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Abstract. In this note, for a ring endomorphism « and an a-derivation ¢ of a ring R, the
notion of weakened («, §)-skew Armendariz rings is introduced as a generalization of a-rigid
rings and weak Armendariz rings. It is proved that R is a weakened («, §)-skew Armendariz
ring if and only if Ty (R) is weakened (@,5)-skew Armendariz if and only if R[z]/(z") is
weakened (@, §)-skew Armendariz ring for any positive integer n.
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1. INTRODUCTION

Throughout this paper, R denotes an associative ring with unity, a: R — R is an
endomorphism and ¢ an a-derivation of R, that is, § is an additive map such that
d(ab) = d(a)b + aa)d(b) for all a,b € R. We denote by R[x;a,d] the Ore extension
whose elements are the polynomials over R, the addition is defined as usual and the
multiplication subject to the relation za = a(a)z + §(a) for any a € R. Rege and
Chhawchharia in [22] introduced the notion of an Armendariz ring. They defined
aring R to be an Armendariz ring if whenever polynomials f(x) = ap+ a1z + ... +
amx™, g(x) = by + b1z + ... + bz € R[z] satisfy f(z)g(z) = 0, then a;b; = 0
for each ¢ and j. The name “Armendariz ring” was chosen because Armendariz
(see [5]) had noted that every reduced ring satisfies this condition. Some properties
of Armendariz rings were studied in Rege and Chhawchharia [22], Armendariz [5],
Anderson and Camillo [2], Huh et al. [14], and Kim and Lee [16]. Liu and Zhao in [20]
called a ring R weak Armendariz if whenever polynomials f(z) = ag + a1z + ... +
ama™, g(x) =bo + b1z + ...+ bra™ € Rz] satisfy f(x)g(z) =0, then a;b; € nil(R)
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for each ¢ and j, where nil(R) denotes the set of all nilpotent elements of R. For
an endomorphism « and an a-derivation § of a ring R, Moussavi and Hashemi
(see [21]) called R an («,¢)-skew Armendariz ring if whenever polynomials f(z) =
ap+a1x+ ...+ amz™, g(x) = bo+bix+ ...+ byz™ € Rlz; 0, 0] satisfy f(z)g(x) =0,
then aixibjxj = 0 for each ¢ and j, which is a generalization of a-rigid rings and
Armendariz rings. Alhevaz et al. in [1] called a ring R weak («, §)-skew Armendariz
if whenever polynomials f(z) = ag+a1z+...+ama™, gx) = bo+biz+...+bya™ €
R[x; o, 0] satisfy f(z)g(x) = 0, then a;2'bjz’ € nil(R)[x; a, 8] for each i and j.

According to Krempa (see [17]), an endomorphism « of a ring R is said to be
rigid if aa(a) = 0 implies a = 0 for ¢ € R. Hong et al. in [13], Definition 3 called
a ring R a-rigid if there exists a rigid endomorphism a of R. Note that any rigid
endomorphism of a ring R is a monomorphism and a-rigid rings are reduced rings
by Hong et al. (see [13]). Properties of a-rigid rings have been studied in Krempa [17],
Hong et al. [13], and Hirano [11].

By [4], a ring R is a-compatible if for all a,b € R, ab = 0 < aa(b) = 0. In [10],
Hashemi and Moussavi introduced (a, §)-compatible rings and studied their proper-
ties. For an a-derivation § of R, the ring is said to be J-compatible if for each a,b € R,
ab =0 = ad(b) = 0. A ring R is («, d)-compatible if it is both a-compatible and
d-compatible. In this case, clearly the endomorphism « is monomorphic. Also, any
a-rigid ring is («a, §)-compatible, see [13], Lemma 4.

For an endomorphism « and an a-derivation ¢ of a ring R, we call R a weakened
(cr, 0)-skew Armendariz ring if whenever polynomials f(z) = i a;x' and g(z) =
Zn:bjxj € Rlz;a,d] satisfy f(z)g(z) = 0, then a;z'b;a? € nil(ll%[(a)v;a,é]) for each ¢
i=0
?md j. Clearly, weak Armendariz rings are weakened (c, d)-skew Armendariz. We
show that weakly 2-primal («, d)-compatible rings are weakened (a, 0)-skew Armen-
dariz and thus weakened (o, d)-skew Armendariz rings are a common generalization
of a-rigid rings and weak Armendariz rings. Also, we prove that R is a weakened
(a, 6)-skew Armendariz ring if and only if the n x n upper triangular matrix ring
T.(R) is weakened (@,d)-skew Armendariz if and only if R[z]/(2z") is weakened
(@, §)-skew Armendariz ring for any positive integer n.

2. WEAKENED (o, 0)-SKEW ARMENDARIZ RINGS

Let ¢ be an a-derivation of a ring R. Forany 0 < u < v (u,v € N), f¥ € End(R, +)
will denote the map which is the sum of all possible “words” in «, ¢ built with «
letters o and (v —u) letters . For instance, fi = o262 +ad?a+d5%a? +adad+ a5+
Sada. In particular, f§ = 1,f8 = 6", ..., f" ; = a" 5+ a" 25a+ ... + da !
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and f)! = o”, where n € N. For any positive integer n and » € R we have 2"r =

> f(r)x® in the ring R[z; a, 6] (see [18], Lemma 4.1).
=0

Definition 2.1. Let a be an endomorphism and § an a-derivation of a ring R.

The ring R is called a weakened (o, d)-skew Armendariz ring if for each elements
n

m ) . . .

flx) = > a;2" and g(x) = > bja? € Rlz;a,6], f(z)g(x) = 0 implies a;2'b;2? €
i=0 =0

nil(R[z; o, ¢]) for each i and j.

Note that each Armendariz (or weak Armendariz) ring is weakened («, d)-skew
Armendariz, where « is the identity endomorphism of R and ¢ is the zero map-
ping. The following example shows that there exists an endomorphism « and an
a-derivation § of an Armendariz (or weak Armendariz) ring R such that R is not
weakened (o, §)-skew Armendariz.

Example 2.2. Let S be areduced ring and R = S[z| a polynomial ring over S.
Then R is reduced and so Armendariz (or weak Armendariz). Consider the endo-
morphism «: R — R given by a(f(z)) = f(0) and a-derivation 6: R — R by
5(f(x)) = xf(x) — f(0)z. Take p(y) = z —y and ¢(y) = © + zy € R[y; o, ]. Then
p(y)g(y) = 0. But 22 is not nilpotent and hence R is not weakened (a,d)-skew
Armendariz.

Clearly, every subring S with «(S) C S and §(S) C S of a weakened (v, 0)-skew
Armendariz ring is also weakened («, §)-skew Armendariz.
It will be useful to establish a criteria for transfering the weakened («, d)-skew

Armendariz condition from one ring to another.

Proposition 2.3. Let o be an endomorphism and § an a-derivation of a ring R.
Let S be aring and v: R — S a ring isomorphism. Then R is weakened («, 0)-skew
Armendariz if and only if S is weakened (yay~—1,v§y~!)-skew Armendariz.

1 1

Proof. Let o = yay™ and &' = vdy~*. Clearly, o’ is an endomorphism

of §. Also &'(ab) = vd(y~ (a)y™1 (b)) = v((6y~)(a)y~H(0) + (ay™ ") (@) (0v~1)(B)) =
8’ (a)b + o/(a)d’(b). Thus ¢’ is an o'-derivation on S. Suppose that ¢’ = v(a) and
b" = ~(b) for each a,b € R. Note that

v(ac®s' (b)) = a’y(a* 5t (b)) = a’y(aFy vty (b))
_ a'(’ya’y_l)k('y&y—l)t(b') _ a'o/ké’t(b').

m

Therefore y(af2 (b)) = a’ £ (b') for each a,b € R and 0 < u < v. Let g(z) = > a;2’
n i=0
and h(z) = >.bjz’ € R[zr;a,d]. According to the above argument, g(z)h(xz) = 0
=0
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in R[z;a,d] if and only if ¢'(z)h/(z) = 0 in S[z;a’,d'], where ¢'(z) = Y alz® and
n i=0

W(x) = Y Val € S[x;o/,6']. Also ajz’bjz! € nil(R[z;,d]) for each i, j if and
§=0

only if ajz'biz? € nil(S[z;a’,d']) for each i, j. Thus, R is weakened («,d)-skew
Armendariz if and only if S is weakened (yay~™!,v§y~1)-skew Armendariz. (]

Let o be an endomorphism and ¢ an a-derivation of a ring R. Recall that for an
ideal I of R, if a(I) C I, then @: R/I — R/I defined by @(a + I) = a(a) + I for
a € R is an endomorphism of a factor ring R/I, and if §(I) C I, then 6: R/I — R/I
defined by §(a+ I) = d(a)+1I for a € R is an a-derivation of a factor ring R/I. Also,

for each f(z) = E a;x' € R[z;a, 6], denote f(x) = imxi € (R/I)[x; @, 6], where
i=0

a; = a; + I for each 7.

Proposition 2.4. Let « be an endomorphism and ¢ an a-derivation of a ring R.
Let I be an ideal of R with a(I) C I and §(I) C I. If R/I is a weakened (@, §)-skew
Armendariz ring and I[x;«, 0] is nil, then R is a weakened («, §)-skew Armendariz
ring.

Proof. Let f(z) = ;Oax and g(x) = i bjx? € R|z;a, 0] satisfy f(x)g(z) = 0.

Then from canonical ring isomorphism R[ o 0]/ Iz o, 0) =2 (R/I)[x; @, 0] we have

Thus, @;x°bjz’ € nil((R/I)[z; @, d]) for each i, j, since R/I is weakened (@, §)-skew
Armendariz, then (a;z'b;j27)"i € I[x;«,d]) for a positive integer n;;. Since I[z; a, 6]
is nil, a;2'bj27 € nil(R[z; o, §]) for each i and j. Therefore R is weakened (a, §)-skew
Armendariz. O

Recall that a ring R is an NI ring if the set of nilpotent elements, nil(R), forms an
ideal. In the following lemma, we determine a property for idempotents of a weakened
(a, 6)-skew Armendariz NI ring.

Lemma 2.5. Let R be a weakened («, §)-skew Armendariz NI ring. Then d(e) €
nil(R) for each ¢ = ¢ € R.

Proof. Lete? =e € R. Then we have d(e) = d(e?) = d(e)e + a(e)d(e). Now
suppose that f(z) = d(e) + a(e)z and g(x) = (e— 1)+ (e —1)x € R[x; o, 0]. Then we
have f(z)g(z) = 0. Since R is a weakened («, ¢)-skew Armendariz ring, d(e)(e—1) =
d(e)e — d(e) € nil(R). On the other hand, if we take p(z) = §(e) — (1 — a(e))x and
q(z) = e+ ex € R[x;a, d], then we have p(x)g(x) = 0. Thus, d(e)e € nil(R) since R
is a weakened (a, §)-skew Armendariz ring. So d(e) € nil(R), as desired. O
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Recall that a ring R is Abelian if every idempotent of R is central. The follow-
ing theorem is a characterization of an Abelian ring R to be weakened (a, J)-skew

Armendariz in terms of its idempotents.

Theorem 2.6. Let R be an Abelian ring, a an endomorphism and § an
a-derivation of R. Then the following statements are equivalent:

(i) R is weakened (o, 0)-skew Armendariz;
(ii) For each idempotent e € R such that a(e) = e and §(e) =0, eR and (1 —e)R
are weakened (o, 0)-skew Armendariz;
(iii) For an idempotent e € R such that a(e) = e and §(e) = 0, eR and (1 —e)R are
weakened («, §)-skew Armendariz.

Proof. (i) = (ii): It is obvious, since eR and (1 — e)R are subrings of R.
(ii) = (iii): It is clear.
(iii) = (i): Suppose that for an idempotent e € R such that a(e) = e and d(e) = 0
eR and (1 — e)R are weakened («,¢)-skew Armendariz and let f(z) = i a;x’
i=0

and g(z) = i:objxj € Rz;a,0] with f(z)g(x) = 0. Then (ef(x))(eg(a:)j =0

and ((1 — e);(x))((l —e)g(z)) = 0. Since eR and (1 — e)R are weakened (o, d)-
skew Armendariz, there exist m;j,n;; € N such that (eaixiebjxj)m’i-f = 0 and
(1 —e)a;z*(1 — e)bjz? )i = 0. On the other hand, since a(e) = e and (e) = 0, we
have a(eb;) = ea(b;) and &(eb;) = ed(b;). Hence, one can see that (ea;z’eb;zd)™i =
e(a;xtbjx?)™i = 0 and ((1 — e)a;z*(1 — e)bjad )i = (1 — €)(a;xb;x?)"i = 0. Let
kij = max{m;;,n;;}. Then e(a;z’b;jz?)ki =0 and (1 — e)(a;x'b;x7)*s = 0. There-
fore (a;z'bja?)*i = e(a;x'b;x9 )% + (1 — e)(a;z’bja?)*i = 0. Hence R is weakened
(a, 6)-skew Armendariz. O

For weak Armendariz rings we have the following result.

Proposition 2.7. If R[x;a] is a weak Armendariz ring, then R is a weakened

a-skew Armendariz ring.

Proof. Suppose f(z) = Zaimi and g(z) = Z € R[z;a] satisfy
+

f(@)g(z) = 0. Then we have ¢ = apbr + a1a(bg—1)
each 0 < k < m+n. Now, let

.+ aga®(by) = 0 for

p(y) = ao + (m12)y + (a22?)y” + ... + (ama™)y™,
q(y) = bo + (hiz)y + (bazP)y? + ... + (bpz™)y"
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m+n

be polynomials in R[z;a][y]. Thus, we have p(y)q(y) = 3. (ckz®)y* = 0, since
k=0

c, = 0 for each 0 < k < m + n. So a;z'b;z? € nil(R[z;a]) for each 0 < i < m

and 0 < j < n, since R[z; ] is weak Armendariz. Hence, R is a weakened a-skew
Armendariz ring and the result follows. (]

Let a; be an endomorphism and §; an «;-derivation of a ring R;, i = 1,2,... k.
k
Let R = @ R;. Then the map a: R — R defined by a((a;)) = (a;(a;)) is an endo-
i=1
morphism of R and §: R — R defined by 6((a;)) = (4;(a;)) is an a-derivation of R.

Proposition 2.8. Let o; be an endomorphism and §; an o;-derivation of a ring R;
for each 1 < i < k. Then R; is a weakened («;, 0;)-skew Armendariz ring if and only

k
if R = @ R, is a weakened («, ¢)-skew Armendariz ring.
i=1

Proof. Itisnothard tosee that there exists a ring isomorphism ¢: Rz;«,d] —
k

D (Ri[z; a4, 65]), given by SO(ZASJ?S) = (f;), where A5 = (a1s,a2s,...,0ks) I R
s=0

i=1 m
and fi(z) = Y a;sx® in Ri[x;a4,0;) for each 0 < s < m and 1 < ¢ < k. Let

m 5=0 n
f(z) = > Asz® and g(z) = > Bzt € Rlx;«, 0] satisfy f(z)g(z) = 0, where A; =
s=0 t

: =0
(a1s,G2s, - - -y aks) and By = (b1, bat, ..., bgt) € Rand a;s,bir € R; foreach0 < s <m
k
and 0 < ¢t < n. Then from isomorphism R[r;«,d] = € (R;[x;ai,0;]) we have
i=1
m
that f;i(z)gi(z) = 0 for each 1 < i < k, where fi(z) = > a;s2° and g;(z) =

n s=0
Stbyxt € Ri[w;ay,d;]. Since R; is weakened (o, d;)-skew Armendariz for every
t=0

1 < i < k, there exists ps; € N such that (a;sx*byxt)P=ti = 0 for each 1 <4 < k. Let

k
pst = max{psi1,Pst2; - - - Pstk }- Then (Agz®Byzt)Pst = 0. Therefore R = @ R; is

i=1
a weakened (v, 0)-skew Armendariz ring. Conversely, since R; is an invariant subring

of R for each 1 < i < k, the assertion holds. O

Let R be a ring and o denotes an endomorphism of R with ¢(1) = 1. In [6] the
authors introduced skew triangular matriz ring, denoted by T, (R, o), as a set of
all triangular matrices with addition point-wise and a new multiplication subject
to the condition E;;r = o77'(r)E;;. So (ai;)(bi;) = (cij), where ¢;j = aibij +
@iit10(big15) + ...+ aijaj*i(bjj) for each 7 < j.

The subring of the skew triangular matrices with constant main diagonal is denoted
by S(R, n,o); and the subring of the skew triangular matrices with constant diagonals
is denoted by T(R,n,0). We can denote A = (a;5) € T(R,n,0) by (a11,---,0nn).
Then T'(R,n,o) is a ring with addition point-wise and multiplication given by:
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(agy.-yan—1)(bo,...,bn—1) = (aobo,ap * by + a1 xbg,...,a0*by_1+...+an_1xbp),
with a; x b; = aiai( ;) for each ¢ and j. Therefore, clearly one can see that
T(R,n,0) = Rlz;0]/(x™), where (z™) is the ideal generated by z™ in R[x;0].

Also, we consider the following two subrings of S(R,n,o0):

(3] n—j+1 n n—j+1
A(R,n,0) {Z Z a;j By i1+ Z Z Qi j—1 s i 1}

j=1 =1 j=l%]+1 =1
B(R,n,0) ={A+4+rEwy: A€ A(R,n,o0)andr € R}, n=2k>4

Let 0 be an endomorphism of a ring R, a an endomorphism of R and § an «-
derivation of R such that ca = ao and doc = 0. The endomorphism « of R is
extended to the endomorphism @: D — D defined by @((a;j)) = (a(as;;)) and the
a-derivation § of R is also extended to 6: D — D defined by 6((ai;)) = (6(aij)),
where D is one of the rings T,,(R, o), S(R,n,0), A(R,n,0), B(R,n, o) or T(R,n,o).
Also, the map 7: R[z;a,d] — R|x;a,d] defined by 0(2% ) = Za(ai)mi is an
endomorphism of R[xz; a, d]. =0

Kim and Lee in [15], Example 1 showed that n x n upper triangular matrix rings
over a ring R are not Armendariz when n > 2. But we have the following result.

Proposition 2.9. Let ¢ and « be endomorphisms of a ring R and 0 an a-
derivation of R such that ca = ao, o = 0 and n is a positive integer number.
Then R is a weakened («,0)-skew Armendariz ring if and only if D is a weak-
ened (@, §)-skew Armendariz ring, where D is one of the rings T,,(R, ), S(R,n, o),
A(R,n,0), B(R,n,o0), T(R,n,o).

Proof. We only prove this proposition for the case D = T),(R,o). Note that
any invariant subring of weakened («, 0)-skew Armendariz rings is a weakened («, d)-
skew Armendariz ring. Thus, if T),(R, o) is a weakened (@, 0)-skew Armendariz ring,
then R is a weakened (a, §)-skew Armendariz ring. Conversely, Let I = {A € D:
each diagonal entry of A is zero}. Then I[x;@,d] is a nil ideal of D[z; @, d]. On the

n

other hand, we can obtain D/I = @ R;, where R; = R. The proof is completed by
i=1
Proposition 2.4 and Proposition 2.8. ([

Corollary 2.10. If R is an («,¢)-skew Armendariz ring, then D is a weak-
ened (@, §)-skew Armendariz ring, where D is one of the rings T,,(R, ), S(R,n, o),
A(R’ n7 O—)’ B(R’ n7 O—)’ T(R’ n7 J)'

Given a ring R and a bimodule pMpg, the trivial extension of R by M is
T(R, M) = R®M with the usual addition and the multiplication: (ry,mq)(r2, mz2) =
(r172, T1Mm2 + mara).
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r o m
This is isomorphic to the ring of all matrices (0 ), where r € Rand m € M
r
and the usual matrix operations are used.

Corollary 2.11. Let o be an endomorphism and § an a-derivation of a ring R.
Then R is a weakened («, 0)-skew Armendariz ring if and only if the trivial extension
T(R, R) is a weakened (@, §)-skew Armendariz ring.

Proof. It follows from Proposition 2.9. U

Note that if o is an identity endomorphism of R, then we have the following
corollary.

Corollary 2.12. Let o and o be endomorphisms of a ring R and § an a-derivation
of R such that oo = o and §o = 0§. Then we have the following statements:

(i) R is a weakened («,¢)-skew Armendariz ring if and only if for each positive
integer n, R[x;0]/(z") is a weakened (@, §)-skew Armendariz ring.

(ii) R is a weakened (o, d)-skew Armendariz ring if and only if for each positive
integer n, R[z]/(z") is a weakened (@, §)-skew Armendariz ring.

Now we can give the examples of weakened («, d)-skew Armendariz rings which
are not (a, §)-skew Armendariz.

Example 2.13. Let a be an endomorphism and ¢ an a-derivation of a field F'

F F
and R = ( 0 F) be the 2-by-2 upper triangular matrix ring over F. Let f(z) =

1 0 1 -1 0 0 0 1 _ = ..
(O O)+(O O>xandg(a;):(0 1>+(0 1)xeR[x,a,6]. Then it is

0 0 1 . _ F
00 0 1)3:750. So R is not (@, d)-

skew Armendariz. Since F is a field, F' is an («,)-skew Armendariz. Thus, by

easy to see that f(z)g(z) = 0, but

Corollary 2.10, R is a weakened (@, §)-skew Armendariz ring.

Example 2.14. Let R be a weakened («, §)-skew Armendariz ring. Let

a a2 a1z ... Qin
0 a agzz ... Qa2p

Sn: 0 0 a ... Q3p Za,aijER
0 O 0 a

with n > 4.
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Suppose

and
0 0
0 0
0 0
g@) =14 o
0 0

be polynomials in Sy, [x; @

010
0 00
0 00
0 00

O O O O

0

o O O

O = O O

0

- O O O O

0

O O O O

0

1 -1
0
0
0
0 00
0 00
0 00
0 0O
0 00

O O O O

0

0 0
0 0
0 0=z
0 0
0
1
1
ol?®
0

,0]. Then it is easy to see that f(z)g(z) = 0, but

O = = O

0

So S, is not (@, d)-skew Armendariz, but S, is a weakened (@, §)-skew Armendariz

ring by Proposition 2.9, since any subring of weakened (@, §)-skew Armendariz rings

is a weakened (@, §)-skew Armendariz ring.

From Proposition 2.9, one may suspect that if R is weakened (a, §)-skew Armen-

dariz, then every n x n full matrix ring M, (R) over R is a weakened (@, §)-skew

Armendariz ring, where n >

2. But the following example erases this possibility.

Example 2.15. Let a be an endomorphism and § an «a-derivation of a ring R
and R be a weakened (o, d)-skew Armendariz ring. Let S = Ms(R). Suppose

() 1)+ (3

be polynomials in S|z; @, ¢].

(s

0
0

o)+ (s

is not nilpotent. Thus, S is not weakened (@

1
0 0

)o and gt = (

Then it is easy to see that f(z)g(x) =0, but

)=(:

0 0

)e

,0)-skew Armendariz.

1\, (00
00 1 —1)°*
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Let D be a ring and C' a subring of D with 1p € C. With addition and multipli-
cation defined component-wise,

R=%(D,C)={(d1,...,dn,c,c,...): di €D, ceC, n>1}

is a ring (see [7]). For an endomorphism « and an a-derivation § of D such that
a(C) C C and §(C) C C, the natural extension @: R — R defined by

a((dy,...,dp,cye,...)) = (ald),...,aldy),alc),alc),...)

for (dy,...,dn,c,c,...) € R is an endomorphism of R and 6: R — R defined by

0((di,...,dn,c c,...)) = (0(dy),...,d(dn),0(c),d(c),...) for (di,...,dn,c,c,...) €ER
is an a-derivation of R.

Theorem 2.16. Let o be an endomorphism and ¢ an a-derivation of a ring D
and let C be a subring of D with 1p € C, a(C) C C and 6(C) C C. Then D is
a weakened («, ¢)-skew Armendariz ring if and only if R = (D, C) is a weakened
(@, )-skew Armendariz ring.

Proof. Suppose that D is a weakened (a,d)-skew Armendariz ring. Let
P , q , _
flx) = > &a* and g(x) = > nj2? € Rlz;@,0] and f(x)g(x) = 0. Without
i=0 §=0

loss of generality, we can assume that there exists a positive integer n such that
g’i = (ali, ey Qpiy Ciy Ciy o .), n; = (blj; . bnj; dj, dj, .. ) € R for all i, ] Let fS(J?) =
Zp: asizt, gs(x) = Zq: bs;rd with 1 < s < n and f/(z) = Zp: cirt, g'(x) = zq: dja.
i=0 =0 i=0 =0

From f(z)g(x) :JO we obtain fs(x)gs(z) = 0 and f'(z)¢’(x) = 0 in lj)[x;oz,é]
for all s. Thus, asz'bs;z? € nil(D[z;,d]) and ¢aid;z? € nil(Dr;a,d]) for all
i, j, s since D is weakened (a, §)-skew Armendariz. Hence, there exist t;;,t';; € N
such that (asz'bs;x?)t+ii = 0 and (cixidja:j)t/ii =0for1 <s < n Lett; =
max{tiij,...,tnij,t'ij . Then we have (§z'n z’)t = 0 for all 4, j. Therefore R is
weakened (@, §)-skew Armendariz. Conversely, since D is an invariant subring of R,
the assertion holds. 0
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3. WEAKLY 2-PRIMAL (v, 0)-COMPATIBLE RINGS AND WEAKENED (a, §)-SKEW
ARMENDARIZ RINGS

A ring R is semicommutative if the right annihilator of each element of R is an ideal
(equivalently, if for all a,b € R we have ab =0 = aRb = 0). A ring R is symmetric
if for all a,b,¢c € R we have abc = 0 = bac = 0. A ring R is called reversible if
for all a,b € R we have ab = 0 = ba = 0. Recall that a ring R is 2-primal if
nil(R) = Nil,(R), where Nil,(R) denotes the prime radical of R. Hong et al. (see [12])
called a ring R to be locally 2-primal if each finite subset generates a 2-primal ring.
Chen and Cui (see [8]) called a ring R weakly 2-primal if the set of nilpotent elements
in R coincides with its locally nipotent radical. Note that every reduced ring is
symmetric by [3], Theorem 1.3, every symmetric ring is reversible, every reversible
ring is semicommutative by [19], Proposition 1.3, every semicommutative ring is 2-
primal by [23], Theorem 1.5, every 2-primal ring is locally 2-primal and every locally
2-primal ring is weakly 2-primal.

The following example shows that there exists a semicommutative ring with an en-
domorphism « and an a-derivation ¢ which is not weakened (o, §)-skew Armendariz.

Example 3.1. Let S be areduced ring and R = S[z] a polynomial ring over S.
Then R is reduced and so semicommutative. Consider the endomorphism a: R — R
given by a(f(x)) = f(0) and a-derivation §: R — R by o(f(z)) = zf(x) — f(0)z.
Take p(y) = x —y and q(y) =  + 2y € R[y; o, §]. Then p(y)q(y) = 0. But 22 is not
nilpotent and hence R is not weakened («, §)-skew Armendariz.

The following example shows that weakened (a,d)-skew Armendariz rings may

not be semicommutative.

Example 3.2. Let o be an endomorphism and § an a-derivation of a division
F F
ring F and R = ( 0 F) be the 2-by-2 upper triangular matrix ring over . Then R

is not semicommutative by [14], Example 5. But by Corollary 2.10, R is a weakened
(@, §)-skew Armendariz ring.

Habibi and Moussavi (see [9]) called a ring R nil («, 6 )-skew Armendariz if when-
ever polynomials f(z) = ap+a12+. . .+anx™, g(x) = bo+brz+...+bz™ € Rlx; v, 0]
satisfy f(x)g(z) € nil(R)[z; v, 6], then a;xb;x? € nil(R)[z; o, 8] for each i and j.

Proposition 3.3. Let R be an a-compatible ring such that nil(R[x;a,d]) =
nil(R)[z; o, 0]. Then R is a weakened («, §)-skew Armendariz ring.

Proof. Let f(z) = > aiz’ and g(z) = > bjx' € Rlx;a,6] such that
i=0 =0
f(z)g(x) = 0. Since R is an a-compatible and nil(R[z; a, §]) = nil(R)[z; o, 0], R is
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nil (o, d)-skew Armendariz by [9], Proposition 2.9. Then a;x'b;z? € nil(R)[z; , 4]
for each i, j. Hence a;x°b;z7 € nil(R[z; a, d]) for each i, j. Therefore R is a weakened
(c, 0)-skew Armendariz ring. O

Wang et al. in [24], Corollary 2.1 proved that if R is a weakly 2-primal («,d)-
compatible ring, then nil(R[z; o, 0]) = nil(R)[x; o, 6]. So we have the following result.

Proposition 3.4. Every weakly 2-primal («,d)-compatible ring is weakened
(a, 6)-skew Armendariz.

Corollary 3.5. «-rigid rings are weakened («, 0)-skew Armendariz rings.

The following example shows that the converse of Corollary 3.5 is not true in
general.

Example 3.6. Let § be an a-derivation of a ring R and R be an a-rigid ring.
Then by Corollary 3.5, R is a weakened (a, §)-skew Armendariz ring. Consider the
following subring of T3(R):

a b c
R3 = 0 a d]:abcdeR
0 0 a

The endomorphism « of R is extended to the endomorphism @: Rz — R3 defined
by @((ai;)) = (a(ai;)) and the a-derivation § of R is also extended to §: Rz — R3
defined by 6((a;;)) = (6(a;j)). By Proposition 2.9, Rj is weakened (@, §)-skew Ar-
mendariz. But it is not @-rigid, by [10], Example 1.2.

Lemma 3.7. Let o be an endomorphism and § an a-derivation of a ring R.
Then R is («, §)-compatible and reduced if and only if R[z] is (a, §)-compatible and
reduced.

Proof. We know, R is reduced if and only if R[z] is reduced. Let R be (a,d)-

m X n .
compatible and reduced. Let f(z) = ) a;2" and g(z) = ) bja? € R[z] with
i=0 3=0

f(x)g(z) = 0. Since R is Armendariz, a;b; = 0 forall 0 < i< mand 0 < j < n.
Then a;a(b;) =0, a;6(b;) = 0 because R is («, §)-compatible. Thus

m n m-+n
f@)a(g(x)) = Zaixi Za(bj)xj = Z < Z aia(bj)> zF =0
i=0 7=0 k=0 “it+j=k

and

3
3
+
3
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Now assume that f(z)a(g(x)) = 0. Then we have

f(@)a(g(z)) = Z a;z’ Za(bj)xj =0.

m
i=0 =0

Since R is Armendariz, a;a(b;) =0 forall 0 < i< mand 0 < j < n. Soab; =0
because R is (a, §)-compatible. Hence

m n m+n
f(z)g(x) = Zaixiijxj = Z ( Z aibjxk> =0.
=0 7=0

i j k=0 Nitj=k
Therefore R[z] is an (¢, d)-compatible ring. Conversely, it is clear. O

Proposition 3.8. Let R be an («, §)-compatible and reduced ring. Then R[z] is
a weakened («, )-skew Armendariz ring.

Proof. Let R be an (a,d)-compatible and reduced ring. Then R[z] is (a,d)-
compatible and reduced, by Lemma 3.7. But every reduced ring is weakly 2-primal.
Thus, R[] is a weakly 2-primal (o, )-compatible ring. Therefore R[] is a weakened
(o, 0)-skew Armendariz ring, by Proposition 3.4. O
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