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Abstract. The space HK of Henstock-Kurzweil integrable functions on [a,b] is the un-
countable union of Fréchet spaces H/X(X). In this paper, on each Fréchet space HK(X),
an F-norm is defined for a continuous linear operator. Hence, many important results in
functional analysis, like the Banach-Steinhaus theorem, the open mapping theorem and the
closed graph theorem, hold for the H/XC(X) space. It is known that every control-convergent
sequence in the HK space always belongs to a HX(X) space for some X. We illustrate
how to apply results for Fréchet spaces HK(X) to control-convergent sequences in the HK
space. Examples of compact linear operators are given. Existence of solutions to linear and
Hammerstein integral equations is proved.

Keywords: compact operator; integral equation; controlled convergence; Henstock-
Kurzweil integral
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1. PRELIMINARIES

Let HK be the space of all Henstock-Kurzweil integrable functions defined on
a compact interval [a,b] of the real line. It is well-known that the HK space can

be normed by the Alexiewicz norm || f|| = sup | [7 f(¢)dt|. Unfortunately, it is
z€a,b]
not complete under this norm. Moreover, there is no natural Banach norm on the

space H/C; for examples, see [8], [22]. In this paper we will overcome this shortcoming
by considering subspaces H/C(X), which are defined as follows:
Let X = {X;} be a sequence of closed subsets of [a,b] such that X; C X1

and a,b € X; for each i € N, while [a,b] = |J X;. A function F is AC*(X;) if
iEN
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for each € > 0 there is 7 > 0 such that for every partial partition P = {[u;, v;]:

m
j=1,2,...,m} of [a,b] with u; or v; € X; for each j, which satisfy ) |v; —u;| <,
m =1
we have Y w(F;[uj,v;]) < e, where
j=1

w(F; [uj,v;]) = sup{|F(y) = F(2)|: 2,y € [u;, v]},

see [12], pages 27 and 32. Let X be the family of all X such that X; C X;41

and a,b € X;, for each ¢ € N, while [a,0] = |J X;. For each X € X, let HK(X)
i€N
be the space of all Henstock-Kurzweil integrable functions defined on [a,b] such
that its primitive function is AC*(X;) for each i. Clearly, HK = |J HK(X).
xex

€
Suppose f € HK(X) and g € HK(Y). Then f € HK(X) C HK(X NY) and
g € HK(Y) CHK(X NY), where X NY ={X;NY,};;. Thus, f,g e HK(X NY).

For brevity, a partial division P = {[u;,v;]: j=1,2,...,m}and Y |F(v;)—F(u;)]
j=1
in this paper are often written as P = {[u,v|} and }_ |F(v) — F(u)|, respectively.
P

Let a sequence X = {X,;} € X be fixed. If f € HK(X) and F is its primitive,
then F is AC*(X;) for each X; € X and

X =su v) — F(u)| = su
IF1IF = PPXP:IF() F(u)| szpj

IR dt\ <o,

where the supremum is taken over all partial partitions P = {[u,v]} of [a,b] with
u € X; or v € X; for each subinterval [u,v] € P, see [5], [22]. Thus, the sequence of
semi-norms {||f||X} with f € HK(X) is increasing since X; C X;41 for all 4. Define

SElilh

X _ i
I =2 5y
i=1 3

Then |[|-||¥ is an F-norm and HA(X) is a metrisable locally convex space generated
by the increasing sequence of norms {||-||X}, see [9], pages 202-205. In this paper,
the space HK(X) is always supposed to be equipped with F-norm |[|-||¥. We also
denote the Alexiewicz norm of f by ||f|| = sup |fax f(t)dt|. Recall a € X;. Hence,
£ < IIF1IX. Thus, || f]|X in fact is a norm <"

Definition 1.1 ([12], page 39). A sequence of functions { f,, } is said to be control-
convergent to f on [a,b] if the following conditions are satisfied:

(i) fn(x) = f(x) almost everywhere in [a, b] as n — oo, where each f,, is Henstock
integrable on [a, b].
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(ii) The primitives F, of f,, are ACG* uniformly in n, i.e., [a,b] is the union
of a sequence of closed sets X; such that on each X; the function F, is AC*(X;)
uniformly in n, in other words, 7 > 0 in the definition of AC*(X;) is independent of n.

(iii) The primitives F,, converge uniformly on [a, b].

The following four theorems (Theorems 1.2-1.5) are given in [5]. However, these
four theorems are proved for the space of Denjoy integrable functions. The Denjoy
and HK integrals are equivalent, see [12], Theorems 6.12 and 6.13. Therefore, these
four theorems also hold for the space HX. In [5], the space of Denjoy integrable
functions on [a,b] is denoted by D and X = {X,} is denoted by A. Furthermore,
in [5], page 520, if f € D(A) and F is its primitive, then F' is assumed to have
bounded variation (in the restricted sense) on each X;. In fact, in [5], page 518, F is
AC*(X;) for each X;. In this paper, we assume F' is AC*(X;) instead of F' being of
bounded variation on each X;.

Theorem 1.2 ([5], Theorem 3.1). A sequence { f,} is Cauchy (or convergent to f)
in the space HK(X) with the norm |-|| X if and only if { f,,} is Cauchy (or convergent
to f) in the space HK(X) with the norm ||-||X for all i.

Theorem 1.3 ([5], Theorem 3.3 (a)). If a sequence {f,} is ||| X-convergent to f
in the HK(X) space, then there exists a subsequence { f,,, } of {f,} which is control-
convergent to f in the HIC space.

Theorem 1.4 ([5], Theorem 3.3 (b)). If a sequence { f,,} is control-convergent to f
in the HK space, then there are X € X and f € HK(X) such that {f,} C HK(X)
and {f,} tends to f in HK(X).

Theorem 1.5 ([5], Theorem 3.4). The space HK(X) is complete under ||-||X.

2. CONTINUOUS LINEAR OPERATORS IN HK(X) AND H/C SPACES

Let T: HK(X) — HK(X) be linear. Suppose T is continuous under |-[|¥ for
each i. Define

[Tl LTI

e HK(X d ||T|* = S Ll [ A
I ¢ ERKO} and ITIF =3

71 = sup{

i=1

Thus, ||T]| is an F-norm of T. Note that ||T¢[|X < ||T]|X| ¢l for all ¢ if T
is ||-||;*-continuous. The operator T is continuous under [-||X if and only if T is
continuous under ||-[|X for each i. However, the inequality

1Tl < ITI* el ™
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may not be true. Because ||-||X is not a norm, it is an F-norm and ||| X # ||| X.
In this paper, to prove results for ||-|| X, we always prove the corresponding results for
norms ||-||X for each i first. Let B(HK (X)) be the space of all continuous operators
from HK(X) to HA(X) with F-norm ||-||X. Let (HX(X))* be the space of continuous
linear functionals defined on HI(X).

Theorem 2.1. B(HK(X)) and (HK(X))* are complete.
Proof. The proof is standard, see [18], page 221, Proposition 3. (]

It is known that control-convergence is one of the best convergences in the HK
space. On the other hand, from Theorems 1.3 and 1.4, control-convergence is related
to ||| X-convergence. So we define the continuity of an operator T: HK — HK as
follows. Let T: HK — HK. Then T is said to be control-continuous if {T(¢,)} is
control-convergent to T whenever {¢,, } is control-convergent to ¢ in the HX space.
From Theorems 1.3 and 1.4, we have:

Theorem 2.2. Let T: HK — HK be linear and T: HK(X) — HK(X) for all
X € X. Then T: HK — HK is control-continuous if and only if for each X € X,
T: HK(X) — HK(X) is ||| -continuous.

Let T: HK — (B, ||||s), where (B, ||-||z) is a Banach space. The operator T is
said to be control-continuous if |T'¢, — T¢|lp — 0 as n — oo for each {y,} which
control-converges to ¢ in the space HX. By Theorems 1.3 and 1.4, we have:

Theorem 2.3. Let T: HK — (B, |||s) be linear. Then T: HK — (B,|-||5)
is control-continuous if and only if for each X € X, T: HK(X) — (B,|||s) is

continuous.

Theorem 2.4 (Banach-Steinhaus Theorem). For each n, let T,: HK(X) —
HK(X) for all X € X and T,,: HK — HK be linear and control-continuous.
If for each ¢ € HK, {T,¢} is control-convergent to Ty in the HIK space, then
T: HK — HK is a control-continuous linear operator.

Proof. First, we shall show that T is continuous in each Fréchet space HI(X)
under the F-norm |-|X, by the classical Banach-Steinhaus Theorem for Fréchet
spaces. Note that T,,: HK(X) — HK(X) for each n. Let ¢ € HK(X). The
sequence {7, ¢} is control-convergent to T'¢ in the HI(X) space. By Theorem 1.4,
for each ¢ € HK(X), [|[The — To||¥ — 0 as n — co. By the classical Banach-
Steinhaus Theorem, T: HK(X) — HK(X) is ||||*-continuous. By Theorem 2.2,
T: HK — HK is control-continuous. O
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By Theorem 2.2 and the classical open mapping theorem for Fréchet spaces we
have:

Theorem 2.5 (Open Mapping Theorem). Let T: HK — HK be a control-
continuous linear operator and for each X € X, T: HK(X) — HK(X) be surjective.
Then T is an open mapping in the sense that for each X € X, T(Q) is open in HK(X)
whenever G is open in HI(X).

By Theorems 2.2 and 2.5 we have:

Theorem 2.6 (Bounded Inverse Theorem). Let T: HK — HK be a control-
continuous linear operator and for each X € X, T: HK(X) — HI(X) be bijective.
Then T—': HK — HK is control-continuous.

Theorem 2.7 (Closed Graph Theorem). Let T: HK — HK and T: HK(X) —
HK(X) for each X € X. Suppose that T has the property that whenever {,} is
control-convergent to ¢ in H/IC and T'p,, is control-convergent to i, Ty = . Then T
is control-continuous.

Proof. We shall apply the classical closed graph theorem to the H/X(X) space.
Let || fo—f||* — Oand | T f,—g||* — 0asn — co. Then by Theorem 1.3, there exists
a subsequence {fy, } of {fn} such that {f,, } is control-convergent to f and {T'f,, }
is control-convergent to g. By the given condition, T'f = g. By the classical closed
graph theorem, T: HK(X) — HK(X) is ||||*-continuous. By Theorem 2.2, T':
HK — HK is control-continuous. O

Remark 2.8. The above four theorems (Theorems 2.4-2.7) hold true for lin-
ear operators from the HXC space to a Banach space (B, ||:||g). For example, by
Theorem 2.3, we have:

Theorem 2.9 (Banach-Steinhaus Theorem). For eachn, let T,,: HK — (B, ||-||5)
be a control-continuous linear operator. Suppose for each ¢ € HK, | T,po—T |z — 0
asn — oo. Then T: HK — (B, ||-||B) is control-continuous.

Topology for the H/ space has been discussed in [1], [3], [5], [8], [11], [13], [14],
[17], [19], [22]. Let BV [a,b] be the space of functions of bounded variation on [a, b].
If g € BV|a, b], then V(g) denotes the total variation of g on [a, b]. Define ||g||pv =
V(g) + |g(d)]. It is known that if f € HK and g € BV[a, b], then |fab f(z)g(x)dz| <
£ llllgllzv, see [12], page 74, where || f|| = sup | [ f(t)dt].

z€a,b]
Recall that if p € HK(X), |l¢l| < [l¢|X for all i. By Theorem 1.2 and the
above inequality, ||-||X-convergence implies ||-||-convergence. Thus, if G: HK — R is
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a ||-||-continuous linear functional, then G is ||-||¥-continuous. Hence, G is control-
continuous by Theorem 1.4. The converse is also true, see [12], page 103. Hence, the
norm continuity and control-continuity of a linear functional on the HIC spaces are
equivalent.

Example 2.10. Let T;,: HK — R be defined by T,(¢) = fab gn()p(z) da,
where g, € BV[a,b]. Then T, is control-continuous. Suppose li_>m ff gn(x)p(x) da
n o0
exists. Then by Theorem 2.9, T': ‘HK — R defined by T'p = lim fab gn(2)p(z) da is
n—oo

control-continuous.

Example 2.10 is also given in [12], pages 70-71. However, the Banach-Steinhaus
Theorem is applied to a Sargent space.

Example 2.11. Let {g;} be a sequence of functions in BV]a,b] and {h;}
a sequence of functions in HK. Let T,,: HK — HK be defined by (T,p)(x) =

> f:(hi(x)gi(t))ga(t) d¢. Then each T,,: HK — HK is a linear operator of finite
i=1

rank. Hence, T), is control-continuous. Suppose {T,,¢} is control-convergent to T
in HIC for each ¢ € HK. Then by Theorem 2.4, T: ‘HK — HK is control-continuous.
We shall discuss the compactness of T" in the next section.

Linear operators in the HX space have also been discussed in [6], [7], [15], [21], [23].

3. COMPACT OPERATORS IN THE HK(X) SPACE

A sequence {¢,} in HK(X) is said to be bounded if {¢,} is bounded under ||-||X
for each i. Let B C HK(X). The set B is said to be compact if for any bounded
sequence in B there exists a ||-||X-convergent subsequence.

An operator T: HK(X) — HK(X) is said to be compact if for any bounded
sequence {y,} in HI(X) there exists a subsequence {¢,, } such that {Tp,,} is
convergent in HL(X).

Using subsequence argument as in Banach spaces, if T: HK(X) — HIK(X) is
linear and compact, then 7T is ||-||X-continuous.

The rank of an operator is the dimension of its range. It is well-known that every
finite rank continuous linear operator acting between Banach spaces is compact.
The space HI(X) is not a Banach space. It is a Fréchet space. Similar result holds
for continuous linear operators of finite rank in Fréchet spaces, see [20], page 98.
However, in [20], the result is for locally convex spaces. In the following Example 3.1,
we shall give a proof for easy reference.
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Example 3.1. Let X € X be arbitrary, h; € HIK(X) and g; € BV]a,b| for
j=1,2,...,n. Suppose K: HIK(X) — HK(X) is defined by

n

(Kp)(z) = / b <Z hj(z)g; (t)> o(t) dt.

Then
b n n b n
(ko)) = [ (Z b))l ae =3 nia) [ a5(0p)ae =3 hia)a
@ Nj=1 j=1 @ j=1
where a; = f g;(t)p(t)dt € R. Thus, K is a linear operator of finite rank.

Next, we shall prove that K is compact. Let {¢;}?2, be a bounded sequence
in HK(X). Hence, {|¢x|¥}%2, is bounded in R for each i. Then for each fixed i,

v k| =

b
[ st dt\ < lerlVigy) < lorlXV(gy),

ie, {ojr}72, is bounded in R for j = 1,2,...,n. By the Bolzano-Weierstrass
theorem, there exists a subsequence {ajx, } of {a; i}, converging in R for j =
1,2,...,n. Thus,

Kok, — Kor, | =

Zh ik, ZHh 17 by = ity -

)

Hence, { Ky, } is a Cauchy sequence in HA(X) under ||-||;X. Therefore, there exists
Y € HK(X) such that ||Kyy, — K¢||X — 0 as k; — oo. Note that [|-|| < [|-[|X for
each i. Thus, 1 is independent of i. Hence, || K¢y, — K[| — 0 as k; — oo, i.e., K is
compact. Therefore, K is ||| -continuous. We remark that we can use the same
idea to prove that K is ||-||¥-continuous without using the fact that compactness
implies continuity.

Next we shall prove a result for a countably infinite dimensional rank.

&)
Lemma 3.2. Let X € X be arbitrary, > ||gj|lpv < oo and {h} a sequence of
Jj=1
functions such that for each x, |h;(z)| < A(x) < oo for all j and Z hj(x)g,(t) exists
=

for any x,t € [a,b]. Then for each x € [a, ], Zh (x)g;(t) € BV]a,b] and for each

o € HK, o
/a (Z hj(@)g; (t)) o(t) dt =

Jj=1

oo

b
3 hy(a) / o (De(t) dt.

j=1
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Proof. Let m,n € N be fixed. For any fixed « we have

V(Zhj(x) ) Zlh IV (g;(1) < Al@) Y Vigy).

j=m
Then
V(X n@s0) < tm v (3w 0)
J=m j=m
<A() lim > Vigj)
j=m
= A(2) Y Vi)
j=m
Thus, V( i hj(x)g;(t)) — 0 as m — oco. Hence, for each z € [a, b],
j=m

Vv (i hj(x)g; (t)> < o0

Therefore, Z hj(x)g;(t) € BV[a,b] for each x € [a,b]. We remark that this result,
j_

in fact, is a consequence of the completeness of BV|a,b], see [15], page 14. Notice

that

/:( i hj(x)gj(t))w(t)dt‘éhf"(V< i hj(x)gj(t)) + i hj(b)gj(b)>

Jj=n+1 Jj=n+1 j=n+1

<t (v S ()i ()) + A ilmbﬂ).
j=n+1 j=n+

f:( > hj(x)g; (t))go(t) dt‘ — 0 as n — oo. Observe that
j=n+1

/zbihj( dt—Z/ dt—/a(z hi( ) (t) dt.

j=n+1

Hence,
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The following lemma is proved by Abel’s transformation, see [2], Chapter page 365.

Lemma 3.3. Let {a;} be a sequence in a normed spaces S with norm |||s

and {b;} a real-valued sequence such that E a; and Z |bj+1 — b;| exist. Then

7j=1
lim b, Z a;b; exist and for each m =1,2,.
j—o0 —1
o0 o0 o0
(3.1) Doagbjl| <24 |bjar — byl + 0],
j=m S j=m k=m

n
where A=sup|| 3 a;lls and b= lim b;.

Lemma 3.4. Let X € X be arbitrary, Z llgjllBv < oo and {h;} a sequence of

functions in HK(X) with Zh € HK(X).
i=

(i) Then for each z, there ex1sts 0 < A(z) < oo such that |h;(x)| < A(x) for each j
o0
and ) hj(z)g;(t) exists for any z,t € [a, b].
j=1

(ii) Let ¢ € HK(X) and o = ffgj(t)go(t) dt. Then ) |ajy1 — aj| < oo and
00 Jj=1
Ehjaj S HIC(X)
j=1

o0
Proof. (i) By given condition, > h; exists. Hence, there exists 0 < A(z) < 0o
j=1
such that |h;(z)| < A(z) for each j. Applying Lemma 3.3 to two real-valued se-

quences with a; = h;(x) and b; = g;(t) we have that > h;(z)g;(t) exists for any
x,t € [a,b]. =t
(ii) First,

|1 —ajf =

b
/ (9541 () — g5 (0))p(t)

< (V(gj+1) + 1g5+1(0)] + V(g5) + g;0) Dl
= (lgj+1llsv + gl Bv)lell-

o0

Hence, > |ajt1 — ;| < o0, ie., {a;} is of bounded variation. For each x € [a, ],
j=1

applying Lemma 3.3 to two real-valued sequences, a; = h;(x) and b; = «;, we have

o0
that > h;(z)a; exists.
j=1
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Now apply Lemma 3.3 to a real-valued sequence {c;} and a sequence {h;(z)} in
o0

the normed space with norm ||-||X. We have that Y h;a; exists under norm |-||X.

j=1

Thus, {Z hjozj} is Cauchy under |-||;X for each i. Hence, {Z hjozj} is Cauchy
j=1 j=1

n X
under |[|-|[X. Therefore, there exists ¢ € HK(X) such that H > hjo; — qH — 0 as
n — oo. . =t
By Theorem 1.3, there exists a subsequence of { > h, ozj} which converges point-

7=l =
wise to ¢ almost everywhere. However, for each x, > hj(z)a; exists. Thus, for
j=1

0 o) X
almost all z, ¢(z) = > hj(z)a;. Hence, || hjajH — 0 as n — oo. Therefore,
e’} Jj=1 j=n
Zhjozj EH’C(X) O
j=1

o0
Theorem 3.5. Let X € X be arbitrary, ¢ € HK(X), > |lgjllBv < oo and
00 Jj=1
> hj € HK(X). Let K, K,,: HK(X) — HK(X) be linear operators defined by
=1

(Fn)o) = | ”(z by (1)) o)

and

a

(ko)) = [ @ by ()9 <t>) o) dt.

Then | K, — K||X — 0 asn — oo. Furthermore, K is ||-||X -continuous and compact.

&)
Proof. By Lemmas 3.2 and 3.4 (i) for each z,t € [a,b], > h;(x)g;(t) exists and
j=1

o0

b s b
ko) = [ (i@ ) o0t = 3 ni) [ s0pd =3 byl

Jj=1

where o = ff gj(t)e(t)dt. Thus, (K — Kp)e(z) = > hj(z)a;.
j=n+1

o] X
Hence, ||(K — K,,)p||X = H > hjaj|| for each i. By Lemma 3.4 (ii),
j=n+1 ?

I — K)(@)IX =0 asn - .

By the Banach-Steinhaus theorem, K is ||-||X-continuous. Now, we shall prove
that ||K, — K|X — 0 as n — oo. Recall that {a;} is of bounded variation, i.e.,
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> laji —aj| < oo. Let a = hm o, Apply Lemma 3.3 to {a;}, where a; = h;
j=1
with norm ||-||¥ and b; = a;, use inequality (3.1). We have

X
I(K = K)ol = Z hjo
j=n+1 4
J X o ) X
< 2sup th Z la; — 1] + Z hi|l e
j i

k=1 i j=n+tl k=n+1

J X o0
S h ( 3 <||gj+1|Bv+||gj||Bv>) lollX
k=1

( j=n+1

< 2sup

[e%} X [e'e
> il (Llashov 1ol
k=n+1 i N\j=1
Thus,
(K = Kn)ell*
I(K — K[ = sup ———rgte
H<PH-
2sup th > (lgjrillsv + lgilsv)
i j=n+1

>

k=n-+1

(Z ol ).

Hence, || K, — K||X — 0 as n — oo for each i. Therefore, | K, — K|* — 0asn — cc.
Note that each K, is a linear operator of finite rank. Hence, each K, is compact.

i

Thus, K is compact, i.e., for any bounded sequence {¢,} in HI(X) there exists
a subsequence {(,, } such that {Ky,, } is convergent in HX(X) under [|-||X. O

4. COMPACT OPERATORS IN THE HK SPACE

Let T: HK — HK and T: HK(X) — HK(X) for each X € X. The operator
T: HK — HK is said to be compact if T': HK(X) — HK(X) is compact for each
X € X. By Theorems 1.2 and 1.3, T: HK — HK is compact if for any fixed X € X
for any bounded sequence {¢,} under |-||*X, there exists a subsequence {¢,, } such
that {T'¢n, } is control-convergent. We remark that the space HC is the uncountable
union of Fréchet spaces HI(X). In this paper we are unable to define a suitable
F-norm on the space HK. However, it is known that every control-convergent se-
quence in the space HK always belongs to a HA(X) space for some X € X. There-
fore, we define the compactness of an operator T: HX — HK in the above way.
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Theorem 4.1. Let X € X be arbitrary, > ||g;llpv < o0, Y, h; € HK(X) and
j=1 j=1

00 X 00
H ill —0asn — oo foreachi. Let k(x,t) = Y hj(x)g;(t) and K: HIK — HK
j=n i i=1

be defined by
- /ab k(z,t)p(t)dt = /ab (i:: h;(x)g; (t)) o(t) dt.

Then K is compact in the HIC space.

Proof. Let Y € X be fixed and ¢ € HK(Y). Then ¢ € HK(Y) C HK(X NY),
{h;} € HK(X) C HK(X NY) and Z hj € HK(X) € HK(X NY). Note that

xXny

-1 < ||| ¥ for each i. Hence, — 0 as n — oo for each i. Ap-

!Z g
plying Theorem 3.5 to the HIC(X N Y) space, K¢ is well-defined and K is com-

pact in the HIX(X NY') space. Let {¢,} be a bounded sequence in HX(Y). Then

{pn} CHK(Y) CHK(XNY) and {¢,} is bounded in (HKX(XNY),|-|*™Y). There-
‘Xr‘nY'

)

fore, {Kp,} has a subsequence which is convergent in HX(X NY) under |||
Thus, by Theorem 1.3, there exists a subsequence {¢,, } of {©,} such that {K¢,, }
is control-convergent. We have proved that for any fixed Y € X, for any bounded
sequence {p, } in (HK(Y),]|]|¥) there exists a subsequence {,,, } such that {K e, }
is control-convergent. Hence, K is compact in the H/C space. O

By Theorems 1.4 and 4.1 we have:

Corollary 4.2. Let Z llgjllBv < oo. Let {h } be a sequence of functions in HK
and {Z hj} be contro]—convergent to E hj. Let k(x,t) = Z hj(x)g,(t) and
i=1  n=l j=1 j=1
K: HK — HK be defined by

o0

/ K the(t) di = / (Zhj(x)gj(t)><p(t)dt.

j=1
Then K is compact in the HIC space.

Now we shall consider nonlinear operators. Let h(¢, s) be a Carathéodory function
from [a,b] X R to R, i.e., the function h(t,-) is continuous for almost all ¢ € [a, b] and
the function h(:, s) is measurable for every s € R.

Let u be a function defined on [a,b] and Hu a function defined on [a,b] and
(Hu)(t) = h(t,u(t)). It is well-known, see [10], page 358, Lemma 17.6, that if
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H: Lyla,b] — Li[a,b], ie., (Hu)(t) = h(t,u(t)) € Lila,b] whenever u € L4|a, b,
then there exist a > 0, p and g € L1]a, b] such that

q(t) + als| < h(t,s) < p(t) + als|

for almost all ¢ € [a,b] and s € R. It is known, see [4], Theorem 1.4 and its proof,
that if H: HX — HIC, then H maps every control-convergent sequence to a control-
convergent sequence.

Suppose H: HK — HK. We conjecture that there exist p,q € HK and o > 0
such that

(4.1) q(t) + as < h(t,s) < p(t) + as

for almost all ¢ € [a,b] and all s € R.

In the following, we assume that condition (4.1) holds for h(t,s). Let k(z,t) be
given as in Theorem 4.1. Define K: HK — HK as follows: Let u € HI. Then
Ku € HK and

b
(Ku)(x):/ k(z, t)u(t) dt.

Then the composite operator K H maps the H/C space to the HK space. Let u € HK.
Then (K H)(u) € HK and for each x € [a, b]

b
(KH)(uw)(z) = (K(Hu))(x) = / k(x, £)h(t, u(t)) dt.

The operator H is called a Nemytskii operator. The composite operator K H is
called a Hammerstein operator.

Corollary 4.3. The nonlinear Hammerstein operator KH: HK — HK given
above is compact.

Proof. First, using inequality (4.1), the Nemytskii operator H maps every
bounded sequence under |[|-||X to a bounded sequence under ||-||X. By Theorem 4.1
the operator K is compact. Therefore, the composite Hammerstein operator K H
from HI to HK is compact. ([
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5. INTEGRAL EQUATIONS

Fredholm integral equations of the second kind are equations of the form

b
(5.1) wm:ﬂm+x/k@mww%

where f: [a,b] = Rand k: [a,b] x [a,b] = R. The function k is known as the integral
kernel.

In this section, let f,p € HK[a,b]. We first discuss the case when the integral ker-
nel is separable, i.e., k(z,t) = h(z)g(t). Suppose that h € HK]a,b] and g € BV [a, b].
Then, as in the classical case,

Jo F(£)g(t) dt
1= A2 g(t)h(t) dt

p(x) = f(x) + Ah(z)

is the unique solution of a Fredholm integral equation with separable integral kernel
whenever \ ff g(t)h(t)dt # 1.
For the case when A f: g(t)h(t)dt = 1, the equation has no solution if

b
A [ s 2o

When )\fab f(t)g(t)dt = 0, as in the classical case, the general solution of the Fred-
holm integral equation is of the form

p(x) = Bh(z) + f(x)

for any real constant 3.
Let g; € BV|[a,b], f,hj € HK for j =1,2,...,n and

Kz, t) =Y hy(x)g;(t)
j=1

for x,t € [a,b]. Then the corresponding Fredholm integral equation has properties
analogous to those well known for the classical case. Let us recall that linear Fredholm
equations with regulated Banach space valued solutions and nondegenerate kernel
have been treated in [6].

Now, let us turn back to the case when the kernel & and the operator K are
like in Theorem 4.1 or Corollary 4.2, the operator H is like in Corollary 4.3 and
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f € HK. Put T = AKp + f for ¢ € HK. Let {c;} be of bounded variation, i.e.,

Z |aj41—a| < co. By Lemma 3.3, a = hm o, exists. Recall that Z hj € HK(X)
.7 1 ]_1
in Theorem 4.1. From (3.1) for each ¢ we have

) ) X
IKolX = Zho@ < 25w th Sl —agnl + S el
ioj=1 k=1 (
7 00
< 25up| > he (Z |gj+1|3v+|gj|3v>>||so||f
I Mg=1 j=n+1
o0 X [e’]
S <Z|9J|Bv>||sﬂ||x
k=n+1 j=1
j X oo
< 3sup (ngngv)wﬁ.
7 j=1
Therefore,
ITe &
I = sup L2 ||X \3sup th S gl
©

i j=1

J X o
We assume that 3SUpH > th‘ > llgsllBv < g for all i. Then ||K||X < u for all i.
i =1 i i3

Theorem 5.1. Suppose | KX < u||¢||X for each i and 1, i.e., |[K|X < p for
all'i. If 0 < A < 1/p, then there exists a unique fixed point u € HK(X), i.e.,

b
(@) = MKu)(@) + f(z) = A/ (e, u(t) dt + f(z).

This solution w is given by a convergent Neumann series u(x) = i)@ Kif and
[ull* < /(L = pu). a

Proof. The proof is standard Let uo(z) = f(x), un(x) = AKup—1(x) + f(x),
n=1,2,... Then up41(z) = E NKIf(x),n=1,2,...Since |K||X < p for all i we

7=0

B FIF = (KRNI < pll B THFIES < LY

have

Thus, for any m,n € N we have

n X n n
> vieg] < S e = (3 owe )i

j=m+1 i j=m+1 j=m+1

l|lwn — umHzX =
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Since 0 < Au < 1 by our assumptions, the sequence {u,} is Cauchy under ||-||* for
each i. Thus, {u,} is Cauchy under |-||X. Hence, nlirlgo Up = iqujf exists in
HI(X) 0 < A< 1/p =0
Let u(x) = i}uj(Kjf) (). Then u(z) = lim uy(z). By Theorem 3.5 the opera-
=

n—oo
tor K is |-||¥-continuous. From the iteration equation u,(z) = NKu,_1(z) + f(z),

we have

lim wu,(z) = AK (nhHIIéO un,l(t)) + f(x)

n—oo

- A/bk(x,t) (i s () dt 4 7(2)

b
= )\/ k(x,t)u(t) dt + f(z).

Thus, if 0 < A < 1/u, we can find v € HK(X) such that

u(z) = /\/ k(z, tyu(t) dt + f(z).

Now we shall prove that the fixed point u is unique. Suppose that there are two
fixed points, namely u and v. Then v = AKu + f and v = AKv + f. Therefore,
u—v=MK(u—v) and

lu =l = AIK (u = o) [ < MK (u =) < Al (w =)

Hence, (1 — Au)|ju — o[ < 0. Recall that 1 — Ag > 0. It implies that ||u —v|X =0
for all i. Thus, ||ju — v||X = 0. Consequently, u = v. Therefore, the fixed point u is
unique.

Now we shall prove that |Jul|*X < 1/(1 — Ap)|fIIX. First, |lulX < |£I12X/(1 = An)
for all 7. Hence,

oo
Ll
X _ i
%= 2 T
i=1 3

oo

<y LA/ = M)

2014 £ /(1= M)

i=1

o 1 I1£11 1
S (Z?H||f||5</<1—m>>(1—m)

i=1

= X
S (Z ¥ luf|||}||gf) (5 —1>\u> <1 (5 —1>\u)'

i=1
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Remark 5.2. We remark that although p is not easy to find, Theorem 5.1
says that if A is a small enough positive number, then a unique fixed point exists.
Furthermore, it seems that Theorem 5.1 is a fixed point theorem for the HX(X)

[ee]

space only. In fact, if {h;} and > h; are in the HIC space, then they are in HKX(X)
j=1

for some X € X. Hence, Theorem 5.1 is also a fixed point theorem for the H/C space.

Theorem 5.3 (Tychonoff’s theorem, [16], Theorem A). Let A be a convex subset
of a locally convex topological vector space. Suppose T is a continuous operator
which maps A into a compact subset of A. Then T has a fixed point.

Theorem 5.4. Let T = A(KH)p + f, where K H is given before Corollary 4.3.
Assume that p,q, f € HK(X), (IpIX + [l X)/IFIX < 8 and KX < g for all i
and 0 < A < 1/u(B +2a). Then T: HK(X) — HK(X) has a fixed point.

Proof. From (4.1) we have
q(t) + ap(t) < Ho(t) = h(t, ¢(t)) < p(t) + ap(?).
Then
1H o] < max{llgll + allellT, 1P +allel} < lallF +llpl + allel
Since K is ||| X-continuous, i.e., K is ||-||X-continuous for each i, we have
1K H| < IKIFIHeIF < 1K Ul + Pl + alleli).

Let o; = [|f]|X and A = {u € HK(X): |Jul|¥ < 2a; for all i}. Then A is convex
and bounded. Hence, for every ¢ € A we have

1Tl < AIEH)l + 1115

SAIKIE (gl + Nl + allell) + 11£15

< MlllallF + 1ol + allellF) + 1115

< MlllallF + NIl + a2ai)) + o

b'e X
ISV EZIGE T
i
< Apei (B +2a) +
1
< ————pai(f+2 L= 20
EEET I

Then TA C A. The operator T is compact since K H is compact. Thus, T'A is
compact. Hence, by Tychonoff’s theorem, T" has a fixed point in A. O
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Remark 5.5. We remark that although 1/u(8 + 2«) is not easy to find, Theo-
rem 5.4 says that if A is a small enough positive number, then T': HIC(X) — HE(X)

has

a fixed point. Furthermore, similarly to Remark 5.2 of Theorem 5.1, Theorem 5.4

is also a fixed point theorem for the H/C space, since if p, ¢, f are in the HI space,
then p, ¢, f are in HI(X) for some X € X.
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