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Abstract. This paper presents several sufficient conditions for the existence of at least
one classical solution to impulsive fractional differential equations with a p-Laplacian and
Dirichlet boundary conditions. Our technical approach is based on variational methods.
Some recent results are extended and improved. Moreover, a concrete example of an appli-
cation is presented.
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1. INTRODUCTION

We consider the impulsive fractional differential equation with a p-Laplacian and
Dirichlet boundary conditions

D7 @,(°Dg+u(t)) + [u()P~u(t) = f(t,u(t), t#1;, t€(0,T),
(P7) A(D=' 0, (D u))(t;) = L (u(ty)),
w(0) =u(T) =0,

where o € (1/p,1], p > 1, ®p(s) = [s[P~2s (s # 0), DG_ is the right Riemann-
Liouville fractional derivative of order «, “Df, is the left Caputo fractional deriva-
tive of order «, D;‘Cl = D;(_l_a) is the right Riemann-Liouville fractional integral
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of order 1 —

A(D='®,(“Dgu))(ty) = DI~ @y (*Dgu) () — D= @, (“Diu)(t5),
D=1, ("D u)(tf) = lim DG= 0, ("D u)(t),

t~>t

D=1, (Diu)(t) = lim D= @,(* D) (1),

t~>tj

f: [0, T]xR — Ris an L'-Carathéodory function, 0 =ty <t; < ... <ty <tpmi1 =T,
and I;: R = R, j =1,...,m, are Lipschitz continuous functions having Lipschitz
constants L; > 0, i.e., |I;j(z2) — Ij(z1)] < Lj|ze — 21|P~! for every z1, 22 € R, and
with I;(0) = 0.

Fractional calculus is a generalization of classical derivatives and integrals to an
arbitrary (noninteger) order. It represents a powerful tool in applied mathematics
to deal with a myriad of problems from different fields such as physics, mechanics,
electricity, control theory, rheology, signal and image processing, aerodynamics, etc.;
for details, see [15], [26], [28], [33] and the references therein. Recently, the existence
of solutions to boundary value problems for fractional differential equations (FDEs)
has been studied in many papers and we refer the reader to the papers [13], [17],
[20], [21], [22], [29] and the references therein for some recent contributions. For
example, in [13], Chen and Tang studied the existence and multiplicity of solutions
to the fractional boundary value problem

ds1 __ 1 _
{ = (Eth B (1)) + §tDTﬁ(u'(t))) FAVE(tu(t)) =0, ae. tel0,T),
u(0) =u(T) =0,

where 7> 0, A > 0,0 < 8 < 1, OD and tD;ﬁ are the left and right Riemann-
Liouville fractional integrals of order f3, respectively, F': [0,T] x RY — R is a given
function, VF(t,x) is the gradient of F in x, and F'(¢,-) is superquadratic, asymp-
totically quadratic, or subquadratic. Using the Avery-Peterson fixed point theorem,
Guo and Zhang (see [21]) provided sufficient conditions for the existence of multi-
ple positive solutions to the boundary value problem in which the nonlinear terms
contain the derivatives of order up to 4

eDu(t) + f(t,u(t), ' (t),...,ud(t)) =0, 0<t<l,
w(0) =u/(0) = ... =ul=D(0) =« (0) = ... = uD(0) = 0,
w9 (1) =0,

where n — 1 < a < n is a real number, n > 2 is a natural number, and o — i > 1 for
0 <i < n—1. The function f(¢, zo,...,z;) may be singular at ¢ = 0.
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Nonlinear boundary value problems involving the p-Laplacian arise from a variety
of physical problems. They are used in non-Newtonian fluids, reaction-diffusion
problems, flow through porous media, and petroleum extraction (see, e.g., [8], [9],
[16], [30], [39]). Recently, several researchers have studied nonlinear problems of this
type using different approaches.

The theory of impulsive differential equations provides a general framework for the
mathematical modeling of many real-world phenomena; see, for instance, [12], [14].
Indeed, many dynamical systems have an impulsive behavior due to abrupt changes
at certain instants during the evolution process. Impulsive differential equations
are basic tools for studying these phenomena, see [2], [3], [4], [5], [6]. In relation
to the variational approach to impulsive differential equations, we refer to the pa-
pers [36], [31]. See also the papers [18], [7], [32].

To the best of our knowledge, there are few results on the existence and multiplicity
of solutions to impulsive fractional boundary value problems with a p-Laplacian. For
details, see [11], [19], [25], [37], [38], [40] and the references therein. For example,
Wang et al. (see [38]) used a variant fountain theorem to prove the existence of
infinitely many nontrivial large or small energy solutions to problem (P/). Zhao and
Tang (see [40]) employed critical point theory and variational methods to study the
existence and multiplicity of solutions to (P).

Motivated by the above discussion, in the present paper we study the existence
of at least one nontrivial classical solution to problem (P/) under an assumption on
the asymptotic behavior of the nonlinear function F' at zero (see Theorem 3.1). In
Theorem 3.2, we present an application of Theorem 3.1. We also give some detailed
remarks about our results. As a special case of our result, we obtain Theorem 4.3
for the case where f does not depend upon ¢. We end the paper with an example to
illustrate our results.

2. PRELIMINARIES

We are going to prove the existence of at least one nontrivial classical solution to
problem (P/). Essential to our approach is the following version of Ricceri’s varia-
tional principle (see [35], Theorem 2.1) as given by Bonanno and Molica Bisci in [10].

Theorem 2.1. Let X be a reflexive real Banach space and let ®,¥: X — R
be two Gateaux differentiable functionals such that ® is sequentially weakly lower
semicontinuous, strongly continuous, and coercive in X, and V¥ is sequentially weakly
upper semicontinuous in X. Let I\ be the functional I := ® — AV, A € R, and for
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every r > igl(f ®, let ¢ be the function

30(7') — inf SUPyed—1(—o0,r) \II(U) - \I/(u)
' u€P—1(—o0,r) T — <I>(u) '

Then, for every r > i%ffb and every A € (0,1/p(r)), the restriction of the func-
tional Iy to ®~*(—o0,r) admits a global minimum, which is a critical point (precisely,

a local minimum) of I in X.

We refer the interested reader to the papers [1], [17], [23], [24] in which Theorem 2.1
has been successfully used to prove the existence of at least one nontrivial solution
to boundary value problems.

Next, we introduce several basic definitions, notations, lemmas, and propositions
that will be used in the remainder of this paper. Let AC[a,b] be the space of abso-
lutely continuous functions on [a, b] and I'(«r) be the usual Gamma function given by

F(a):/ 22 e dz.
0

Definition 2.2 ([27]). Let f be a function defined on [a,b] and 0 < ae < 1. The
left and right Riemann-Liouville fractional integrals of f of order a are defined by
o I o
D20 = e [ =9 s, tefadl,

b
D) = o [ =0 @) s e o)

provided the right-hand sides are defined pointwise on [a, b].

Definition 2.3 ([27]). Let f be a function defined on [a,b] and 0 < oo < 1. The
left and right Riemann-Liouville fractional derivatives of f of order « are defined by

DI S(0) = G0 0 = gy [ =9 s tela]

b
Dl‘)’,f(t):—%Dl‘ffl (t)z—ﬁ%/t (s —t)"%f(s)ds, te€Ja,b].

Definition 2.4 ([27]). Let f € AC([a,b],R) and 0 < o < 1. The left and right
Caputo fractional derivatives of f of order a are defined by

DI = DI = gy [ =9 f@ds te o)

b
! )/t(s—t)*af’(s)ds, t € [a,b].

DRI = =D ) =~y

In particular, if v = 1, we have °D!, f(t) = f'(t) and “D}_ f(t) = — f'(¢).
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Let C§°([0,T], R) be the set of all functions u € C*°([0, T, R) with u(a) = u(b) =0
and the norm |julleo = m[a)g}|u(t)|. Denote the norm of the space LP([0,T], R) for
a,

1<p<ooby
b 1/p
full = ([ tutoras)

Definition 2.5. Let 0 < a < 1 and 1 < p < oo. The fractional derivative
space EJ°P is defined as the closure of C§°([0, T, R), that is,

By = C5e((0, T, R)

with respect to the norm

T T 1/p
21)  lullger = (/ [°Dgru(t)|P dt +/ [u(t)[? dt) for every u € EJ°P.
0 0
Remark 2.6. Note that the fractional derivative space E;* is the space of
functions v € LP([0,T],R) having an a-order Caputo fractional derivative “Du €
L?([0,T],R) and u(0) = u(T) = 0. From [27], Proposition 3.1, we know that for
0 < a < 1, the space Eg" is a reflexive and separable Banach space.

The following lemma addresses the boundedness of the Caputo fractional integral
operators from the space LP([a,b], R) into itself where 1 < p < 0.

Lemma 2.7 ([41]). Let 0 < a <1 and 1 < p < oo. For any u € E;°?, we have

TO(

(2.2) lullrr < m

1°Dg+ ull -

In addition, for 1/p < a<1and1/p+1/q=1, we have

Ta71/2

(2.3) lulloo < E||°Dftul|lLr  where k = T(a)(ag —g T /7"

Remark 2.8. In view of Lemma 2.7, it is easy to see that the norm in E{""
defined by (2.1) is equivalent to the norm

T 1/p
ap = (/ [*Dfru(t)|? dt> .
0

Lemma 2.9 ([41], Proposition 3.3). Let 1/p < a < 1. If the sequence {u}
converges weakly to u in EJY, ie., uy — u, then uy — u in C([0,T],R), ie.,
[lv — ugl|loo — 0 as k — oc.

(2.4) [[ul
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Definition 2.10. A function

ti+1
u € {u € AC[0,T): (/ [*Dgru(t)]? + |u(t)|P) dt) <oo, j=1,2,. ..,m},
t

. 1 b u'(s)ds
D0+u() F(l_a)‘/t] (t_s)av

if t € (tj,tj41), is called a classical solution of BVP (P/) if u satisfies (P/) and the
limits D3~ '@, (¢ D0+u)(tj) and D31, (¢ D u)(t; ) exist.

where

Definition 2.11. By a weak solution of the BVP (Pf), we mean a function
u € Eg°P such that

T

T
| D05 ) DG o)+ [ luoP2ulo(o a
0 0

m T
+ DL lt)e) — [ (e u)ot) =0

for every v € Ey?

The following lemma establishes the relationship between a classical solution and
a weak solution of problem (P7).

Lemma 2.12 ([40], Proposition 2.6). Ifu € Eg"? is a weak solution of BVP (PY),
then u is a classical solution of BVP (P/).

3. MAIN RESULTS

In this section, we formulate our main results on the existence of at least one weak
solution to problem (P7) and then invoke Lemma 2.12 to conclude that we have the
existence of a classical solution. Let

'3
F(t,g):/o flt,a)dz V() € [0,T] x R.

We will assume throughout that
m
(H) 1> LkP, where L = ) L; and k is given in Lemma 2.7.
j=1
Theorem 3.1. Assume that
6P kP
(S) sup -

> .
>0 fo lrgrgllzi);F(t ,x)dt 1 —LkP

Then, problem (P/) admits at least one classical solution in E"".
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Proof. Our aim is to apply Theorem 2.1 to problem (P7), so let X = EgP.
We introduce the functionals ¢ and ¥ for u € X given by

1 m u(t.'l)
(3.1) B0 = ulfer + Y [ L)
p =170

and

T
(3.2) W) = /0 F(t, u()) dt,

and we set

First we wish to prove that the functionals ® and ¥ satisfy the conditions required
in Theorem 2.1. Since X is compactly embedded in C°([0, T]), R), it is well known
that WU is a Gateaux differentiable functional whose Gateaux derivative at the point
u € X is the functional ¥'(u) € X* given by

V' (u)(v) = /0 F(t,u(t))v(t)dt for every v € X,

and that ¥ is sequentially weakly upper semicontinuous. Moreover, @ is a Gateaux
differentiable functional whose Gateaux derivative at the point v € X is the func-
tional ®'(u) € X* given by

T
@' (u)(v) = /0 |°Dgu(t)[P~*(“Dg u(®)(“Dgyv(t)) dt

T m
—l—/o lu(t) [P~ 2u(t)v(t) dt + le(u(tj))v(tj) for every v € X.

By its definition, we see that ® is sequentially weakly lower semicontinuous and
strongly continuous. Now since —L;[£|P~1 < I;(€) < L;[€|P~? for every £ € R,
j=1,...,n,
L. u(ty) L.
)P < [ L)ds < uttyP.
p 0 p

In view of (2.3), for every u € X, we have

m
p
Lot |
j=170
1

1
p
< ]—)HUHEgm + ]—)/prIIUIIZ,p <

1 u(ty)
d(u) = —||u

1
I:(s)ds < —||u
i(s) pHI

1
Lo + R LI DGl

(1+ L) [l -

N =
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Similarly,

O(u) > —(1 = LE?)Jullge s,

N =

SO

1

(3-3) }—7(1 — LEP) [ullgor < @(u) < —(1+ LEP)||ullfo.r-

W =

.3), it follows that lim @ (u) = oo,

[lul|—o0

From condition (H) and the first inequality in (

that is, ® is coercive.
From condition (S), there exists § > 0 such that

or pkP

(3.4) > .
fOT max,, g F'(t, 7) dt 1 — Lkp
Take 1 — Lk
_ 1M,
r e

In view of (2.3), (3.1), and (3.3), for every r > 0, we have

& (—oo,r) ={ue X: ®u) <r}

it < ) € e e < 25
c {uex: fulp, < T < {uex: Sl < 75

={ue X: [lullf, <07},

from which it follows that
T
sup ¥(u) < max F(t,z) dt.
D(u)<r 0 lz|<
By considering the above computations, since 0 € ®~1(—oc0,r) and ®(0) = ¥(0) = 0,
we see that

(’I") _ inf SUPyed—1(—oc,r) \I/(’LL) - \Il(u)
¥ uedP—1(—o0,r) r— <I>(u)

T
<Supue<1>—1(—oo,r)‘1’(u)< pkP fo maX|x|<§F(t,x)dt

h r S 1— Lkp or
Thus,
T
pk? [y max, <5 F(t,x)dt
. < S .

Consequently, in view of (3.4) and (3.5), ¢(r) < 1. Hence, since 1 € (0,1/p(r)),
Theorem 2.1 ensures that the functional I admits at least one critical point (local
minimum) @ € ®~!(—o0,r). Then, taking into account the fact that the weak solu-
tions of problem (P/) are exactly the critical points of the functional I, and applying
Lemma 2.12, we have the desired conclusion. (I
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We note that Theorem 3.1 can be used to ensure the existence of at least one weak
solution to the parametric version of the problem

D@, (“Dgsu(t)) + [u(t)[Pu(t) = M (t,u(t), t#t;, te(0,T),
(P)) A(DFZ 0, (D w))(ty) = Ij(u(ty)),
u(0) = u(T) =0,
where A\ is a positive parameter. More precisely, we have the following existence

result.

Theorem 3.2. For every A small enough, i.e.,

1— LkP 6°
AE (0, sup — ),
kP p>0 Jo max, <o F(t,z)dt

problem (P{) admits at least one classical solution uy € ES™.

Proof. Fix A as in the conclusion of the theorem. Then condition (S) in
Theorem 3.1 is satisfied with F' replaced by AF. The conclusion then follows from
Theorem 3.1. O

4. DISCUSSION OF THE MAIN RESULTS

In this section we discuss some implications of the above theorems. In Theorem 3.2
we looked for the critical points of the functional I naturally associated with prob-
lem (P{) We note that, in general, Iy can be unbounded. For example, in the case
where f(&) = 1+(£]77PEP~! for every £ € R with v > p, for any fixed u € ESP\ {0}
and ¢ € R, we see that

T 1+ LkP
(i) = B ()~ A / Pt () dt < 7 +p i
0

.
—NET [[ulla = A=K T |2, = —o0
> |

as ¢ — oo. Therefore, the condition (I3) in [34], Theorem 2.2 is not satisfied. Hence,
we can not use direct minimization to find critical points of the functional I.

We wish to point out that the energy functional I associated with problem (P{)
is not coercive. In fact, if F(§) = |¢|® with s € (p,00) for every & € R, then for any
fixed u € Ey°P \ {0} and ¢ € R, we have

T
1+ LEkP
Do) = @) = [ P(t () dt < P ARl = —o0

as ¢ — —oQ.
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Remark 4.1. If in Theorem 3.1, the function f(t,z) > 0 for a.e. (f,z) €
[0,7] x R, then condition (S) takes the simpler form

or pkP
Sa) sup > .
( >0 fOT F(t,0)dt 1 — Lk?

Moreover, if

lim sup — o > P ,
o0 [ F(t,0)dt 1 — LK?

then condition (Sy) automatically holds.
Remark 4.2. If for fixed 6 > 0,
or pkP
T > D’
Jo max, g F(t,z)dt 1 — Lk

then the conclusion of Theorem 3.2 holds with |[ux|/cc < @ being the guaranteed
classical solution in Ej?.

If in Theorem 3.2, we have f(¢,0) # 0 for a.e. t € [0, T, then the solution obtained
is clearly nontrivial. On the other hand, the nontriviality of the solution can be
achieved even in the case f(¢,0) = 0 for a.e. t € [0,T] by requiring an additional
condition at zero, namely, that there are a nonempty open set D C (0,7) and a set
B C D of positive Lebesgue measure such that
ess infep F(t,€)

infiep F(t
lim sup ess infiep F(t,€) =oo and liminf > —00
€0+ 14 €0+ 1P

To see this, let 0 < A < \* where

1— LkP or
= sup

% _ .
pk?  p>0 Jo maxy <o F(t,x)dt

Then, there exists § > 0 such that

pkP - or
T Lkp/\ < — .
Jo max, g F(t,z)dt

By Theorem 2.1, for every A € (0,\) there exists a critical point of I, such that
uy € ®71(—o0, 7)) where
1— LkP
™™ = oP.
pkP
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In particular, u) is a global minimum of the restriction of I to ®~1(—occ,r)). To
show that the function u) cannot be trivial, we will show that

(4.1) lim sup W (u) =00

Jul—o0+ P(u)

Due to our assumptions at zero, we can fix a sequence {fn} C RT converging to zero
and two constants ¢ and x with ¢ > 0 such that

ess infie g F(t, &)

n—oo [€nlP

= 1 > p
oo and estsejljnf F(t, &) > k€]

for € € [0,¢]. Now, fix a set C' C B of positive measure and a function v € E;"”
such that:

(i) v(t) €10,1] for every t € [0,T];
(if) v(t) =1 for every t € C}
(iii) v(t) =0 for every t € (0,T) \ D.

Fix Y > 0 and consider a positive number n with

nmeas(C) + HID\C [v(t)|P dt
(14 LEP)p=Hvla,p

Then, there exists ng € N such that &, < ¢ and
ess ]ignf F(t, &) = nl&a|?  for n > ng.
€

Now, using the fact that 0 < &,v(t) < ¢ for n large enough, by (3.3), we have

U(gw)  JoFt&)dt+ [ o F(t &u(t) dt - nmeas(C) + & [ o [o(t)[P dt
®(&nv) (&nv) (14 LkP)p=Hlvlla.p

Since Y can be taken arbitrarily large,

lim

k— o0 q)(fn’l))

from which (4.1) clearly follows. Hence, there exists a sequence {w,,} C Ej"* strongly
converging to zero with w, € ®~!(—o0,r) and

I (wy) = ®(wy) — AT (wy,) < 0.
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Since u is a global minimum of the restriction of I to ® 1 (—oo, r), we conclude that
(4.2) In(ux) <0,

and so uy is nontrivial. From (4.2) we can easily observe that the map

(4.3) (0,A") 2 A= In(uy)

is negative. We claim that

(4.4) Tim o =0.

To see this, consider the fact that ® is coercive and for A € (0, \*), the solution uy €
®~!(—00,r), and there exists a positive constant £ such that |Juy| < £ for every
A € (0,\*). It is then easy to see that there exists a positive constant M such that

T
(45) [ fen @m0 < Mo, < M

for every A € (0,\*). Since uy is a critical point of Iy, we have I} (uy)(v) = 0 for
any v € X and every A € (0,\*). In particular I} (uy)(uy) = 0; that is,

T
(16) ) =X [t () le) de
0
for every A € (0, A*). Then, since
0< (1= LEP)ualle,, < @ (ua)(un),

from (4.6) we see that

T
0< (1= LE")uallt,, < @'(ux)(ur) < A/ f(tux(t))ux(t) dt
0

for any A € (0, \*). Letting A — 0%, (4.5) implies that (4.4) holds. Hence,
4.7 li =0.

(4.7) Y

Finally, we wish to show that the map
A= I)\(U)\)

is strictly decreasing in (0, \*). To do this, first note that for any u € Eg"*,

(4.8) Ii(u) = A(@ - \I/(u)).
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Now, fix 0 < A1 < Ay < A" and let wy, and uy, be the global minima of the
functional I, restricted to ®(—oo,r) for i = 1,2. Let

_D(uy,) . ®(v) _
my, = (T - \I/(U)\7)> = v€¢_11réf;oo,r)(>\—i - \Il(v)> for:=1,2.

Clearly, (4.3) together with (4.8) and the fact that A > 0 implies

(4.9) my, <0 fori=1,2.
Moreover,
(4.10) M, < My,

since 0 < A; < Az. Then, by considering (4.8)—(4.10), we see that
I)\2 (U’)\Q) = /\Qm)\2 < )‘me\1 < /\lm)\l = IM (U/\1)7

so the map A — I (uy) is strictly decreasing in A € (0, \*). Since A < A\* is arbitrary,
A= I\(uy) is strictly decreasing in (0, A*). Theorem 3.2 above is a bifurcation result
in the sense that the pair (0,0) belongs to the closure of the set

{(ux,A) € Eg°P x (0,00): uy is a nontrivial classical solution of (P{)}
in By x R. In order to see this, recall from above that
lualla,p = 0 as A — 0.
Hence, there exist two sequences {u;}, i=1,2,in E5°" and A1, A2 € RT such that
Ai — 0 and ||u;||ap -0

as j — oo for i = 1,2. Moreover, due to the fact that, as shown above, the map
(0, A*) 3 X = I (uy) is strictly decreasing, for every A1, A2 € (0, A*) with A; # Ao,
the solutions uy, and uy, are different.

If f is non-negative, then the solution obtained in Theorem 3.2 is non-negative.
To see this, let ug be a nontrivial classical solution of problem (P{) Assume, for the
sake of a contradiction, that the set A = {t € (0,7]: uo(¢) < 0} is nonempty and of
positive measure. Set v(¢) = min{0,uo(t)} for all t € [0,T]. Clearly, v € Ej"? and

| D8 a0l Do) CDE ) dt + [ o Puo(tyste) de
0 0
+ 30 Llunlt)ot) - A [ 1t un()o(e)de =0,
j=1 0
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Thus,

T
0< (1 Lk")Juol, < / ©D8 o (1) dt+/ wo(®F dt + 3 1, (uo(t)(uo(ty)

j=1
_>\/ ftuo UO()dt<0

Hence, since LkP < 1, ug = 0 in A, and this is a contradiction.
The final theorem in this paper is concerned with a particular case of our results,
namely, where f(t,u) is independent of ¢.

Theorem 4.3. Let f: R — R be a non-negative continuous function, F(§) =
fo s)ds for all £ € R, and assume that

F) _

g0t &P

Then, for each

AeA:(O,l_LkP 91’)

su
pkP 6>IS F(G)

the problem

D@, (“Dgu(t)) + [u()P~2u(t) = Af(u(t), t#t;, t€(0,T),
A(DFT1 0, ("D u))(ty) = I (ulty),
u(0) =u(T)=0

admits at least one nontrivial classical solution uy € Ey° such that
lim ||u = 0.
T flua oy

In addition, the function

A= Ll Z/"(” 9 )\/ Flu
= =|lul?, s —
p

is negative and strictly decreasing in A.

As a special case of Theorem 4.3 with p = 2, we have the following result.

Corollary 4.4. Let f: R — R be a non-negative continuous function, set F(£) =
fo s)ds for all £ € R, and assume that

P _

im =
e—0t+ &2
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Then, for each

Ta71/2
I'(a)(2a — 1)1/2°

1— LE2 - 92
Pk pob F(0)

>\€A:(O, ), where k =

the problem
D7 (“Dgyu(t)) +u(t) = Af(u(t), t#1;, te(0,T),
A(Dz= 1(0D0+U))( i) = 1i(u(t;)),
u(0)=u(T)=0

admits at least one nontrivial classical solution uy € Eg 2 such that

li =0
Jim [uala.2

and the real function

1 9 m u(t;) T
A= Slulze - Z/O I;(s)ds — A/O F(u(t)) dt
j=1

is negative and strictly decreasing in A.
We conclude this paper with an example to illustrate our results.
Example 4.5. Consider the problem

D@ 5(eDYu(t)) + lu(®)u(t) = Mf(u(t),  t#1, te(0,1),

PG 1y,
236 ' 2

(4.11) AD; 2 ®55(° DY u)) (1) =
u(0) =u(l) =0,

where f(¢) = 3¢2 for all € € R. Here, a = 2, p = %, T =1, F(¢) = ¢3%, and a direct
computation shows

o I
I'(3)
All conditions of Theorem 4.3 are satisfied and A = (0, 00), so for each A € (0, c0),

2/3,5/3

problem (4.11) admits at least one nontrivial classical solution uy € Ej such

that lim [|ux||2/3,5/3 = 0, and the function
A—=07F ’

3 53 1“5/3(%) /u(1/2) 2/3 /1
— —||lu - S ds — A F(u(t))dt
5 ” ”2/375/3 9 3/—36 0 | | 0 ( ( ))

is negative and strictly decreasing in (0, c0).
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