Czechoslovak Mathematical Journal

Wei Gao
The Randi¢ energy of generalized double sun

Czechoslovak Mathematical Journal, Vol. 72 (2022), No. 1, 285-312

Persistent URL: http://dml.cz/dmlcz/149587

Terms of use:

© Institute of Mathematics AS CR, 2022

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/149587
http://dml.cz

Czechoslovak Mathematical Journal, 72 (147) (2022), 285-312

THE RANDIC ENERGY OF GENERALIZED DOUBLE SUN

WEI GAO, Abington

Received October 27, 2020. Published online July 28, 2021.

Abstract. 'We show that the family of trees defined as generalized double sun of odd
order satisfies the conjecture for the Randi¢ energy proposed by I. Gutman, B.Furtula,
S.B. Bozkurt (2014).
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1. INTRODUCTION

Let G be a graph of order n with vertex set V(G) = {v1,v2,...,v,} and edge
set E(G). For i = 1,2,...,n, denote by dg(v;) (d(v;) for short) the degree of the
vertex v; in G.

The Randi¢ matric R(G) = (ij)nxn of G is defined as (see [3], [4], [7])

1
Tij = da(ui)de(vy)
0 otherwise.

if ViV € E(G),

The eigenvalues of R(G), denoted by 01(G), 02(G), ..., 0n.(G), are called the Randié
eigenvalues of G. The Randié energy of G is defined as (see [4], [7])

Er(G) =) |0i(G)-
i=1

There are some results on Er(G), see [3], [4], [5], [6], [7], [8]-
For each p > 0, the p-sun, denoted by Su,, depicted in Figure 1, is the tree of order
n = 2p + 1 formed by taking the star on p + 1 vertices and subdividing each edge.
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V2p+1

U1 U2 Up+2

Figure 1. The p-sun Sup.

For p,q > 0, the (p, q)-double sun, denoted by DSu, 4, depicted in Figure 2, is the
tree of order n = 2(p+ ¢+ 1) obtained by connecting the centers of D.Su,, and DSu,
with an edge.

UV2p+1 V2p+2q+2

Up+1 V2p+q-+2

O O
Up4-2 %) U1 V2p+2  V2p+3 U2ptq+3

Figure 2. The (p, ¢)-double sun DSup 4.

The tree with exactly two vertices of degree greater than 2 is called a generalized
double sun. The vertex of degree greater than 2 is called a branched vertex. Let T be
a generalized double sun with branched vertices u and v. We call the path centered
at u (or v) a pendant path.

Conjecture 1.1 ([7]). Let T be a tree of order n. If n is odd, then the max-
imum Eg(T) is achieved for T being the (4(n — 1))-sun. If n is even, then the
maximum Eg(T) is achieved for T being the ([+(n —2)], [(n — 2)])-double sun.

In [1], [2], the authors present some families of graphs that satisfy Conjecture 1.1.
Motivated by them, in this work we show that the generalized double suns of odd
order satisfy Conjecture 1.1.

In Section 2, we give some lemmas. In Section 3, we present a few operations. In
Section 4, we show that generalized double suns of odd order satisfy Conjecture 1.1.
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2. PRELIMINARIES

Let G be a connected graph with vertex set V(G) and edge set E(G). Then its
Randi¢ index is given by

1
R_1(G) = _—
UUEZE:@ d(u)d(v)

Theorem 2.1 ([2]). Let p > 3, and Su, be the p-sun of order n = 2p + 1 as
depicted in Figure 1. Then Er(Su,) =2+ (p—1)V2 = (n—3)3v2+2.

Lemma 2.2 ([2]). Let G be a connected graph with the Randi¢ matrix R. Then

tr(R?) = 2R_1(G).

Lemma 2.3 ([2]). Let G be a graph with the Randié matrix R. Then

Er(G) < /(n— 1 — null(R))(tr(R2) — 1) + 1,

where null(R) is the nullity of the matrix R. Furthermore, if G is bipartite, then

Er(G) < /(n —2 —null(R))(tr(R2) — 2) + 2.

Lemma 2.4. Let T be a generalized double sun of order n with branched ver-
tices u and v.
(1) Ifd(u,v) > 2, then R_1(T) < $(n+1).
(2) If d(u,v) = 1, then R_1(T) < 4(n+ 2). In particular, if T has at least one
pendant vertex centered at u (or v), then R_1(T) < (n+1).

Proof. Denote d(u) =p+ 1, d(v) = g + 1, and there are s and ¢ pendant paths
centered at u and v, respectively, see Figure 3.

u v

Figure 3. Tree T'.
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(1) If d(u,v) > 2, then

1
R_1(T) = _—
vivgm dr (vi)dr(vj)
s p—s+1 p—s t q—t+1
= + +
p+1  2(p+1) 2 g+l 2g+1)
— —1-02p— 1)—(2¢g—t+1
Lt n-1-(p-st1)—(g—t+])
2 4
n+1 p—1 q—1 <n+1

S X
4 4p+1) 4(g+1) 4

(2) If d(u,v) = 1, then

1
RaD)= > oo

'uivjEE(T)
s D—S5 D—S5 t q—t qg—1
= + + + +
p+1 2(p+1) 2 g+1 2(¢g+1) 2
. 1 n—1—2p—s)—(2g—t)—1
(p+1Dg+1) 4
_n_,p-1t , a-1 pg+1
4 TAlp+1) A(g+1)  20p+1)(g+1)
n pq+1 n 1 n+2
—t < — 4 == .
4 2p+1)(g+1) 4 2 4

In particular, if T has at least one pendant path centered at u (or v), that is, s > 1
(or t > 1), then

n p—1 q—1 pqg+1
B =571 s ) T2+ DA D
n p-1 pg+1
4 4p+1) 20+ 1)(g+1)
~n 1 p—1 n+1
R TP} !
This completes the proof. ([
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3. SOME OPERATIONS

For a tree T and e = uv € E(T), we denote Ry(e) = Rr(uwv) = 1/(dr(u)dr(v)),
and we say that Ry (e) is the Randié value of the edge e. If oy = {e1,ea,...,er} is

k
a k-matching of T, we say that [[ Rr(e;) is the Randié value of the matching ay,
k i=1
and write Rp(ay) = [] Rr(e:).

i=1
Let T be a tree of order n. We use My(T') to denote the set of all k-matchings

of T for 1 < k < |in]. Then the Randi¢ characteristic polynomial of T' can be

written as
L5n]
er(T2) = el — R(T)| = 3 (~1)Fb(R(T), k)a"~2,
k=0
where b(R(T),0) = 1 and b(R(T),k) = ¥ Ry(ay) for 1<k < |4n].
ar €M (T)

It has been pointed out in paper (see [7]) that the Eg(T) of a tree T of order n
can be directly computed from its Randi¢ characteristic polynomial by means of the
Coulson integral formula:

L57]

) 2

Er(T) = % / %m {1 + 3 b(R(T),k)x%} dz
> k=1

It implies that Eg(T) is a strictly monotonically increasing function of b(R(T), k),
k=1,2,..., L%nj So the following lemma is clear.

Theorem 3.1. Let T7 and 1> be two trees of order n, and let their Randié char-

acteristic polynomials be

L3n)

pr(Th) = Y (—1)Fb(R(TY), k)a" 2",
k=0
137

er(To) = ) (=1)Fb(R(Tz), k)a" 2,

E
I
o

respectively. If b(R(Ty),k) > b(R(T),k) for all k > 1, then Eg(T1) > Er(T2).
Furthermore, if there is an integer number k such that b(R(T1),k) > b(R(T3), k),
then ER(Tl) > ER(TQ).
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Lemma 3.2. Let T and T be trees as depicted in Figure 4, where T is a subtree
of T with vy € V(T1), dr(v1) = dr(v1) +1 > 3. Let | be a positive integer number,
and let a and b be real numbers. Denote Np, (v1) = {u1,...,us}. Then

> (aRq(ar) = bRr(aw))

Oz],EM],(Tl)
=(a—0b) Z Rp(ay)
a;EM;(Tlfvl)
(a—b)s+a—2b
+ Z ) Br(ar—1).
S * 1 S * Q)dT(uz) o1 EM_1(T1—v1—u;)
U3
V2
@ R o
U1 V2 on U1 V4 V¢
T T’

Figure 4. Trees T' and T".

Proof. Note that

> Rp(a)

are M (Ty)
S
= Z Rr(ou) + Z R (viu) Z Rr(au-1)
a €M (T —v1) =1 o1 EMy_1 (T1—v1—uy)
- 1
= Z RT(al)+Zm Z RT(Oélfl)a
a €M (T —v1) i=1 T a1 €M1 (T1—v1—u;)
>, Br(w)
are M (Ty)
= Z Ry (oq) + Z Ry (v1u;) Z Ry (oq—1)
a €M (T1—v1) i=1 aj_1€EM_1(T1—v1—u;)
S
1
= 2 Rt o > Rr(ai—y).
€M (T1—v1) =1 TA\™ a1 EM;_1(T1—v1—uy)
It is easy to see that the lemma holds. O
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In Lemma 3.2, if we denote P = v5vg...v; with ¢ > 5, then similarly to the proof
of Lemma 3.2, for any positive integer number [ and real numbers a and b, we have

(3.1) > (aRp () — bRr(cr))

aleM;(TluP)

=(a—0) Z Ry (o)

a €M ((T1 —v1)UP)

+Z (a—Db)s+a—2b 3 Rer(au_s),

S + 1 S + 2 dT(u'L) aj—1€EMy_1((T1—v1—u; )UP)

and

(3.2) S (R (1) — bRr(o)
a;EM;,(Tl U(P*’UE)))

= (a — b) Z RT(O&[)
a €M ((T1—v1)U(P—wvs))
(a—b)s+a—2b
+ Z Z Rr(aj—1).

1)( 2)dp(u;
S+ S+ T(u ) ap—1EM 1 ((T1 —v1—u; )U(P—ws))

Lemma 3.3. Let T and T’ be trees of order n as depicted in Figure 5, where
dr(v1) = 3, Np(v1) has no pendant paths, and T} is a subtree of T with vy € V(T1).
Then ER(T) < (C/'R(T,).

Proof. Denote Nr(vy) = {va,u1,...,us}, where s > 2. Then

b(R(T"),1) = b(R(T), 1)

= Z Ryi(e) — Z Rr(e)
ecE(T") e€E(T)

S

= Z Ry (viu;) + Ry (v1v2) + Ry (v1v4) + Ry (vavs) + Ry (v4vs)

i=1
— Z RT(vlui) — RT(UlUQ) - RT(U2U3) - RT('UB'U4) - RT(U4U5)

s S

1 2 1 1
; (s + 2)dp(u;) + 2(s+2) +1- Z (s + 1)dr(u;) B 2(s+1) -1

=1

1 S
= —; GG +2drm) T 26+ D)6+2)

i=1

:m( ZdT )
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U3

U2

Operation 1
O =
U1 V2 U3 V4 Us U1 V4 Vs

Figure 5. Trees T and T’.

Note that s > 2, and Np(v1) has no pendant paths. Then dp(u;) > 2fori=1,...,s.
So b(R(T"),1) — b(R(T),1) > 0, that is, b(R(T"),1) > b(R(T), 1).
For 2 < k < [3n],

B(R(T), k)= > Rr(ax)

arEM(T)
= Z Ry (ax) + Rr(vivg) Z Ry (ak—1)
ar €My (Ty) ap_1EMy_1(T1—v1)

+ (Rr(vav3) + Ry (vsva) + Ry (vavs)) Z Ry (o—1)
ap_1EMp_1(Th)

+ Ry (vive)(Ry(vsva) + R (vavs)) Z Ry(o—2)
ap_2EMy_o(T1—v1)

+ Ry (vav3) Ry (v4vs) Z Rr(ak—2)
ap_2€EMyp_2(Th)
1

= Z RT(O"C)+72(5+1) Z Ry (k1)
ar €My (Ty) ap_1EMp_1(T1—v1)
3
+ > Rr(ak-1) + Sl > Rr(ak-2)

ap_1€EMp_1(T1)

1
+ g Z RT(ak72)7

agp_2€EMy_2(Th)

ap_2€EMy_o(T1—v1)

and
BR(T') k)= Y, Rplax)= Y, Rr(op)
akEMk(T’) akEMk(Tl)
+ (R (v1v2) + Ry (v1v4)) Z Ry (ag—1)

g 1EMp_1(T1—v1)

+ (R (v2u3) + Ry (v4vs)) Z Ry (ag—1)
ap_1EMp_1(Th)

+ (R (vive) Ry (vavs) + R (viva) Ry (v2v3)) Z R (p—2)
ap_2EMyp_o(T1—v1)
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+ Ry (vovs) Ry (v4vs) Z Ry (ag—2)
ap_2EMp_2(T1)

1
= Z Ry (o) + 12 Z Rr(ag—1)
ar €My (Ty) o1 EMp_1(T1—v1)
1
+ > Ry (o—1) + > Rr(ak-2)

2 2
ap_1EMp_1(T1) (S+ )

1
+ Z Z Ry (akfg).

ap_2€EMy_2(Th)

agp_2€EMy_o(T1—v1)

So

b(R(T'), k) — b(R(T), k)
= > (Br(an) = Rr(aw)) + > (Ro(a-r) = Rr(ar-1))

ap €My (T1) ap_1EMy_1(Th)

1 1
+ Z (ZRT’ (ag—2) — gRT(ak—Q))
ap_2€EMy_2(Th)

S
TR S > Ry (ok-1)
25+ D+2) =
s—2
+ eSS Z Rr(ag—2).

ap_2€EMy_2(T1—v1)

Applying Lemma 3.2 to the first three terms, respectively, we have

b(R(T"), k) = b(R(T), k)

S

‘ ~1
B ; (s + 1)(8 + Q)dT(ui) Z RT(Oék_l)

i= ap_1EMyp_1(T1—v1—u;)

S

+ ! Z Rr(ag—2)

;=1 (8 + 1)(8 + 2>dT(uz) ap—2EMp_o(Th—v1—u;)

Z Rr(ag—2)

g _2E€EMp_o(T1—v1)

’ ; 8(s + 1)(s + 2)dr(u;) > Re(—s)

Qg 3EMyp_3(T1—v1—u;)

<

+

|

S
TR S > Ry (ok-1)
25+ D+2) = )
s—2
+ SGIOGTD Z Rr(ag—2).

ap_2E€EMy_o(T1—v1)
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Since dp(u;) = 2 fori=1,...,s, we have

S

-1
” 2(S—’_l_—)&zs—’—%ouc_le/\/lg—:l(Tlv1)RT(O%_1),
- -1
; (s +1)(s + 2)dr(u;) a“emzz(:ﬂ_m_m) Rr(ag_2)
’ 2(’9+1_—)8(’S+2) ak_2emg_:2mvl> fir(an=z)
Note that
i;l 8(s + 1)(51 2)dr (u;) axgemkg(:ﬂvlui) fir(an=) =0

WV

(2(s+1)(s+2) B 2(8+1)(s+2)) Z Rr/(ag—1)

op_1EMp_1(T1—v1)

- = Ro(ay—
+ (8(5 TG+ 2t DG+2) 8) ak_ﬁME(Tlm r(ak-2)

52

8(8 * 1)(8 + 2) ak—2€M§:—2(T1v1)

The lemma follows by Theorem 3.1. (]

Lemma 3.4. Let T and T’ be trees of order n as depicted in Figure 6, where
dr(v1) = 3, Np(v1) has no pendant paths, and T} is a subtree of T with vy € V(T1).
Then ER(T) < ER(T,).

VU3

U2

Operation 11
O =4 O
U1 V2 V3 () Vs Ve U1 Vg Vs Vg

Figure 6. Trees T' and T".
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Proof. Denote Ny(vi) = {va, u1,...,us}, where s > 2. Then

b(R(T'),1) = b(R(T), 1)
= Z RT/(e)— Z RT(e)

e€E(T") c€E(T)

= Z Ry (viu;) + Ry (v1v2) + Ry (vivs) + Ry (vavs) + Ry (vavs) + Ry (vsv6)

i=1

— Y Rp(viw;) — Rr(v1v2) — Rr(vavs) — Rr(vsvs) — R (vsvs) — Ry (vsve)
i=1

1 2 5w 1 1 5
DDy pon o TSy Sl B DY pores v ovm ST pures s B

i=1 i=1

:m@_;ﬁ)

Note that s > 2, and Np(v1) has no pendant paths. Then dr(u;) > 2 fori=1,...,s.
So b(R(T"),1) — b(R(T),1) > 0, that is, b(R(T"),1) = b(R(T), 1).
For 2 <k < L%nJ,

b(R(T), k)
= Z Ry (ag) + Rr(vivz) Z Ry(og—-1)
apEM(Ty) op_1EMp_1(T1—v1)

+ (Rr(vavs) + Rr(vsva) + Rr(vavs) + Rr(vsve)) > Rr(ag-1)
op—1EMp_1(T1)

+ Rr(viv2)(Rr(v3vs) + Rr(vavs) + Rr(vsve)) > Rr(ag—2)
ap—2EMp—2(T1—v1)

+ Ry (vov3)(Rr(vavs) + Ry (vsvg)) Z Ry (ak—2)

op_2E€EMyp_2(T1)

+ Rr (U3U4)RT (’U5’U6) Z Ry (ak—Q)
ap_2E€EMyp_o(T1)

+ Ry (v1v2) Ry (vsva) Ry (vsve) Z Rr(ak—3)
o 3EMy_3(T1—v1)

= > Rr(m)+ 2(81+ . > Ry (k1)

ap €My (Tr) ag 1EMy_1(T1—v1)

5 1

— _ A — R _
+7 E Rr(og—1) + D) E T(k—2)

ap_1EMp_1(T1) agp—2€EMy_2(T1—v1)

5 1

il Rolom o) 4 — — Ry (o_s3),
1 Z T(ak—2) + 66 + 1) Z T(k—3)

ap_2€EMyp_2(T1) ap—3EMy_3(T1—v1)
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and

b(R(T"), k)
= Z Ry (ar) + (Rr(vivs) + Ry (v1v4)) Z Ry (ag—1)
ar €My (Ty) ap_1EMp_1(Th—v1)

+ (R (v2v3) + Ry (vavs) + R (vsve)) > Ry (ak-1)
o1 EMp_1(T1)

+ R (vivs) (R (v203) + Ry (vsv6)) > Rre(ax—2)
ap_2E€EMy_2(T1—v1)
+ Ry (v1v2) (Rr (vavs) + Ry (vsv6)) Z Ry (ay—2)

op_2EMyp_o(T1—v1)

+ Ry (v2v3) (R (vavs) + R (v506)) Z Rer(o—2)
ak_geMk—2(T1)
+ Ry (v104) Re (vovs) Ry (vs vg) > Rr(a—s)
o 3EMy_3(T1—v1)
1

= Z R (Ock) —+ m Z RT(Oékfl)

ar €My (Ty) o1 EMp_1(T1—v1)

5 7

— / _ A R _
+t1 > Ry (ok-1) + 512 > 7(ok—2)

o1 EMp_1(T1) ap_2EMyp_o(T1—v1)

3 1

— Ry _ A —— R _3).
t3 > 7 (g 2)+8(s—|—2) > r(ok—3)

ap_2€EMy_2(Th) ap—3EMy_3(T1—v1)

So
O(R(T'), k) — b(R(T), k)
= > (Re(aw) — Rr(aw))

€M (Ty)

+ Z Z (Rpr(ag—1) — Rr(ag—1))

ap_1EMy_1(Th)

3 5
+ E (gRT’ (a—2) — 1_6RT(041972))
op—2E€EMy_2(T1)

+ (H% - 2(51 1)) > R (en-1)

ap_1EMg_1(T1—v1)

7 1
i <8(s +2)  2(s+ 1)) > Rr(ay-2)

ag_2€EMy_2(T1—v1)

1 1
+ - Rr(an_3).
(8(5 +2)  16(s+ 1)) 0k3eM§:g,(T1_Ul) r(0k—3)
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Applying Lemma 3.2 to the first three terms, respectively, we have

b(R(T"), k) = b(R(T), k)

S

-1
- ; (s +1)(s +2)dr(u;) Z Ry(agk-1)

ap_1EMy_1(T1—v1—u;)

5o -1
" 1 ; (s +1)(s +2)dr(us) Z Ry(ag—2)

ap—2€EMy_o(T1—v1—u;)
- - o
3 16 T k—2
ap_2EMy_2(T1—v1)

- s—4
- ; 16(3 + 1)(8 + 2)dT(uz) Z RT(ak—??)

ap—3€EMy_3(T1—v1—u;)

+(§$§_2@110 > Rr(en-1)

ap_1EMp_1(T1—v1)

7 1
+(8@+2)_2@+1Q > Rr(ak-2)

ap_2EMyp_o(T1—v1)

1 1
- (8(8 +2)  16(s + 1)) Z Ry (og—s3).

g _3EMy_3(T1—v1)

Note that dp(u;) > 2 fori=1,...,s. So

S

—1
Z Z Ry(ag—1)
— (s +1)(s+2)dr(ui) s €M T 01 —0)
—5
> R — RT(ak—l)a
2(s+1)(s+2) ak_leM%:l(Tlvl)
: -1
Z Z Rr(ag—2)
i=1 (S + 1)(5 + 2)dT(U1) ap—2EMp_o(Ti—v1—u;)
—5
> > Ry (ag-2),
2(8 + 1)(8 * 2) ap_2€EMy_o(T1—v1)
s s—4
Rr(ak—3)
; 16(s+ 1)(s + 2)dp(u;) ak_3€Mk§Tlvlui)
0 if 5> 4,
> s(s—4)

e ) Rr(ap_s) if2<s<3.
32(8 + 1)(8 + 2) ak_ge./\/lk_;;(Tlfvl)
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Then

b(R(T"), k) = b(R(T), k)

1 1 S
> _ — R _
(s—|—2 2(s+1) 2(8—’_1)(8—’—2))%_16/\4;(%v1) r(-1)
(T L35
8(s+2) 2(s+1) 4 2(s+1)(s+2) 8 16
X Z Ry(o—2)
ap_2€EMy_o(T1—v1)
1 1
+ ( — ) Z RT(ak—B)
8(s+2) 16(s+1) o3 E Mo (Ty—v1)
0 if s >4,
+ s(s —4)
R Z RT(ak—B) if 2 <s < 3
32(8 + 1)(8 + 2) agp—3EMy_3(T1—v1)
82 — S Z R (a )
- ° =7 (02
1 1 2
6(s+1)(s+2) €M (T1—o2)
S
s D Rr(an_s) ifs >4,
n 16(5 + 1)(5 + 2) Ozk_;;EMk_g(Tlfvl)
s(s —2) .
- @ Z RT(akf?)) lf 2 < S < 3
32(5 + 1)(5 + 2) ak_;;EMk_g(Tlfvl)
=0

The lemma follows by Theorem 3.1.

Lemma 3.5. Let T and T' be trees of order n as depicted in Figure 7, where
t > 7, dr(v1) = 3, Np(v1) has no pendant paths, and Ty is a subtree of T with

V1 € V(Tl) Then gR(T) < gR(T/).

V2

U3

. Operation III
0 =
@Ul Vo V3 V4 U U1

T
Figure 7. Trees T' and T".
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Proof. Denote Np(vi) = {vo,u1,...,us}, where s > 2. Note that ¢t > 7,
dr(u;) =2 2fori=1,...,s,dp(v;) =1, and dp(v;) =2 for i = 2,...,t — 1. Then

Z RTI((E)— Z RT(G)

c€E(T") e€E(T)

B(R(T'),1) — b(R(T), 1)

= Z Ry (viu;) + Ry (v1v2) + Ry (v1v4) + Ry (vavs)

i=1
t—1 s t—1
+ Z Ry (vivigr) — Z Ry (viu;) — Z Ry (viviq1)
i—d i=1 i=1
= i ! L W e
- = (s+2)dr(u) s +2 4
B Z 1 1 t=3 1
— (s+1)dp(u;) 2(s+1) 4 2
1 5 e 1
= - [ - — 2 07
(s+1)(s+2)(2 ;dT(uz))

that is, b(R(T"),1) > b(R(T), 1).
To prove that b(R(T"),k) > b(R(T),k) for 2 < k < [4n], we denote P =
vs ... 04—10¢. Then for 2 < k < L%n],

b(R(T), k) = Z Ry (ag) + Rr(vivg) Z Ry(o—1)

akEMk(TIUP) ak_1€Mk_1((T17v1)UP)

+ (Rr(v2v3) + Rr(vsvy)) > Rp(ag—1)

ap_1EMp_1(T1UP)

+ Ry (v4vs) Z Rr(ak-1)

ag—1€EMi_1(T1U(P—vs5))

+ Ry (vive) Ry (v3vs) > Ry(o—2)
agp_2€EMy_o((T1—v1)UP)

+ Ry (vive) Ry (vavs) Z Rr(ok-2)

op—2EMp_o((Th—v1)U(P—vs))

+ Rr(vavs) Ry (vavs) Z Rr(og—2)

ap—2EMyp_o2(ThU(P—vs))

— > Rel(a)+ 2(51+ 0 > Rr(ak-1)

a €My (T1UP) ag—1€EMg_1((T1—v1)UP)

+ % > Ry (og—1) + i > Rr(ay-1)

ak_1EMp_1(T1UP) ap—1EMp_1(THU(P—vs))
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1
R _
+ B+ 1 Z (o 2)
ap_2€EMy_o((T1—v1)UP)
1
8(8 + 1 a}c_QeMk_Q((Tl7’[)1)U(P7’U5))
1

+ 1—6 Z RT(ak—Q)a
ak_QEMk—Q(TIU(P7v5))

+

Rr(ag—2)

and

b(R(T'), k) = > Rof(a)

akEMk(TIUP)

+ (Rr(viva) + Ry (viv2)) Z R (1)
ak_leMk_1((T1*’U1)UP)

+ Ry (vav3) > Ry (ak-1)

ag_1EMi_1(T1UP)

+ Ry (v4v5) Z Ry (ag-1)

ak71€Mk—1(T1U(P_7)5))

+ Ry (v1vg) Ry (v2v3) > Ry (ak-2)
ak_QEMk_Q((Tlf’Ul)UP)

+ Ry (v1v2) Ry (v4v5) > Ry (ou—2)
ap_2EMp_2((T1—v1)U(P—wvs))

+ R (vgvg)RT/ (1)4’[)5) Z Ry (ak72)
ap_2EMj_o(ThU(P—vs))

1
= Z Ry (ag) + P Z Rr(ak-1)
apEM(T1UP) ap-1EMi—1((T1—v1)UP)

1
+3 > Ry (o-1)

agp_1EMy_1(T1UP)

Z Ry (og—1)

(kaleMk—l(Tlu(P_US))

1
T iG+2) 2 fer()

ag—2€EMy_2((T1—v1)UP)

1
TR e+ 2) 2 Br(cs—2)

ag_2E€EMp_2((T1—v1)U(P—vs))

+

1=

Z Ry (ag—2).

(kazeMk—z(Tlu(P_US))

0| —
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So

b(R(T'), k) = b(R(T), k)

= Z RT/ (Oék) — Z RT(ak)

apEM(THUP) arEM (THUP)

S
T 3 Re(a 1)
2(8 * 1)(8 + 2) ap_1EMp_1((T1—v1)UP)

Z Ry (o—1)

ak_leMk_l(TluP)

Z Rr(akg—1)

ak_leMk_l(TluP)

Z Ry (ag-1)

o1 EMp_1(THU(P—vs))

Rr(ag—1)
ap_1EMy_1(T1U(P—vs))

N =

+

N =

+

N

+ m Z RT(Oék—Q)

S

8 ) ap_2EMy_o((Th—v1)UP)
1

8 )

L )3 Re(ax»)
(S +1 (S +2 ap_2€EMp_o((T1—v1)U(P—wvs))
1

+3 Ry (o—2)
ap_2€My_o(T1U(P—vs))

1
ST Rr(ag—2).
ak_QEMk—Z(TIU(P7v5))

~—

Applying equation (3.1) to the first two terms and the fourth and fifth terms, re-
spectively, we have

Z RT/(ak) — Z RT(Oék)

arEM(TLUP) arEM(T1UP)
> -1
= ) Rr(ax-1),
i=1 (S + 1)(8 T 2)dT(ui) ag—1EMy_1((T1—v1—u; )UP)
and
1 1
3 Z Ry (ag-1) — 3 Z Rr(ag-1)
ak—lEMk—l(TIUP) ak_1€Mk_1(T1UP)
- -1
= ) Rr(ax-2).
£ (s +1)(s + 2)dr () ot 2 M2l (Tr—v1—us)UP)
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Applying equation (3.2) to the sixth and seventh terms, and the tenth and eleventh
terms, respectively, we have

1 1
Z Z RT/(Oék—l) - Z Z RT(ak—l)
ap_1EMp_1(T1U(P—ws)) ap_1EMy_1(T1U(P—ws))
- -1
- Z Z Ry(ag—2),
i=1 4(s+ 1)(s + 2)dr(u;) an—2EMp_a((Ti—v1—ui)U(P—vs))
and
: > Ry (on—s) — > Ry (ag_s)
8 T/ (O —2 16 (s
k=2 E€My—2(TLU(P—vs) ag—2EMy_2(T1U(P—vs))
1
B E Z RT(Oékfz)
ap—2EMy_o((T1 —v1)U(P—vs))
> S
2 > Rr(ak-s).
i=1 16(5 + 1)(5 + Q)dT('U:'L) ap_2E€EMyp_o((T1—v1—u;)U(P—wvs))
Then

b(R(T"), k) — b(R(T), k)

S

~1
i ; (s D+ Z)dT(ui) O’kle./\/tklgT:l—vl—Ui)UP) fir(e)

" m ak_lEMk—lz(%Tlvl)UP) RT(ak—1>

- ~1
YL d A e

- ~1
' ; As + (s + 2)dr(u) ak—2€Mk—2((le;)1ui)U(Pv5)) fer{e)
" m ak2€Mk§(:(T1—yl)Up) RT(ak72)
+ (55~ m) > Re ()

ap—2EMy_o((T1 —v1)U(P—vs))

i ; 16(s + 1)(s + 2)dr (u;) Z Rry(ag—3).

ap—3EMy_3((T1 —v1—u; )U(P—vs5))
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Denote b(R(T"),k) — b(R(T),k) = D1(k) + D2(k), where D;(k) expresses the
algebraic sum of the first two terms and Dy (k) the algebraic sum of the remaining
terms. Note that dr(u;) >2fori=1,...,s. So

S

~1
Z (s +1)(s + 2)dr(u;) Z Br(ak-1)

i=1 ap—1EMp_1((T1 —vi—u; )UP)

—S
S — ) Rr(op1).
2(8 * 1)(8 + 2) ap_1EMp_1((T1—v1)UP)
Then Dy (k) > 0.
For Ds(k), noting that

Z Rr(ag—2)

agp_2€EMy_o((T1—v1—u;)UP)

- Z Rr(ak—2)
ap_2EMyp_2((T1—v1—u; )U(P—vs))

+ Ry (vsvg) Z Ry (o—3)
ap—3E€EMy_3((T1 —v1—u;)U(P—v5—vs))

= Z Ry (og—2)

ag—2€EMy_2((T1 —v1—u;)U(P—wvs))

+ i > Rr(ak-3)

ap—3EMp_3((T1—v1—ui)U(P—vs5—ve))

and

Z Rr(ag—2)

ap_2€EMp_o((T1—v1)UP)

= Z Ry(ag—2)

ap_2EMp_o((Th—v1)U(P—vs))

+ Ry (vsve) > Rr(ak-3)
ag—3E€EMy_3((T1 —v1)U(P—v5—v6))

= > Rr(ak-2)

ap—2€EMp_2((T1—v1)U(P—wvs))

1
+7 > Rr(ow-3),

ap—3EMp_3((T1—v1)U(P—v5—vs))
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then

s 1
Da(k) = ; 2(s + 1)(s + 2)dr(ui)
y Z Rr(og—2)

ag—2EMy_2((T1 —vi—u; )U(P—vs))
1
+7 > RT(ng))
ap—3EMp_3((T1—v1—ui)U(P—vs5—ve))

s -1
+ Ry (og—2)
Z 4(8 + 1)(8 + 2)dT(Uz) ak_QEMk_2((T1z;)1ﬂi)U(Pv5))

- 8 ( 3 Rr(ak—2)

b
1 2
8(s+1)(s+2) Q2 €Mz ((T1 —v1)U(P—vs))
3 RT(ak_s))
ak—3EMy—3((T1—v1)U(P—v5—v6))
s(s+3) 3

_ sls+9) Rr(og-—2)
16(8 + 1)(8 + 2) ap—2EMy_2((T1—v1)U(P—vs))

S
s
NS S Ry (ak-3)
i=1 16(8 + 1)(8 + Q)dT(uz) ap—3EMy_3((T1 —v1—ui)U(P—vs))

_ Z . -3 Z Rr(ag—2)

1 2 i
(S +1)(s+ )dT(ui) ap_2EMy_o2((T1—v1—ui)U(P—wvs))

+

] =

s(s +5) Z
_ s(s+5) Rr(og-—2)
16(8 + 1)(8 + 2) ag—26My_2((Th —v1)U(P—vs))
S
-1

N Z Z Ry(o—3)

SECANCADIET i o o ene

S

P S Ry (au—3)

32(s+1)(s+2) ap_3EMp_3((T1—v1)U(P—v5—v6))

s s
S S s
P 16(8 + 1)(5 + 2)dT(ui) ap_3EMy_3((T1—v1—u;)U(P—wvs5))

Dividing the third term into two terms, and noting that s > 2, and dr(u;) > 2 for

i=1,...,s, we have
Ds(k) = i: A(s + 1)(5_4?i 2)dr(u;) Z firiu)
i=1 T ap—2€Mp—2((T1 —v1—ui)U(P—vs))
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s(s+5) Z Re(an_2)

16(8 + 1)(8 * 2) ag—2€EMy_2((T1—v1)U(P—vs5))

: ; 16(s+ 1)(;1 2)dr (us) ap_3EMp_3((T1—v1—u; )U(P—vs—vg)) Frlon-s)
' ; 16(s + 1)(;1 2)dr (us) aHeMk3<<T1—§v;—m>u<P—U5_vs>> fir(ar=s)
: m ak_geMk_s((le;l)u(vavﬁ)) fir(an=s)
" ; 16(s + 1)(ss+ 2)dr (u;) O‘k3€Mk3((T1§—:v1—u,1)u(P_U5)) Rr(ak-3)
” 8(84__1—;1—’—2) Oék2€Mk2(g1:—U1)U(P—U5)) fir(=2)
(s+5)
16(:+81—J)r(i+2) ak_QeMk_2((zT;vl)U(Pv5)) Rr(a-2)
: 32(8—'—_1—;(54_2) (Ykgeng((T;Jl)U(P—vS—vG)) fer{ar-s)
' ; 16(s+ 1)(;1 2)dr (us) ak—sEMk—iS((le;Jlui)U(Pvg))) RT(ak_g)
’ m ak_geMk_s((le;l)u(vavﬁ)) fir(an=s)
i ; 16(s+ 1)(SS+ 2)dr (us) ap_3EMp_s((T1—vi—ui)U(P—vs)) Firlen—s)
(s =1
) 16(::1—)(,19+2) aszMk2((§T1:—U1)U(P—U5)) fir-s)
i ; 16(s+ 1)8(8——:2)dT(ui) ap_3EMp_s((T1—v1—ui)U(P—vs)) Firlen—s)

= 0.

So far, we get that b(R(T"), k) — b(R(T), k) = D1 (k) + Da(k) > 0 for 2 < k < [4n].
The lemma follows by Theorem 3.1. 0

Lemma 3.6. Let T and T' be trees of order n as depicted in Figure 8, where T}
is a subtree of T with v1 € V(T1), dr(vi) = 3, and Nr(v1) does not contain any
pendant path. Then Eg(T) < Er(T).
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v7

Vg Vg

Operation IV
=

O
U1 V2 V3 V4 U1 V2 U3 Vg v7

Figure 8. Trees T' and T".

Proof. Denote dr(v1) = s. It is easy to see that b(R(T"),1) = b(R(T),1). For
2 <k < [4n),

b(R(T), k)
= Z Ry (ag) + (Rr(viv2) + Rr(vivs)) Z Ry(o—1)
o €My (Th) ap_1EMp_1(T1—v1)

+ (Rr(vavs) + Rr(vsva) + Rr(vsvs) + Rr(vevr)) > Rr(ak-1)
ak—1EMg_1(T1)

+ RT(’U1’02)(RT(U5UG) + RT('UG'U7) + RT(’U3’U4)) Z RT(ak,Q)
ag_2EMyp_2(T1—v1)
+ RT(’Ul’Ug,)(RT(UQUg) + RT(’U3’U4) + RT(’UG’U7)) Z RT(ak,Q)

ap_2€EMy_2(T1—v1)

+ (RT(U2U3) + RT(’U3U4))(RT(’U5U6) + RT(’Ug’U7)) Z RT(Oék»_Q)
agp_2€EMyp_2(Th)

+ Ry (v1v2) Ry (vsva)(Rr(vsvs) + Rr(vevr)) Z Ry (o—3)
ap_3EMy_3(T1—v1)
+ RT(U1U5)RT(U(;U7)(RT(’UQ’U3) + RT(1)31)4)) Z RT(Oékfg)

ap_3EMy_3(T1—v1)

1
= E Rr(ag) + B E Ry(ag-1)
ar €My (Ty) ap_1EMp_1(T1—v1)

+ ; Z Rr(ak-1)

ap_1EMp_1(T1)

5
+ 1 Z Rr(ak—2)

ap_2E€EMy_o(T1—v1)

+ 2 Z Rr(ak-2)

ap_2€EMy_o(Th)

42 > Rr(ow-3),

o 3EMy_3(T1—v1)
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and

b(R(T'), k)
- Z Ry (o) + (R (vive) + Ry (vivs)) Z R (ag-1)
apEM(Th) k-1 EMy—1(Tr—v1)

+ (R (v2v3) + Ry (v3v4) + R (vavy) + Ry (v5v6)) Z Rer(ax-1)
Qg1 EMk—l(Tl)

+ R (v1v2) (R (vsva) + Ry (vav7) + R (vsve)) Z R (e—2)
ap_2E€EMyg_o(T1—v1)
+ R (v1vs) (R (v2v3) + Ry (vsvs) + R (vavr)) Z R (e—2)

ap_2EMyp_o(T1—v1)

+ Ry (vsv6) (R (v2v3) + R (v3va) + R (vavr)) Z R (o—2)
ak_geMk—2(T1)

+ Ry (vaus) Ryr (vavr) Z Ry (og—2)
op_2E€EMy_2(T1)

+ Ry (v1v2) Ry (v5v6) (R (v3v4) + R (vav7)) Z R (—3)
ap_3EMy_3(T1—v1)
+ R (v1v5) Ry (vav3) Ry (vav7) > R (o)

ap_3EMy_g(T1—v1)
+ Ry (vsve) Ry (v2vs) Ry (vav7) Z Ry (ag-3)

ak_;;EMk—:}(Tl)

= Z Ry (ak) + é Z Ry (O‘kfl)

ar €M (Th) ap—1EMp_1(T1—v1)

3
+3 Z Ry (ag—1)

ak_1€Mk—1(T1)

+ g Z Ry (ag—2) + g Z Ry (ag—2)

8s
ap_2E€EMy_2(T1—v1) op—2E€EMy_2(T1)
1 1
+ e Z Ry (o—3) + 6 Z Ry (ou—3).
ap_3EMy_3(T1—v1) ap_3EMy_3(T1)
So
b(R(T"), k) — b(R(T), k)
1
= "% Z Rr(ag—2) + T Z Rr(ag—2)
ap_2EMy_o(T1—v1) ap_2€My_o(T1)
1 1
_ _ il _3)>0.
s Z Rr(og—3) + 16 Z Rr(og—3) >0
g _3EMy_3(T1—v1) ap_3€EMy_3(Tr)
The lemma follows by Theorem 3.1. 0
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4. GENERALIZED DOUBLE SUNS OF ODD ORDER

In this section, we will show that generalized double suns of odd order satisfy
Conjecture 1.1.

Theorem 4.1. Let n be odd, and T be a generalized double sun of order n with
branched vertices u and v. If one of the following conditions holds, then

V2
ER(T) < (n — 3)7 +2= ER(Su(n-i-l)/Q)'

(1) d(u,v) = 2;

(2) d(u,v) =1 and T has at least one pendant path centered at u (or v);

(3) d(u,v) =1 and there are at least three pendant paths of odd I > 3 centered at
the same branched vertex.

Proof. If condition (1) or (2) holds, then by Lemmas 2.2 and 2.4, we have
R_y(T) < X(n+1), and tr(R?) = 2R_1(T) < 3(n+1). Since n is odd, we have
null(R) > 1. By Lemma 2.3,

Er(T) < v/(n—2 —null(R))(tr(R2) — 2) +2 < \/(n — 3)(

z(n—3)§+2.

—2)+2

If condition (3) holds, then by Lemmas 2.2 and 2.4, R_1(T) < 1(n + 2), and
tr(R?) = 2R_1(T) < 3(n+2). Since that n is odd and there are at least three
pendant paths of odd length | > 3 centered at the same branched vertex, we have
null(R) > 2. By Lemma 2.3,

Er(T) < /(n — 2 — null(R))(tr(R2) — 2) + 2 < \/(n - 4)(” ;L 2 _ 2) 12
< (n-— 3)? +2.
The theorem now follows. (I

Theorem 4.2. Let p > 2, g > 2, and T be a tree of order n = 2p + 2q + 3 as
depicted in Figure 9. Then Er(T) < 2+ (n — 3)3V/2.

308



V2p+2¢+3

V2p+1 V2p+2q+2
V2p+2¢+1
Up+1 V2p+q+2

O O
Up+2 U2 U1 U2pt2 U2p+3 U2ptat3

Figure 9. A tree T of order 2p + 2q + 3.

Proof. After some calculations, we have

2T — VZR(T)| = g (x(mQ —1pp - B2 1)p—1)

p+1
(Bl )
_ q_’_ﬁl(ﬁ _ 1)q)
G )

= x(z? = 2)(z? — 1)PTa—3
(6 g +5p+5¢+7 , 6pg+4p+3¢+9 ,
X — X X
2(p+1)(g+ 1) 2(p+1)(g+ 1)

_ﬁ)
(p+1)(g+1)/
Denote
s Tog+5p+5q+7 5, 6pg+4p+3g+9 p+2
fly)=y° -

20+ D(g+1) 7 " 20+ D)@+ ¢ p+D@+1)

Suppose the three roots of f(y) are yi, y2, and y3. Then the eigenvalues of
V2R(T) are
0,+v2,41,...,+1, +/y1, £/¥2, £/¥3,
Y Y Y
p+q—3

and the eigenvalues of R(T") a

O

pt+q— 3

Note that n = 2p + 2¢ + 3. Then

Er(T) = 2+ V2(p+q—3+ Vi + Vi +Vi5) = 2+\/§(”T_9+\/y—1+\/y—2+\/y—3).
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In the following, we will estimate the value of \/y1 + \/y2 + /3. Denote

Y=Vyi+Vy2+vys, A=yi+ye+ys, B=uyiy2+yus+u1ys, C=uyiyays.
From the relationship between roots and coefficients, we have

A_?pq+5p+5q+7 _ bpg+4p+3q+9 p+2

2p+1)(¢+1) 7 7 20+ 1)(g+1) ] (p+1)(g+1)

Note that

_ Tpq+5p+5q+7 _ 6pg+4p+3q+9
2(p+1)(g+1) 2(p+1)(g+1)
(p+1)(g+1) “3p+1) 3 p+1 9

7
5; <3;

We have

Y2 =1 + o+ ys + 25102 + 2v/420s + 20105 = A+ 2(VUiyz + V20 + VY1Ys)

7
<5 +2(Vo + Viays + Vs),

and

2
(\/ylyQ +VY2y3 + \/y1y3) = Y1Y2 + Y2y3 + Y193 + 2/Y1Y2Y3 (\/y1 + /Y2 + \/yg)
4
=B+2\/CY<3+§Y.

Then
Y? < g +21/3+§Y, 12Y% — 84Y2 — 64Y + 3 < 0.
Denote
g(Y) =12Y"* — 84Y? — 64Y + 3.
Since

g (V) =48Y? — 168Y — 64,

with the help of Matlab, it is easy to see that Yy = 2.03818 is the only positive zero
of ¢'(Y), and that ¢'(Y) <0 for 0 <Y < Yp, and ¢/(Y) > 0 for Y > Yj. Note that
9(2.96) <0, and ¢(2.97) > 0. So Y < 2.97, that is, \/y1 + /¥2 + /¥3 < 2.97. Thus

Er(T) <2+ \/i(nT_g n 2.97),

and so

2+?(n—3)—5R(T)>1im\/§>o.

This completes the proof. O
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Theorem 4.3. Let n be odd, and T' be a generalized double sun of order n. Then

V2
ER(T) < (n — 3)7 +2= ER(Su(n-i-l)/Q)'

Proof. Denote the two branched vertices of T' by u and v. If one of the following

conditions holds, then the result holds by Theorem 4.1.

(1) d(u,v) = 2;

(2) d(u,v) =1 and T has at least one pendant path of length 1;

(3) d(u,v) =1 and there are at least three pendant paths of odd [ > 3 centered at

the same branched vertex.

Now, suppose that d(u,v) = 1, T has no pendant path of length 1, and there are
at most two pendant paths of odd | > 3 centered at the same branched vertex.
Since n is odd, it is clear that the number of pendant paths of odd length is odd. By
Lemmas 3.3, 3.4, 3.5, we have Eg(T) < Er(TW), or Er(T) < Er(TP), where T(*)
and T are depicted in Figure 10.

Po o 7 0q Po 0q

T T2)

:>u ‘ o

T3)
Figure 10. Three trees of order n for d(u,v) = 1.

By Lemmas 3.6, 3.3, and Theorem 4.2, Ex(TM) < Ex(T®)) < Er(Su(nt1)/2). By
Theorem 4.2, Eg(T?) < ER(Su(ni1)/2)-
The theorem now follows. O
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