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Abstract. We introduce and study two certain classes of holomorphic and bi-univalent
functions associating A\-pseudo-starlike functions with Sakaguchi-type functions. We deter-
mine upper bounds for the Taylor—-Maclaurin coefficients |as| and |ag| for functions belong-
ing to these classes. Further we point out certain special cases for our results.
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1. INTRODUCTION

Denote by A the collection of all holomorphic functions in the unit disc U =
{z € C: |z| < 1} that have the form

(1.1) f(2) zz—l—Zakzk.
k=2

Further, assume that S stands for the sub-collection of the set 4 consisting of
functions in U satisfying (1.1) which are univalent in U.

Frasin (see [5]) introduced and studied the class S(vy, m,n) consisting of functions
f € A which satisfy the condition

(m —n)zf'(z)
Re{ oy = Foe) ) >
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for some 0 < v < 1, myn € C with m # n, |m| < 1, |n| <1 and for all z € U.
We note that the class S(v,1,n) was studied by Owa et al. (see [13]), while the
class S(v,1,—1) = S,(v) was considered by Sakaguchi (see [14]) and is called the
Sakaguchi function of order . Also, S(0,1, —1) = S; is the class of starlike functions
with respect to symmetrical points in U, and S(7, 1,0) = S*(~) is the class of starlike
functions of order v, 0 < v < 1.

In [2] Babalola defined the class £(7) of A-pseudo-starlike functions of order
which are the functions f € A such that

2(f'(2)
SECER

where 0 < v < 1, A > 1, and z € U. In particular, Babalola (see [2]) showed that

1/ and are

all A-pseudo-starlike functions are Bazilevi¢ of type 1 — 1/ and order ~
univalent in U. It is observed that for A\ = 1, we have the class of starlike functions.

According to the Koebe one-quarter theorem (see [4]) “every function f € S has an
inverse f~! which satisfies f~1(f(z)) = 2z, (z € U) and f(f~H(w)) = w, |w| < ro(f),

ro(f) = i”, where
(1.2)  g(w) = fHw) = w — agw? + (2a3 — az)w® — (5a3 — 5azaz + as)w* + ...

For f € A, if both f and f~! are univalent in U, we say that f is a bi-univalent
function in U. We denote by ¥ the class of bi-univalent functions in U given by (1.1).
In fact, Srivastava et al. (see [20]) have revived the study of holomorphic and bi-

univalent functions in recent years. Some examples of functions in the class ¥ are

z 1 (1—|—z
1—2" 2

log :) and —log(l—z)

with the corresponding inverse functions

w e?v —1 q e —1
, an
1+w e2w41 ew

?

respectively. Conversely, examples of common functions that are not in X are

22 z
z — ? and m
Many researchers (see, for example, [1], [6], [7], [10], [15]-]19], [21]-[24]) have
recently introduced and investigated several interesting subclasses of the bi-univalent
function class ¥ and they have found non-sharp estimates on the first two Taylor—
Maclaurin coefficients |az| and |as].
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We require the following lemma that will be used to prove our main results.

Lemma 1.1 ([4]). If h € P, then |ci| < 2 for each k € N, where P is the class of
all functions h holomorphic in U for which

Re(h(z)) >0, zeU,

where
h(z)=14ciz+cz?+..., ze€U.

2. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS Vs (0, A, m, n; a)

Definition 2.1. A function f € ¥ given by (1.1) is said to be in the class
V5(9, A, m,n; a) if the following conditions are satisfied:

Cmenae) =) (P )| on
@D e (0= S SR+ S i — oy )| < 3
and

m—mu(g @) (m—n)((wg@))| _ ax
@2) Jara((1 - 8) = T+ ) — gy )| < 7

where 0 < a<1,0<0< 1, A2, mneC,m#n,|m| <1, |n <1, z,weU and
g = f~1 is given by (1.2).

Remark 2.1. It should be remarked that the class V& (4, A\, m, n; ) is a gener-

alization of well-known classes consider earlier. These classes are:

(1) For 6 = 0, the class V5 (5, \,m,n;a) = /2(m,n,a), which was introduced by
Mazi and Opoola, see [11];

(2) For § = n = 0 and m = 1, the class Vx(d, \,m,n;a) = £By(«), which was
given by Joshi et al. in [8];

(3) For n = 0 and A = m = 1, the class Vx(0, A\, m,n;a) = Ms(a, ), which was
investigated by Liu and Wang, see [9];

(4) For 6 =n =0 and A = m = 1, the class Vx(d, A, m,n;a) = S5 (a), which was
studied by Brannan and Taha, see [3].

We begin by finding the estimates on the coefficients |az| and |ag| for functions in
the class Vs (9, A, m, n; a).
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Theorem 2.1. Let f € Ve (6, \,m,n;a) (0<a<1,0<d< L, A>21, mneC,
m #n, |m| <1, |n| <1) be given by (1.1). Then

las| < 2a
VI2a(Y (8, A\, m,n) —mn) + (1 —a)(6 + 1)2(2A —m — n)?|

and
402 200

S 12h—m—n2 25+ DBN—mZ —nZ —mn)’

las| < (

where

(2.3) T(6,\,m,n) = 5((m* +n? +4mn) —6A(m +n— X)) + A1 —2(m +n — \)).

Proof. It follows from conditions (2.1) and (2.2) that

24 _gmonFE)? | sm—n) ()

Fmz) - fnz) 0 (Fme) — fa)y P

and
o m=nw(g () | (m—=n)((wg (w))* e
(2.5) (1-9) g(mw) — g(nw) +9 o) — gt} = (q(w))",

where g = f~! and p, ¢ in P have the following series representations:

(2.6) p(2) =1+ p1z+p22® +p32® + ...
and
(2.7) q(w) =14+ qrw + guw* + gzw® + ...

Comparing the corresponding coefficients of (2.4) and (2.5) yields

(2.8) (6+1)(2A—m —n)az = apy,
(2.9) (26 +1)(3\ —m?* —n? —mn)as

ala—1)

+ B+ ((m+n)? =2X(m+n—A+1))a3 = aps + 5

(2.10) — (0 +1)(2A —m —n)az = aq

2
p17

and

(2.11) ((6A —m?® —n?) —2X\(m+n—A+1) = 5(6A(m +n— X —1) + (m — n)?))a3
—(20 + 1)(3X — m? —n® — mn)az = ag + wqf.
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In view of (2.8) and (2.10), we conclude that

(2.12) p1=-—q
and
(2.13) 2(6 + 1)2(2A —m — n)%a? = 2 (p? + ¢).

Also, by using (2.9) and (2.11), together with (2.13), we find that
2(6((m? +n? +4mn) — 6A(m +n—N)) + A1 = 2(m +n — \) —mn)a3
ala—1
=a(p2 +q2) + %(P? )
(a—=1)(+1)22x—m —n)? ,
a a/2.

=a(p2 +q2) +
Further computations show that

o?(p2 + )
2a(Y (6, A,m,n) —mn) + (1 — a)(§ + 1)2(2\ — m —n)?2’

(2.14) a3 =

where Y(d, A\, m,n) is given by (2.3).
By taking the absolute value of (2.14) and applying Lemma 1.1 for the coeffi-
cients py and ¢2, we have

200
V12T (8, X, m,n) —mn) + (1 —a)(d + 1)2(2A —m — n)?|

las| <

To determine the bound on |as|, by subtracting (2.11) from (2.9), we get

ala—1)

(2.15) 2(26 + (A = m* = n? — mn)(a3 — 03) = alpz — @) + ——— (v} — q).
Now, substituting the value of a3 from (2.13) into (2.15) and using (2.12), we deduce

that

_ o®(pf + qf) a(p2 — q2)
20 +1)22 —m —n)2 226+ 1)(3\ —m2 —n2 —mn)’

(2.16) as
Taking the absolute value of (2.16) and applying Lemma 1.1 once again for the
coefficients p1, p2, q1 and ¢o, it follows that

40[2 " 20
5+1)2(2)\—m—n)2 (25+1)(3)\_m2_n2_mn).

las| < (

205



Remark 2.2. In Theorem 2.1, if we choose

(1) 6 = 0, then we have the results which were given by Mazi and Opoola in [11],
Theorem 1;

(2) 6 =n =0 and m = 1, then we have the results obtained by Joshi et al. in [8],
Theorem 1;

(3) n=0and A\ = m = 1, then we obtain the results obtained by Liu and Wang
in [9], Theorem 2.2;

(4) 6 =n =0and A = m = 1, then we get the results obtained by Murugusun-
daramoorthy et al. in [12], Corollary 6.

3. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS Vi (4, A, m, n; )

Definition 3.1. A function f € ¥ given by (1.1) is said to be in the class
Vs (0, A,m,n; B) if the following conditions are satisfied:

(m—n)=(f(2)*  (m—n)(=F(2))*
(3.1) Re{““” ) — fins) 0 (Fme) — Fnz)) }>B

and

(3.2) Re{(l —5) (m — n)w(g'(w))* N 5(m —n)((wg' (w))

g(mw) — g(nw) (g(mw) — g(nw))

/

2155,

where 0 < < 1,0<0< L, A>1,m#n, |m <1, |n|<1,z,weUand g=f!
is given by (1.2).

Remark 3.1. It should be remarked that the class Vii(d, A, m,n; ) is a gener-

alization of well-known classes consider earlier. These classes are:

(1) For § = 0, the class V5 (0, \,m,n; ) = /3(m,n, B), which was introduced by
Mazi and Opoola, see [11];

(2) For 6 = n = 0 and m = 1, the class V5i(0, A, m,n; 8) = £Bx(A, §), which was
given by Joshi et al. in [8];

(3) For n = 0 and A = m = 1, the class Vi¥(d, \,m,n; 8) = Bx(f,9), which was
investigated by Liu and Wang, see [9];

(4) For 6 =n =0 and A = m = 1, the class V& (J, A\, m,n; 8) = S&(B), which was
studied by Brannan and Taha, see [3].

In this section, we find the estimates on the coefficients |az| and |as| for functions
in the class Vi (9, A\, m,n; B).
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Theorem 3.1. Let f € V&i(6,A\,m,n;8) (0<5<1,0<06<1,A>1, mneC,
m #n, |m| <1, |n| <1) be given by (1.1). Then

2(1 - B)

2l S G T+ ) 6 1= W) TN 2 T ) o

and
T 21— )
J+1)2@2A —m—-n)2  (26+1)(BA—m2 —n2 —mn)’

las| < (

Proof. In the light of the conditions (3.1) and (3.2), there are p,q € P such
that

(1-4) (m—n)z(f'(2)* | (m—n)((zf'(z))

(33) Fomz) = finz) T (e — gy P (LR
and
34)  (1—sm oW @) m - ”)((“’g/(“’))/r =B+ (1 - B)q(w),

g(mw) — g(nw) (9(mw) = g(nw))

where p(z) and g(w) have the forms (2.6) and (2.7), respectively. Comparing the
corresponding coefficients in (3.3) and (3.4) yields

0+ 1)2x—m —n)az = (1 — B)p1,

(3.6) (20 + 1)(3\ — m? — n? — mn)ag

+ (30 + 1)(m+n)*—2X\(m +n— A+ 1))a3 = (1 — B)pa,
(3.7) —(0+1)2A—m —n)az = (1 - B)q
and

(3.8) (6A—m? —n?) —2X(m+n—A+1) =6(6AX(m +n—X—1) + (m —n)?))a2
— (20 4+ 1)(3X —m? —n? —mn)az = (1 — B)qa.

From (3.5) and (3.7), we get

(3.9) p1=—q
and
(3.10) 200+ 1)*(2x —m —n)?a = (1 = B)* (0} + qi).
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Adding (3.6) and (3.8), we obtain

(3.11) 2(6((m? 4+ n? + 4mn) — 6A\(m +n — \))
+ A1 =2(m+n—N) —mn)az = (1 - B)(p2 + q2).

Hence, we find that

o = (1-08)(p2 + q2)
27 2(0((m2 4+ n2+4mn) —6A(m +n— X))+ X1 —2(m +n—\) —mn)’

By applying Lemma 1.1 for the coefficients ps and g2, we deduce that

2(1-p)

el s VI6((m2 +n2 + 4mn) — 6A(m +n — X)) + M1 —2(m +n — X)) — mn|

To determine the bound on |as|, by subtracting (3.8) from (3.6), we get
2(26 +1)(3\ — m? — n? —mn)(az — a2) = (1 — B)(p2 — q2),

or equivalently

(1 —B)(p2 — g2)
(264+1)(3N—m2 —n2 —mn)’

(3.12) az = a3 + 5

Substituting the value of a3 from (3.10) into (3.12), it follows that

o= L= BRI+ (1= B2 — a2)
P20+ 12 —m—n)? 220+ D)(BA—m2 —n2 —mn)’

By applying Lemma 1.1 once again for the coefficients p1, p2, g1 and g2, we deduce

ha
that 41— gy 2(1- )
F+ 122 —m—n)2 (20 +1)(3\—=m2 —n%2 —mn)’

las| < (

Remark 3.2. In Theorem 3.1, if we choose

(1) 6 =0, then we have the results which were given by Mazi and Opoola, see [11],

Theorem 2;

(2) 6 =n =0 and m = 1, then we have the results obtained by Joshi et al. [§],

Theorem 2;

(3) n =0 and A = m = 1, then we obtain the results obtained by Liu and Wang,

see [9], Theorem 3.2;

(4) 6 =n =0and A = m = 1, then we get the results obtained by Murugusun-

daramoorthy et al. in [12], Corollary 7.
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