the classification result on
3-dimensional 3-Lie algebras, it suffices to show that, for each 1 < i < 5, there is
a T € (gs,;)* such that (gs;)- is nonabelian, which is equivalent to 0 # [e1, e2, €3], =
T(e1)le2, es] + T(ez2)[es, e1] + T(es)[e1, e2]. Recall Notation 2.1.

We only show that (1) holds, the other cases are similar and we omit the proof.
Suppose that 7 € g3 ;. In view of Table 1, L31 = (g3,1)- if and only if

0 # 7(e1)[ea, e3] + 7(e2)[es, e1] + 7(e3)[e1, e2] = tzeq,

which is equivalent to t3 # 0. ([

For completeness we determine which functions in S; (1 < ¢ < 5) in Theorem 3.1

are trace functions or quasi-trace functions.

Example 3.1. Trace functions on gs; (1 < i < 5) are given by Table 2.

Lie algebras Trace functions
93,1 T(X) = tows + 323
93,2 T(X) = t3£L’3
03,3 T(x) = taxs
93,4 T(X) = t1x1 + tawe
935 T=0

Table 2. Trace functions on 3-dimensional Lie algebras [3].

Example 3.2. Quasi-trace functions on g3; (1 <14 < 5).

Lie algebras Quasi-trace functions
93,1 T(X) =t1x1 + toxg + 1373, t163 =0
93,2 7(x) = tiz1 + t323
93,3 T(xX) = t1x1 + taxe + tsxs, (a — 1)t1ta =0
93,4 T(X) = t121 + toxa
935 7(x) = t121 + toxs + t373, 13 +t3 + 13 =0

Table 3. Quasi-trace functions on 3-dimensional Lie algebras.

Proof. We compute Fy,(gs1). Other Fyi,(gs,;) can be obtained similarly. By

*

Definition 2.1 and linearity, 7 € (gs3,1)* is a quasi-trace function if and only if

(3.1) O 7(x1)7([x2,x3]) =0, x; € {e1,ea,e3}.

X1,X2,X3
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Note that (3.1) holds if there are at least two x;, x; equal to each other. So 7 €
Fyr(g3,1) if and only if O 7(e1)7([e2, e3]) = 0. By Table 1 it follows that

€1,€2,€3

7(e1)7([ea, es]) + 7(e2)7([es, ea]) + T(e3)7([e1, €2]) = tats.

SO, T(X) =111 + toxs + a3 € thr(g?),l) if and only if t1t3 = 0. O

By Theorem 3.1 and Example 3.1 we have the following result.

Corollary 3.1. Let L3 1 be the unique (up to isomorphism) nonabelian 3-dimen-
sional 3-Lie algebra.
(1) There is no trace function T on g3 ; such that L1 = (g3,)-, © = 2,3,4,5.
(2) Assume that L3q = (g3,1)-. Then 7 is a trace function if and only if 7(x) =
toxo + tsxs, tz # 0.

So, to obtain L3 ; by using only trace functions one has to choose g3 as in the
proof of Theorem 4.1 of [6]. By Theorem 3.1 and Example 3.2 we get the following
corollary.

Corollary 3.2. Let L be the unique (up to isomorphism) nonabelian 3-dimen-
sional 3-Lie algebra, S; the set of functions given by Theorem 3.1.

(1) There is no quasi-trace function T on gs 4 such that L3 1 = (gs.4)-.
(2) For 1 < i < b, i # 4, there are quasi-trace functions 7 on gs; such that
L3 = (g3,i)r-
More precisely, such quasi-trace functions are given as follows.
(i) 7€ thr(gg’l) N Sy if and only if 7(x) = toxs + tsxs, t3 # 0.
(ii) 7 € Fyte(g3,2) NS if and only if 7(x) = t1x1 + taxs, t1 # 0.
(i) 7 € Fyur(g3,3) N S3 if and only if 7(x) = t1x1 + toxs + t3xs satisfying one of the
following conditions:
(a) a=1,1t #0;
(b) a=1,ty #0;
(c) a#1,t1 =0,ty #0;
(d) a#1,t1 #0,t2=0.
(iv) 7 € thr(g3’5) NSy if and only if T(x) = t1x1 + toxs + taxs, (t1,12,t3) # (0,0,0),
t2+13+13=0.

Remark 3.2. The isoclass of type g3 3 is parametrized by v € C with 0 < |or < 1.
Though the set S35 given by Theorem 3.1 is independent of the parameter «,
Fyir(93,3) N S3 does depend on «.
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4. QUASI—TRACE FUNCTIONS ON 4-DIMENSIONAL LIE ALGEBRAS
AND THEIR INDUCED 3-LIE ALGEBRAS

Recall Notations 2.1 and 2.2. In this section we consider the problem whether
a 4-dimensional 3-Lie algebra can be induced by a 4-dimensional Lie algebra via
linear functions. This problem has been studied by using trace functions in [3], [6].
Let g be a complex 4-dimensional Lie algebra. The main result of this section is that
the isoclasses of the 4-dimensional 3-Lie algebras of the form g, are determined for
quasi-trace functions on g. Our method depends on the following two facts:

(1) If 7 is a nonzero quasi-trace function then ker 7 is a 3-dimensional subalgebra
of g, while the classification of 3-dimensional Lie algebras is known and given by
Proposition 3.1.

(2) All 4-dimensional 3-Lie algebras are classified via their derived subalgebras.
We recall Filippov’s classification as follows.

Proposition 4.1 ([15], Section 3). Let L be a complex 4-dimensional 3-Lie alge-
bra. Let L") and Z(L) be the derived subalgebra and the center of L, respectively.
(1) If dim LW = 0 then L is abelian, denoted by L.
(2) Assume that dim L") = 1.
(2.1) If LM ¢ Z(L) then L is given by [e1, e3,e4] = €1, denoted by Ly ;.
(2.2) If L™ C Z(L) then L is given by [ea, e3,e4] = €1, denoted by Ly 4.
(3) If dim L™ = 2 then L is given by either [e1,e2,e4] = €3 + ey, [e1,€2,€3] = €4
or [e1,e2,e4] = e3, [e1,€2,e3] = Beq, where 0 # «, 5 € C.
(4) Ifdim L) = 3 then L is given by [e2,e3,e4] = €1, [e1,e3,e4] = ea, [e1, €2, e4] =e3,
denoted by Ly 5.
(5) Ifdim L) = 4 then L is given by [e2, e3,e4] = €1, [e1, €3, e4] = €2, [e1, €2, e4] =e3,
le1, e2, €3] = e4, denoted by Ly .

By Lemma 4.1 and Lemma 4.2 below, 3-Lie algebras given by (3) of Proposition 4.1
can be classified further as follows.

Corollary 4.1. Let L be a complex 4-dimensional 3-Lie algebra with dim L(") = 2.
Then L is isomorphic to one and only one of the following algebras:
(1) Laz: [e1,e2,e4] = €3+ €4, [e1,€2,€3] = ea.
(2) Lysp: [e1,e2,e4] =es3, [e1,€2,e3] = Peq, 0 < |B] < 1.

Recall that n x n matrices A, B are C*-similar if there exist 0 # k € C and an
invertible matrix P such that B = kPAP~'. The C*-similar relation is used in
classification of 3-dimensional Lie algebras, see [17], page 12.
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Lemma 4.1. Any complex 2 x 2 invertible matrix is C*-similar to one and only

one of the matrices ((1) 1), ((1)2>’ 0< |8/ <1

Proof. Since C is algebraically closed, by using Jordan canonical forms it follows
that any complex 2 x 2 invertible matrix is C*-similar to matrices of the forms

1 « 1 0
4.1 M, = , Ng:= , 0 ,B€C.
(11) (5 7) M=(y 5) oras
Since M, and Ng are not C*-similar, it suffices to show the following two claims.

Claim 4.1. For any 0 # a1,a3 € C, ((1) “f) and ((1) af) are C*-similar.

Claim 4.2. For any 0 # (1, B2 € C, (é ﬁol) and (0 s ) are C*-similar if and
only if either 1 = B2 or 5182 = 1.

Claim 4.1 follows by

(- e

The “if” part of Claim 4.2 is clear since for any 0 # 8 € C,

(o)~ (0" )= (o 5)

Conversely, suppose that (0 5 ) and ( ) are C*-similar. Then there exist a non-

zero number k and an invertible matrix P = (a b) such that

cd
1 0 a b\ /1 0\ /a b\ "
. (o 5) =+ o) (o a) ()
which implies that
k(ad — beBy)

(4.3) b = 1, ab(81—1)=0, cd(1-p5)=
So, if 81 = 1 then k = 1, which that (o 5 ) and imil d
o, if 81 = en k = 1, which means tha <0ﬁl)an <Oﬂ)are51m1ar, an
hence 81 = Bs.

If 81 # 1 then ab = ¢d = 0 by (4.3). By nonsingularity of P it follows that
either P = (82) or P = <Ob). If P= (aO) then by (4.2) it follows that

r , which impliecsoﬂ1 = 2. If P :O do %) then by (4.2) it follows that
O /62 0k c0
(0 /32> (k ), which means that 8,8 = 1. 0
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Assume that L is a complex 4-dimensional 3-Lie algebra and dim L") = 2. By [15],

there is a basis {e1, ea, 3, e4} of L with the multiplication table [e1, €2, 4] = aes+bey,
ab

. d) is an invertible matrix. Moreover, we have

[e1, e, e3] = ces + dey, where A := (
the next lemma.

Lemma 4.2 ([15], Section 3 ). The 4-dimensional 3-Lie algebras defined by A
and B respectively are isomorphic if and only if A is C*-similar to B.

Keep notations Ls; (i = 0,1,4,5,6) of 4-dimensional 3-Lie algebras given by
Proposition 4.1 and Ly2, L4,3 3 given by Corollary 4.1.

Example 4.1. Since L4 is a simple 3-Lie algebra (see [15], Theorem 4), by
Proposition 2.3 for any 4-dimensional Lie algebra g there is no quasi-trace function
(and hence no trace function) on g such that g, = L.

Example 4.2. Let g be the 4-dimensional Lie algebra with a basis {e1, €2, €3,€4}
and the multiplication table [e1, e3] = ey, that is, g = g4.1, see Table 4 below. Define
T € g* by 7(e1) = 7(eq) = 1, 7(e2) = 7(e3) = 0. By a long but direct check it
follows that 7 € F3 140(g). By (1.2) the 3-Lie algebra g, is given by [e1, e3, e4]r = €1,
which means that g, = L4 1. Moreover, since 7([e1, e3]) = 7(e1) # 0, 7 is not a trace
function on g.

g Lie brackets
94,0 trivial
041 le1,e2] = €1
84,2 le1,e2] =e3
94,3 [e1, e2] = ez, [e1,e3] = ea +e3
04,4 [e1,e2] = ea, [e1,e3] = aes,a € C, 0 < |a| < 1
94,5 le1, e2] = e1, [es, eq] = e3
4.6 le1,e2] = e3, [e1,e3] = —ea, [ea,e3] = €1
94,7 [61,62] = €3, [61763] = €4
048 [e1,e2] = ea, [e1,e3] = e3, [e1,e4] = aeq, a € C*
g49 [e1,e2] =e3, [e1,6e3] = €4, [e1,e4] = ey — Peg +e4, 0 €C*, feCora,f=0
04,10 [e1, e2] = es, [e1,e3] = eu, [e1,e4] = alez +e3), a € C*
94,11 [61,62] = €3, [61763] = €4, [61764] = €2
94,12 le1, e2] = %62 +e3, [e1,e3] = %63, le1, eq] = %64
94,13 le1, e2] = ea, [e1, e3] = e, [e1, e4] = 2ey, [e2,e3] = €4
94,14 [61,62] = €3, [61763] = €2, [62763] = €4
04,15 [e1,ea] = es, [e1,e3] = —aea + e3, [e1,e4] = ey, [e2,e3] = €4, a €C

Table 4. Classification of complex 4-dimensional Lie algebras, see [7].
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Let g be a 4-dimensional Lie algebra and 0 # 7 € Fgy,(g). Then kerr is
a 3-dimensional subalgebra of g. Keep the notation in Table 1.

Lemma 4.3. Let g be a 4-dimensional Lie algebra and 0 # 7 € Fy,(g).
(1) gr = L4y if and only if ker 7 = g3 9.
(2) gr = L4, if and only ifkerT = g3, i =1,4.
(3) 9 = Ly if and only if ker 7 = g3 5.

Proof. By Proposition 2.4 we have (g,)) = (ker7)(™) C kerr, since kerr is
a subalgebra of g.

(1) Since g, = Ly if and only if g, is abelian, that is, 0 = (g,)) = (ker 7)),
the claim follows by Proposition 3.1.

(2) Choose a basis {f1, f2, fs} of ker7 and take an f; € g\ ker7. Then
{f1, fa, f3, f4} is a basis of g. Assume that g, = Ls;. Then dim(g,)) = 1
and (g.)Y ¢ Z(g,) by Proposition 4.1. Since dim(ker7)(!) = dim(g,)» = 1, to
show kerT 2 g3 1 it suffices to show that (ker7)) ¢ Z(ker7) by Remark 3.1. In
fact, by (g-)") € Z(g,) there are some 1 < j,k < 3 such that [f;, fx, fal- & Z(g,).
By choices of f; and (1.2) it follows that [f;, fx] ¢ Z(g-), that is,

(4.4) ([fs fxl, fis fal # 0 for some 1 <1< 3,

or equivalently, by (1.2) and choices of f;,

(4.5) ([fjs fxl, fi] #0 for some 1 < 7, k,1 < 3,

which means that (ker7)) ¢ Z(kert) as required. Conversely, assume that
ker7 = g3 ;. Then dim(ker7)) = 1 and (ker7)) ¢ Z(kert) by Remark 3.1,
therefore, dim(g,)") = 1. By (ker7)") ¢ Z(ker) there are some 1 < j, k,I < 3
such that (4.5) holds, and hence (4.4) holds, which means that (g.)*) ¢ Z(g,). So
gr = L4, as required by Proposition 4.1. Similarly one can show that g, = Ly 4 if
and only if ker 7 = g3 4.

(3) By Proposition 4.1, g, = Ly 5 if and only if dim(g,)® = 3 = dim(ker 7).
By Remark 3.1 this is equivalent to ker 7 = gs 5. (Il

Now we consider the remaining cases when ker 7 = g3 o and ker 7 = gs 3.
Lemma 4.4. Let g be a complex 4-dimensional Lie algebra and 0 # 7 € Fy,(g).

(1) If kerT = g3 then g, = Lys (v5-3)2
(2) IfkerT = g3 3 then g = Ly 3, _;.

575



Proof. (1) By ker7 = g3 2 and Table 1 there exists a basis {f2, f3, fa} of kerr
with the multiplication table given by [fs, fa] = f3 + fa, [fa, fo] = fs. Choose
an f1 € g such that 7(f;) = —1. Then {f1, fo, f3, fa} is a basis of g and the
multiplication table of g, is given by (see (1.2))

(4'6) [f17f25f4]7':f4a [f17f2)f3]7':f3+f4-

Then dim(g, ) = 2, and hence g, is isomorphic to either Ly or Ly 34,0 < |8 <1,
by Corollary 4.1. Therefore, by Lemma 4.2 it remains to determine the C*-similar
class of the matrix A = ((1) 1) given by (4.6). Since A has no multiple eigenvalues,
neither has kA for any 0 # k € C. So, A is C*-similar to ((1) g) by Lemma 4.1 and
gr = Ly 3 5 for a unique 5 € C with 0 < || < 1.
(1)2) are given by A\ — kX — k2, \2 —
(B4 1)\ + 3, respectively. So k? = —3, k = 3+ 1, which means that 52 +33+1=0
and hence 3= (v5—3)/2by 0 < |B| < 1.

(2) Assume that ker T = g3 5. By Table 1 there exists a basis {fa, fs, fa} of kerr
with the multiplication table given by [fs, fa] = f3, [f1, fo] = afs. Choose an f; € g
such that 7(f1) = —1. Then {f1, f2, f3, fa} is a basis of g and the multiplication table

of gy 18 [f1s fou falr = afa, [f1, fo, filr = f3, see (1.2). Set B = (f ‘g). Since kB has

no multiple eigenvalues for any 0 # k € C*, B is C*-similar to ((1) g) by Lemma 4.1,
and hence g, = Ly 3 for a unique § € C with 0 < |5] < 1. The characteristic
polynomials of kB and ((1) g) are given by A2 — k2a, A\? — (B + 1)\ + 3, respectively,

and hence § = —1. O

The characteristic polynomials of kA and (

By Lemma 4.3 and Lemma 4.4 we get the main result of this section.

Theorem 4.1. Let g be a complex 4-dimensional Lie algebra and 0 # 7 € Fy,(g).
Then we have the following complete and exclusive cases.
(1) gr = L4y if and only if ker 7 = g3 0.
(2) gr = L4, if and only ifkerT = g3, 1 =1,4.
(3) 9r = Ly 5 (\5_3) if and only if ker7 = g3 5.
(4)
()

5) 9r = L4 if and only if ker 7 = g3 5.

gr = Ly 31 if and only if ker 7 = g 5.

The following corollary is straightforward.

Corollary 4.2. Let g be a complex 4-dimensional Lie algebra.
(1) There is no T € Fy,(g) such that g; = Ly and g, = Ly .
(2) There is no T € Fy,(g) such that g. = Ly 3 g for 8 # 3(v/5 — 3), —1.
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Corollary 4.3. With the notation given by Table 4, all 4-dimensional 3-Lie alge-
bras induced by quasi-trace functions are given by Table 5.

Proof. We consider g4, only and the other cases are obtained similarly. By
Corollary 2.1, 7 € Fyr(g4,1) if and only if

(4.7) 7([e1, e2, e3]r)

’7'([61, €2, 64]7') = Oa
T([€1,€3,64].,.) =0.

= 07 ’7'([62,63,64]-,—)

By (1.2), (4.7) is equivalent to 7(tze;) = 0, 7(t4e1) = 0, 7(0) = 0, 7(0) = 0, i.e.,
t1ts = t1t4 = 0. By (1.2) the induced 3-Lie algebra is given by [e1, eq, e3]; = t3eq,
[61’ €2, 64]7' = t4617 [617 €3, 64]7 = 07 [617 €2, 63]7 =0. O

Remark 4.3. Since different quasi-trace functions may induce isomorphic 3-Lie
algebras, it would be better to list isoclasses of 3-Lie algebras of the form g, in
Table 5. However, by Theorem 4.1, it needs to determine the isoclass of ker 7, which
involves long computations.

5. COHOMOLOGY OF 3-LIE ALGEBRAS AND LEIBNIZ ALGEBRAS

In this section we recall representations and cohomologies of 3-Lie algebras and
Leibniz algebras for our purpose. Throughout this section L denotes a 3-Lie algebra
with a 3-ary bracket [-,-,-]. We fix the following notation.

Notation 5.1. Denote x;1 Axa A ... AX, € A"L by (x1,X2,...,Xp).

According to Kasymov (see [18]), a representation of L on a vector space V is
defined such that L @ V is again a 3-Lie algebra with L being a 3-Lie subalgebra
and V an abelian ideal, which is equivalent to the following definition.

Definition 5.1 ([18]). A representation of a 3-Lie algebra L on a vector space V/

is a linear map 0: A2L — End(V) such that for all x;,x2,x3,%4 € L,

0(x1,%2)0(x3,%x4) — 0(x3,x4)0(x1,%2) = O([x1, X2, x3], X4) + O(x3, [x1, X2, X4]),

0(x1, [x2,x3,%4]) = 0(x3,%x4)0(x1,x2) — 0(x2,%4)0(x1,%3) + 0(x2,%x3)0(x1,X4).

A representation 6 of L on a vector space V is denoted by (V,0). For example,
we have the adjoint representation (L,ad) of L on itself by (1.1), where the map
ad: A2L — End(L) is given by ad(x1,x2)(x3) = [x1,X2,X3)-
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g4 quasi-trace functions induced 3-Lie algebras
94,0 ty,to,t3,t4 € C abelian 3-Lie algebras
94,1 t1t3 =114 =0 [e1, €2, €3] = tzeq, [e1, €2, €a]r = taeq
94,2 t3=20 le1, €2, 4] = taes
94,3 tg =t3t4 =0 le1, €2, €3] = taeq, [e1, €2, e4]r = taea,
le1, €3, eq]r = ta(ea + e3)
gaa (1 —a)tats =toty =t3ta =0 le1, €2, 3] = tses, [e1, €2, €4]r = taea,
[e1, es,eq]r = atqes
04,5 t1tz = t1ty = tat3 =0 le1, €2, €3] = tseq, [e1, €2, €4]r = taeq,
le1, €3, eq]r = ties, [e2, €3, eq]r = taes
94,6 2 +13+12 =0, [e1, €2, €3], = t1e1 + taea + tzes,
t1ty = taty = 1314 =0 le1, €2, e4]r = taes, [e1, €3, e4]r = —tge,
le2, €3, e4]r = taeq
94,7 t3=1t4=0 le1, e2, €3]y = —toes
g4 quasi-trace functions induced 3-Lie algebras
94,8 (1 —a)taty =0, le1, e2, e3]r = tzea — taes,
(1 —a)tsty =0 [e1, €2, eq4]r = taes — aioey,
[e1, es,eq]r = taes — atzey
94,9 toty — 13 =0, [e1, €2, €3] = tses — taeq,
atd — Blots + 13 —tsta =0,  [e1, e, eq]lr = —atazes + (Bla + ts)es — taey,
atoty — Bt3 +tsts —t3 =0 [e1,e3,e4]; = —atzes + Btzes — (t3 — ta)ey
94,10 toty —t3 =0, [e1, €2, €3] = tses — taeq,
at3 + atotz — taty = 0, [e1, €2, eq4]r = —atoes — (ala — ty4)es,
atotz +at3 —t3 =0 le1, es,eq4]r = —ats(ea + e3) + taey
94,11 toty —t3 =0, le1, €2, €3] = tses — taeq,
12 —t3ty =0, [e1, €2, €4]r = —toea — tyes,
tot3 —t2 =10 [e1, €3, 4] = —tzea + taey
04,12 t3=20 le1, €2, €3], = %t263,
le1, €2, €4]r = Staes + taez — 3taey,
e1, €3, e4]r = 2taes
94,13 ty =0 le1, €2, €3] = taea — taes + t1e4,
[e1, e, eq]r = —2taey,
[e1, es,eq]r = —2tzey
04,14 t3—t3=1,=0 le1, €2, e3]r = —taea + tzez +ties
94,15 at3 —tots +t3 =0, [e1, €2, €3], = atoes — (to — t3)es + tiea,
ty =0 le1, €2, e4]r = —laey, [e1, €3, €4]r = —t3e4
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Remark 5.1. Unlike Lie algebras, given two representations (V;,6;) of L, in
general there is no representation on Hom(V1, V2) induced by 6,. However, if (V1, 61)
is the adjoint representation of L then there is a representation of the Leibniz alge-
bra A2L on Hom(V7, Va), see Lemma 5.2 below.

A homomorphism f from (V4,61) to (Va,02) can be defined such that f induces
a 3-Lie algebra homomorphism f from L & Vi to L & V5 with f|L being the iden-
tity, see [16]. By a direct computation it follows that a linear map f: Vi — Vs is
a homomorphism if and only if

(5.1) O2(x,y)(f(v)) = f(O1(x,¥)(v)) Vx,y€L,veW.

So we have the category L-Mod of representations of L. As in the case of Leib-
niz algebras (see [21]), there is a unital associative algebra U(L) such that L-Mod
is equivalent to the (left) module category U(L)-Mod (see [16], Proposition 4.4),
where U(L) can be (and will be) chosen as the unital associative algebra generated
by A?L subject to the following defining relations:

(52) XY -YX = [X,Y]F, O (X1 AN XQ)(X?, A X4) = [Xl,Xg,Xg] N Xq,

X1,X2,X3

where X, Y € A2L, x; € L, and [, -] is given by (1.3). Indeed, for any representation
(V,0) of L, V becomes a U(L)-module via

(5.3) X(v) =0(x1,%x2)(v) VX=x1Ax0€AN’L, veEV.

Let H*(L, —) be the right derived functor of the invariant submodule functor (—).
Using U(L) it is shown that (see [16], Proposition 5.2)

for any representation (V,0) of L.

There is another cohomology of L which is induced by that of the Leibniz alge-
bra A2L (see (5.11) below). Recall that a Leibniz algebra is a vector space A with
a bilinear map [-,]: A® A — A such that (see [20], [21])

(5:5) x [y, 2]l = [yl 2l + Iy, [, 2]l, xy,2€ A

In fact, it is a left Leibniz algebra. In this paper by Leibniz algebras we always mean
left Leibniz algebras. By Theorem 2 of [9], for any 3-Lie algebra L, A?L becomes
a Leibniz algebra with respect to the bracket [-,-]r given by (1.3), called the basic
Leibniz algebra of L. We have the following lemma.
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Lemma 5.1. There is a covariant functor F' from the category of 3-Lie algebras
to the category of Leibniz algebras given by F(L) = N’L, F(f)(xAy) = f(x)A f(y),
where f: L — Ly is a 3-Lie algebra homomorphism.

Proof. Straightforward. (I
A representation of a Leibniz algebra A is a triple (W, [, r), where W is a vector

space and [,7: A — gl(W) are linear maps satisfying

(5:6)  IU[a,a) = [i(a), 1)), r([a,a’]) = [I(a),r(a)], r(a")i(a) = —r(a')r(a).

See (1.5) in [21]. The bracket [-, -] on gl(W) is the usual commutator. Note that (5.6)
is equivalent to (M LL)', (LML) and (LLM)’ given by (1.5) of [21], which define
co-representations of right Leibniz algebras.

Set CLP(A,W) = Hom(®P A, W). We get a cochain complex with the coboundary
operator 9: CLF(A,W) — CLPT' (A, W) given by

(5.7) (0(p))(a1,.--,apt1)

(—1)j+ll(aj)g0(a1, co 8, apy) + (—l)p“r(apﬂ)ga(al, Sy ap)

I
NE

1

<.
Il

(—1)%0(&1, ceey Ei}, ey Af—1, [aj, ak], Q15w -y ap+1),
1<y<k<p+1

_|_

where ¢ € CLP(A, W), a; € A. Here we consider left Leibniz algebras. So (5.7) is
the “left” version of (1.8) in [21]. The pth cohomology group is

HL} (AW) = ZL] (A, W)/BLy, (A, W),

where ZL] (A, W) (or BL] (A, W)) is the space of p-cocycles (or p- coboundaries,
respectively). We have the following result, which is the nongraded version of Propo-
sition 2.2 in [25]. Note that the representations of 3-Lie colour algebras in Defini-
tion 2.4 of [25] are a generalization of Definition 5.1.

Lemma 5.2. Assume that (V,0) is a representation of a 3-Lie algebra L.
Then (Hom(L,V),l,r) is a representation of the Leibniz algebra A?L with [,r:
A?L — End(Hom(L,V)) given by

(5-8) (U y)())(z) = 0(x,y)(f(2) = f([xy,2]),
(ry)(M)(@) = f([xy.2]) = O 0(xy)(f(2),

X,¥,z

respectively, where x,y,z € L, f € Hom(L,V).
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Fix any representation (V,0) of L. For any integer p > 1 we have the canonical
isomorphism (can) of vector spaces given by

(5.9) can: Hom(®? ' (A’L) ® L, V) — Hom (2P~ (A?L), Hom(L, V)),
we @ 0(Xy, . Xpm1)(2) = w(Xey e, Xpo1,2), X€ML z€ L,

which induces a map dp: Hom(®P~}(A2L) ® L,V) — Hom(®P(A%L) ® L,V) such
that the diagram

can

Hom(®P~Y(A%L) ® L, V) — Hom(®P~1(A2L), Hom(L, V))

" l la
can

Hom(®P(A’L) ® L,V) Hom(®P(A%L), Hom(L, V))

commutes. Here 9 is given by (5.7). Since 0 is a coboundary operator, so is dyp. By
a direct computation using (5.9) and (5.7) it follows that

(5.10)  (do(w))(Xs .2)
= Z JwXl,...,)/(;,...,Xk_l,[Xj,Xk]F,Xk+1,...,Xp,z)
1<j<k<p

P
+Z jwXl;--'ana"'7Xp7[Xj’Z])
Jj=1

—

P
+ (1O (XL X X, 2)
Jj=1

+ 1)p+1( ( ) (Xla'"7X;0—1’Xp)+0(Z7XP)W(X17"'7X;D—17Y;D))

/—\

for all X; = x; Ay; € A2L and z € L, which is exactly (4) of [19].

For brevity set CP~!(L,V) = Hom(®P~}(A\’L) ® L,V). Hence we get a cochain
complex (6,CP~1(L, V), dy) which is induced from the cochain complex of the Leibniz
algebra A2L. Denote the pth cohomology group by

(5.11) MHy(L,V) = 2(L,V)/By(L, V),

where Z) (L, V) (or BY(L,V)) is the space of (p+1)-cocycles (or (p+1)-coboundaries,
respectively). Therefore, H3(L,V) is deduced from HL;,(A*L,Hom(L,V)) via the
representation of A2L on Hom(L, V) given by Lemma 5.2.
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Lemma 5.3. Let L be a 3-Lie algebra and (V, ) a representation of L. Then
(V,0,—0) is a Leibniz algebra representation of \?L.

Proof. Fixanyx; € L,1<i<4. By (5.6) it suffices to show that
O([x1 Axa2,x3 Ax4]r) = [0(x1,X%2), 0(x3,%4)],
which is equivalent to
0([x1,x2,x3] A xq + X3 A [X1,X2,X4]) = 0(x1,%x2)0(x3,%x4) — 0(x3,%4)0(x1,X2).

By Definition 5.1 the result follows. (]

Let (V,0) be a representation of the 3-Lie algebra L. By Lemma 5.3, it is possible
to compare H}(L,V) and the cohomology of A?L in V. Consider the representation
(V, 0, —0) of the Leibniz algebra A?L. Fix any z € L and p > 0. Then there is
a linear inclusion of vector spaces

@P(N’L) = @PINL)@L: X1 ®...0X, » X1 ®...0X,®1z, X; € A’L,
which induces a map fP = fP: CP(L,V) — CLP(A2L,V): w + @, where
(5.12) (X1, Xp) =w(Xy,..., Xp,2), X, €NL, 1<i<p.

Proposition 5.1. Assume that z € Z(L) and §(x A z) = 0 for any x € L. Then
{f? = fP}p>0 is a cochain map from (€ CP(L,V),dy) to (@ CLP(A’L,V),0),
p=0 p=0

which induces a map Hy(L,V) — HLy o(A*L,V) given by [w] — [fP(w)],
we ZE(L,V).

Proof. It suffices to show that 0 o f? = fPT1 ody. Fix any X; € A’L, 1 <i <
p + 1. By linearity we may assume that X; = x; A y;. By (5.7) and (5.12) we have

(@0 fY W)X, Xpy1) = (O(@)(Xn, - -+, Xpp)

+1
=) (1)OX)wXe, e, Xy Xpi1,2)
j=1
+ (—1)jw(X1, . ,}/(;, ey X1, [Xj,Xk]F,XkJrl, . ,Xp+1,Z).
1Sj<ksp+l
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On the other hand, by (5.10) and (5.12) we have

((fF" odg)(w) (X, Xps1)
= (do(w)) (X, ..., Xpt1,2)
= Z (_1)jW(X1,...,X]’,...,Xk;fl,[X]’,Xk;]F,XkJrl,...,Xerl,Z)
1<y<k<p+1

p+1
+Z WXy, .., X, Xpi, [X5,2))

p+1
+Z (X)X Xy ey Xy, 2)

+ (—1)p+2(9(y[>+1, 2)w(Xi, . Xpo1,Xpt1) + 0(2,%p4 1 )w(X1, - oo, Xy, Ypt1)

= Z (_1)jw(Xla'"7Xja'"7Xk—1a[Xj7Xk]F;Xk+1;'"7X;D+17Z)
1<j<ksp+1
p+1 -
+Z 10X w(Xas 3 Xy Xy, 2),

where the underlined terms are zero since z € Z(L) and #(x Az) = 0 for any x € L
by assumption. So do f, = fP*! o dy as required. O

Example 5.1. Let § = ad be the adjoint representation of L. Then the condition
z € Z(L) implies that ad(x Az) = 0 for any x € L. So, for any z € Z(L), there exists
amap Hy(L,L) — HLy _4(A\°L, L) given by [w] — [fP(w)], w € Z{(L, L), where f?
is given by (5.12).

6. REPRESENTATIONS OF THE INDUCED 3-LIE ALGEBRAS

In this section g denotes a Lie algebra with bracket [-,:]. Keep notation as in
former sections. For any 7 € g* there is a linear map 7%: A%2g — g given by

(6.1) Tﬁ(X Ay) =71(x)y —7(y)x VX,y € g.

Lemma 6.1. Assume that 0 # 7 € g*. Then im(7%) = ker 7.

Proof. Since 7(7#(xAy)) =0, x,y € g, im(7%) C ker 7. Fix a basis {e;}iez of
ker 7. Choose any e ¢ ker 7. Then {e;}iez U {e} is a basis of g. Since 7¥(e; Aej) =0
and 74(e; Ae) = —7(e)e; # 0, im(7?) is generated by {e;}icz. O
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Let 7 € g*. Consider the 3-ary bracket [-, -, -], given by (1.2) on g, = g. On A%g,
we have the bracket [-,-]p with respect to [-, -, -], given by (1.3).

Lemma 6.2. 7 € g* is a quasi-trace function on g if and only if the map 7*:
A%g, — g given by (6.1) satisfies that 7%([X1,Xa|r) = [7#(X1), 7#(X2)] for any Xi,
Xy € A2%g. In this case, % is a homomorphism of Leibniz algebras (g is regarded as
a Leibniz algebra).

Proof. By linearity we may assume that X; = x; Ay; € A%g, i = 1,2.
By (1.2), (1.3) and (6.1) it follows that

(6.2) (X1, Xo]p) = 7 ([x1,y1,X2]7 A Y2 + %2 A [x1,¥1,¥2]r)
= 7(x1)7(x2)[y1, y2] = 7(x1)7(y2)[y1, %2] = 7(y1)7(x2)[x1, y2]
+ 7(y1)7(v2) [x1, x2] + 7([x1, 1, %2] 7 )y2 — T([x1, y1, valr )x2
= [r(x1)y1 — 7(y1)x1, T(x2)y2 — 7(y2)x2]
+7([x1,y1,%X2]7)y2 — 7([X1,¥1,¥2]7 ) %2
= [T(X1), 78 (X2)] + 7([x1, y1, %2)7 )y2 — 7([x1,¥1, yo] %o

So, if 7 € Fyi,(g) then 7([x1,y1,%x2]-) = 7([x1,¥1,y2]-) = 0 by Corollary 2.1, which
means that 7#([Xy, X2]r) = [7%(X1), 7%(X2)] as required. In particular, since g, is
a 3-Lie algebra, which implies that A%g, is a Leibniz algebra with respect to [-, -]
by [9], 7% is a Leibniz algebra homomorphism.

Conversely, assume that 7¢([Xy, Xa]r) = [7#(Xy), 7#(X2)] for any X;, Xo € A%g.
By (6.2) it follows that

(6.3) T([x1, y1,x2]7)y2 — 7([x1,¥1,y2]r)x2 = 0 Vx4,y; € g.

Fix any x,y,z € g. By Corollary 2.1, to show 7 € Fy,(g) it suffices to show that
7([x,¥,2)r) = 0. If dimg = 1 then g is abelian and hence 7 is always a quasi-trace
function by Example 2.5. So we may assume that dimg > 2 and z # 0. Then, we
can choose 7z’ € g such that z,z" are linearly independent.

Set xy =x,y1 =y, X2 =2, y2 = z. Then 7([x,y,2].)7 — 7([x,y,¥']+)z = 0
by (6.3). Since z,7z" are linearly independent, 7([x,y,7],) = 0 as required. O

Let 7 € F515.(g). Recall the associative algebra U(g,) (see (5.2)) associated to g..
Let U(g) be the universal enveloping algebra of g.

Theorem 6.1. Let 7 € F31i.(g). The map 7% given by (6.1) induces a homo-
morphism of associative algebras from U(g.) to U(g) if and only if T is a quasi-trace
function on g, i.e., T € Fyr(9)-
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Proof. Since U(g,) is generated by A%g, and U(g) is generated by g respec-
tively, it suffices to check that 7% sends defining relations of U(g,) to that of U(g).
Recall that the defining relations of U(g,) are

(6.4) XY - YX = [X, Y]p,
X1, x2,x3]r Axa = O (x1 Ax2)(x3 AXy),
X1,X2,X3
where X, Y € A%g,, x; € g-, and [, -, ], is given by (1.2), while the defining relation
of U(g) is
(6.5) Xy —yx=[xy] Vx,y€g.

By (6.1) in U(g) we have

(6.6) O THxiAx)T(x3) = O (T(x1)x2 — T(x2)x1)7(x3) = 0
X1,X2,X3 X1,X2,X3
and
(6.7) o (x1Ax2)x3 = O (7(x1)x2x3 — T(X2)X1X3)
X1,X2,X3 X1,X2,X3

= O 7(x1)(x2x3 — X3X2)

X1,X2,X3

(6.5)
=" O 7(x1)[x2,x3]
X1,X2,X3

(1:2) [Xla X2, X3]T'

By (6.6) and (6.7) we have in U(g)

(6.8) H(x1, %2, X3)r Axa) — O TH(x1 Ax2)78(x3 A x4)
X1,X2,X3

= T([X1)X2)X3]T)X4 - T(X4)[X17X27X3]T

- 0o THxy Ax2)T(x3))xa + 7(x4)( O 7 (x1 A X2)X3)

X1,X2,X3 X1,X2,X3
= 7([x1, %2, X3]r )xa — 7(x4)[x1, X2, X3]7 + 7(x4)[x1, X2, X537
= T([Xla X2, X3]T)X4-
By Corollary 2.1, Lemma 6.2 and (6.8) the result follows. O

As a direct application of Theorem 6.1 and Lemma 6.1 we have the following
corollary.

Corollary 6.1. Assume that 0 # 7 is a quasi-trace function on g. Then the image
of the homomorphism 7#: U(g,) — U(g) equals to U(ker 7), the universal enveloping
algebra of the Lie algebra ker .
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Using the homomorphism 7#: U(g,) — U(g) in Theorem 6.1 we get the following
corollary.

Corollary 6.2. Assume that 7 is a quasi-trace function on g. Let (V, o) be a rep-
resentation of g. Then the composition o, = oo 7%: U(g,) — End(V) affords
a representation of the 3-Lie algebra g, on V', and 7 induces a functor from g — Mod
to g, — Mod.

Note that o, is given by
(6.9) or(x1,%2) = 7(x1)0(x2) — T(x2)o(x1) € End(V), x1,x2 €g- =9.

Now we recall the Chevalley-Eilenberg cochain complexes of g. Let (V, o) be a repre-
sentation of g. The space CP(g, V') of p-cochains is Hom(APg, V'), while the cobound-
ary operator d,: CP(g,V) — CPTl(g,V) is given by

(6.10) (So(f)) (X155 Xp41)

p+1

= Z(_l)j-HQ(Xj)f(le .- ,)E}, i aXp-i-l)
j=1

+ (=R F ([, k], X1y ooy Ky ey Xy ey Xptd)-
1<j<h<p+1

Let Z8(g,V) (or B5(g,V)) be the space of p-cocycles (or p-coboundaries, respec-
tively). Then, the pth cohomology group of g (with coefficients in V') is

HY(g,V) = Z5(g,V)/B5(g, V).

For the representation given in Corollary 6.2 and the cohomology H*(g., V') intro-
duced in [16] (see (5.4)) we have the following corollary.

Corollary 6.3. Let 7 be a quasi-trace function on g and (V, o) a representa-
tion of g. If U(g) is a projective module of U(g,) via the homomorphism 7¢ then
H*(g,,V) = H;(g,V).

Proof. Recall that H;(g, V) = Exty; ) (C, V). Since U(g) is a projective mod-
ule of U(g,), by the theorem of change of rings any projective resolution of the trivial
representation of g is also a projective resolution of the trivial representation of g,
and hence the result follows. (]
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7. SOME COMPARISON OF COHOMOLOGIES ARISING
FROM QUASI-TRACE FUNCTIONS

In this section g is a Lie algebra and 7 is a quasi-trace function on g. We fix
a representation (V, ) of g. Then we have a representation (V, ;) of the 3-Lie
algebra g, given by Corollary 6.2. We construct some cocycles of g, from those of g,
and compare the cohomologies of g and the Leibniz algebra A%g, associated to the
3-Lie algebra g..

In the case that 7 is a trace function, 1-cocycles and 2-cocyles of g, are studied
in [3] for the trivial representation and adjoint representation of g.. Note that the
trivial representation of g, is induced by the trivial representation of g via Corol-
lary 6.2, while the adjoint representation of g, cannot be induced by the adjoint
representation of g via Corollary 6.2 in general, see Corollary 6.1.

At first we consider 1-cocyles. Note that C'(g, V) = Hom(g, V) = C°(g,, V).

Proposition 7.1. It holds that Z}(g,V) C 20 (g-,V).

Proof. It suffices to show that

(7.1) (do. M)(%,y,2) = O 7(x)(6,(N)(¥,2),

X,Y,z

where 6, (or d,, ) is given by (6.10) (or (5.10), respectively), and XA € Cj(g,V),
X,V,2 € gr = g. Indeed,

(Ao, () x,,2) = = My 2l ) + O erl(x.9A@) (by (5.10)
= - A0, (0l
+ 0 (r(9e(y) - 7(¥)2()A@) (by (12), (69))
= O (T (=Ay.7]) + e(y)A2) — e(AY)))
= 0,76, (3.2) (by (6.10)
as required. O

Proposition 7.1 generalizes Theorem 4.3 of [3]. More precisely, the identity (7.1)
generalizes Lemma 4.2 of [3] where 7 is a trace function on g.

For 2-cocycles we consider the linear map, denoted again by 7#, from C2(g,V)
= Hom (A%g, V) to C*(g-,V) = Hom(A?g ® g, V), given by

(7.2) (FW)(xy,2) = O T(x)w(y,2), we C*(g,V), xy,z€g0

X,¥,2
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With respect to the trivial representation and the adjoint representation of g, (7.2) is
defined for a trace function 7 in Theorems 4.2 and 4.4 of [3].

Proposition 7.2. Let 7 be a quasi-trace function on g and (V, g) be a representa-
tion of g. Then there is a morphism H2(g,V) — H} (g, V) given by [w] — [7%(w)].

Proof. At first we show that d, (7%(w)) = 0 for any w € ZZ(g,V), ie.,
#(w) € ZY(g,, V). Since 6,(w) = 0, by (6.10) it follows that

(7.3) 0= (0p(W)(x,y,2) = O ox)w(y,z) — O w(lxvl2), xy,z€g.

X,y,2 X,¥,2

Fix any x; € g = g, 1 <14 < 5. Since 7 € Fgr(9), 7([x1,%2,%3]-) = 0 by (2.5). So,
by (7.2) it follows that

Tﬁ(w)([xl,XQ,X3]77X4,X5) = 7(x4)w (x5, [X1,X2,X3)+) + 7(x5)w([X1, X2, X3] 7, X4)-

By this and similar identities we deduce from (5.10) that

(7.4) (o, (7% (w))) (x1, X2, X3, X4, X5)

= — (7(x4)w (x5, [x1,%X2,X3]+) + 7(x5)w([X1, X2, X3] 7, X4))
— (T(x3)w([x1,x2, X4]r, X5) + 7(x5)w(x3, [X1, X2, X4]))
— (T(x3)w (x4, [x1,%2,X5] ) + 7(x4)w([x1, %2, X5]7, X3))
+ (7(x1)w(x2, [X3, X4, X5]+) + T(X2)w([X3, X4, X5] 7, X1))
+ (T(x1)o(x2) — T(Xz)Q(Xl))(X&XME) 7(x3)w(x4,Xs5))
— (T(x3)o(x4) — 7 X4)9(X3))(X1’X2,XST(X1 w(x2,Xs))
— (T(x4)o(x5) — 7(x5)0(x4))( 7( )
— (7(x5)o(x3) — 7(x3)0(x5))( ( )-

T(X5)0\X3
X1,X2,X4

By (1.2), (7.3) and anti-symmetry of w, the right hand side of (7.4) can be rewritten as

(dg, (T8(w))
(1

(x1,%2,X3,X4,X5)

T(x4)(0o(w)) (x2, X5, X3) + 7(x2)7(x4) (0o (w)) (x5, X5, %1)
x1)7(x5)(6p(w)) (x2, X3, Xa) + 7(x2)7(x5) (00 (w)) (x5, X1, X4)
x1)7(x3)(6p(w)) (x2, X4, X5) + 7(x2)7(x3) (00 (w)) (x4, X1,X5)

)
)
+7(
+7(
=0,

which means d,_ (7%(w)) = 0 as required.
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Now we show that, if [wi] = [wa] then [r%(w1)] = [r#(w2)], where 7%(wy), T%(w2)
are given by (7.2). Assume that wy —w; = 6,(\) for some A € C}(g,V) = 2%g,, V).
For any x,y,z € g, by (7.2) it follows that

(Tﬁ (wQ))(Xa Y, Z) - (Tn (Wl))(Xa Y Z)
= O T(a(sd) = O r(n(y,n) = O 70 )y

= O TN = (o W) v,2) by (1),
So, 7#(wa) — 7F(w1) = d,, (N), and hence [7%(w2)] = [7#(w1)] as required. O

Let g be a Lie algebra and 7 a quasi-trace function. By Lemma 5.3 and Corol-
lary 6.2, (V, 0, —0,) is a representation of the Leibniz algebra A%g,, whose bracket
is given by (1.3). For any integer p > 0, define 7(P): CP(g,V) = Hom(APg,V) —
CLP(A%g,,V) = Hom(®P(A%g,),V) by

(7.5) we TP (W) 2 wort,

where 7% is given by (6.1). For the cochain complex (®,CP(g,V),d,) associated
to (V,0) (see (6.10)) and the cochain complex (®,CLP(A%g,,V),d) associated to
(V, 0-,—0+) (see (5.7)), we have the following result.

Proposition 7.3. Let T € Fy.(g) and (V, o) be a representation of g. Then {7(P)}
is a cochain map from (©,CP(g,V),d,) to (®,CL"(A%g,,V),d). In particular, there
is a map from HJ (g, V') to HIL? (A%g,, V) given by [w] — [P ()], w € Z%(g,V).

Or,—0r

Proof. It suffices to show that o r® = 7(»+1) 04d,. Fix any X; € A%g, = A2g,
1<i<p+1, and any w € CP(g, V). Note that [(X;) = 0-(X;), r(X;) = —0-(Xy).
By (5.7) and Lemma 6.2 it follows that

(7.6) (0o TP (W))(X1,..., Xpi1)
(

= ((rPw)) (X1, .., Xpy1)
p+1 .
= (_]‘)]+1QT(X )W(Tﬁ(xl); aTu(Xj)a 7Tﬁ(Xp+1))
j=1
+ (_1)](’0(7—’1(){1)) - aTu(Xj)a 7Tu(Xk—1)7
1<j<k<p+1
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On the other hand, we have

VX1, Xpt1)

(7.7) (r#+Y 0 6,)(w)
o)) (X1, Xpy1) = (Bo(w)) (T (Xa), ..., 7 (Xps1)) (by (7.5))

— (T(p+1)(5

p+1 o

= P X)) (K)o T, 7 ()

+ ) YRR G), X)),
1<j<k<pt

#(X4),. .. JTHXG )y T X)), ,Tﬁ(Xp+1)) (by (6.10)).

Since w is anti-symmetric, by (7.6) and (7.7) we have d o 7?) = 7(»+1) 6 5, O
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