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Abstract. Let I be an ideal in a commutative Noetherian ring R. Then the ideal I has the
strong persistence property if and only if (I kL. I )y =1 ¥ for all k, and I has the symbolic
strong persistence property if and only if (](k+1) : RI(I)) = 1" for all k, where I®) denotes
the kth symbolic power of I. We study the strong persistence property for some classes of
monomial ideals. In particular, we present a family of primary monomial ideals failing the
strong persistence property. Finally, we show that every square-free monomial ideal has the
symbolic strong persistence property.

Keywords: strong persistence property; associated prime; cover ideal; symbolic strong
persistence property
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1. INTRODUCTION AND PRELIMINARIES

Let R be a commutative Noetherian ring and I an ideal of R. A prime ideal p C R
is an associated prime of I if there exists an element v in R such that p = (I: gv),
where (I: gv) = {r € R: rv € I}. The set of associated primes of I, denoted by
Assg(R/I), is the set of all prime ideals associated to I. Brodmann in [1] proved that
the sequence {Assg(R/I¥)}r>1 of associated prime ideals is stationary for large k,
that is, there exists a positive integer ko such that Assgp(R/I*) = Assg(R/I*) for
all integers k > ko. The minimum such kg is called the index of stability of I and
Assr(R/I%0) is called the stable set of associated prime ideals of I, which is denoted
by Ass®™(I). There are a few exact calculations of the stable set and the index
of stability for ideals, see [10] and [17] for more details. There have been several
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questions arising from Brodmann’s result. An ideal I of R satisfies the persistence
property if Assgr(R/I*) C Assgr(R/I**!) for all positive integers k. In addition, an
ideal I of R has the strong persistence property if (I**1: rI) = I* for all positive
integers k; refer to [16] for more information. It is well-known that the strong
persistence property implies the persistence property, see [15], Proposition 2.9.

Assume that I is a monomial ideal in a polynomial ring R = Klzi,...,x,)
over a field K and zj,...,z, are indeterminates. Generally, finding classes of
monomial ideals which either have or fail the persistence property is complicated.
It has been shown in [9] that there exists a square-free monomial ideal which
does not satisfy the persistence property. However, Ratliff in [20] proved that
(I**1: grI)=1I* for all large k. Also, it is known by [12] that all edge ideals
of finite simple graphs have the strong persistence property; this result is valid
for every finite graph with loops, see [21]. Furthermore, it has been established
in [7] that every polymatroidal ideal has the strong persistence property. More-
over, according to [3], the cover ideals of perfect graphs satisfy the persistence
property. More recently, it has been proved in [18] that the cover ideals of some
imperfect graphs have the strong persistence property, that is, cycle graphs of odd
orders, wheel graphs of even orders, and helm graphs of odd orders greater than or
equal to 5.

We know from [19] that if I and J are two ideals in a commutative Noetherian
ring R, then we say that J is a superficial ideal for I if the following conditions are
satisfied:

(i) G(J) € G(I), where G(L) denotes the unique minimal set of monomial genera-
tors of a monomial ideal L,
(ii) (I**1: gJ) = I* for all positive integers k.

It is easy to see that an ideal I has the strong persistence property if and only if T
has a superficial ideal. Besides, note that an ideal I in a commutative Noetherian
ring R is called normally torsion-free if Assg(R/I*) C Assg(R/I) for all k € N. Tt
has been shown in [19], Theorem 6.10, that every normally torsion-free square-free
monomial ideal has the strong persistence property.

In this direction, the notion of symbolic strong persistence property was intro-
duced in [21]. An ideal I in a commutative Noetherian ring R has the symbolic
strong persistence property if (I#+1): pT(1)) = 1) for all k, where I(*) denotes the
kth symbolic power of I. In this paper, we continue studying the symbolic strong
persistence property. Symbolic powers have many nice properties, especially if I is
a square-free monomial ideal. The symbolic strong persistence property was sug-
gested to us by analogy with the strong persistence property, with the hope that
symbolic powers would behave better than regular powers. This hope is borne out
in one of our main theorems, Theorem 5.1, where we prove that every square-free
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monomial ideal has the symbolic strong persistence property, even though normally
torsion-free monomial ideals need not have the symbolic strong persistence property.

This paper is organized as follows. In Section 2, in Lemmas 2.1 and 2.2, we
investigate the strong persistence property of the intersection, product, and sum of
two monomial ideals which are generated by two disjoint sets of variables. Next,
in Corollary 2.1, we prove that every irreducible monomial ideal has the strong
persistence property. In Theorem 2.1, we show that if one takes any graph G and
form a new graph H by adding new vertices joining each to every vertex of G,
then J(G) has the strong persistence property if and only if J(H) has the strong
persistence property. Finally, Corollary 2.2 tells us that if the cover ideal of a finite
simple graph has the strong persistence property, then the cover ideal of its whisker
graph has the strong persistence property.

In Section 3, we focus on the strong persistence property of primary monomial
ideals as a case study. In fact, in Proposition 3.1, we give a class of primary mono-
mial ideals which do not satisfy the strong persistence property.

Section 4 is devoted to the strong persistence property of the cover ideal of the
union of finite simple graphs. To do this, we first, in Lemma 4.2, explore the relation
between associated primes of powers of the cover ideal of the union of a finite simple
connected graph and a tree with the associated primes of powers of the cover ideals
of each of them. We finally give the main result of this section in Theorem 4.1.

Section 5 is concerned with the symbolic strong persistence property. In Proposi-
tion 5.2 we prove that if an ideal has the symbolic strong persistence property, then
any power of it has the symbolic strong persistence property as well. Theorem 5.1
as the main result of the section, says that every square-free monomial ideal has
the symbolic strong persistence property. Throughout this paper, we denote the
unique minimal set of monomial generators of a monomial ideal I by G(I). Also,
R = Klx1,...,2,] is a polynomial ring over a field K and z1,...,z, are indeter-
minates. The symbols N and Q, respectively, will always denote the set of positive
integers and rational numbers, respectively. A simple graph G means that G has no
loop and no multiple edge. All graphs in this paper are undirected. Moreover, if G
is a finite simple graph, then J(G) stands for the cover ideal of G.

2. SOME RESULTS ON THE STRONG PERSISTENCE PROPERTY

In this section, we study the strong persistence property of monomial ideals with
a suitable assumption on its support. We begin with the following lemma which
allows us to discuss the strong persistence property of the intersection and product
of two monomial ideals which are generated by two disjoint sets of variables. To see
this, we need the following definition.
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Definition 2.1 ([22], Definition 6.1.5). Let u = z{*...2% be a monomial in
a polynomial ring R = K[x1,...,x,] over a field K. The support of u is given by
supp(u) := {z;: a; > 0}. In addition, for a monomial ideal I of R with G(I) =
m
{u1,...,umn}, we define supp(I) := |J supp(u;).
i=1
Lemma 2.1. Suppose that I, and I, are two monomial ideals in a polynomial
ring R = K[x1,...,2,] over a field K such that supp(I;) Nsupp(lz) = 0. If I and I,
have the strong persistence property, then I; NIy has the strong persistence property.

Proof. Assume that I3 and I; have the strong persistence property. Since I
and I are generated by disjoint sets of variables, Lemma 1.1 of [8] yields that
I¢ N I = I¢1Y for any positive integers a, b. Let k > 1. By observing Lemma 2.1
of [11] one can deduce that

(I gl = IPYIE gL and (IFIST: jI) = IF(IST: RDL).
To end the proof, it is enough to consider the following equalities:

(L NL)*: gphN L) = (W) ghD) = ((IFT 5T gL): rly)
= (I5TN(IFTY: gI): plo) = (IFI5YY: Rlb)
_ 7k
=1

IFIFTY: jIp) = IFIE = (I N Ip)E.
0

Lemma 2.2. Suppose that I, and I, are two monomial ideals in a polynomial
ring R = K|[x1,...,z,] over a field K such that supp(I1)Nsupp(lz) = 0. Then I+ 1
has the strong persistence property if and only if I, or I has the strong persistence
property.

Proof. The backward implication can be immediately deduced from [19], Theo-
rem 3.2. To establish the forward implication, suppose, on the contrary, that I
and Iy do not satisfy the strong persistence property. This implies that there
exist a positive integer ki (or k2) and a monomial m; (or msg) such that m; €
G g0\ GUIF) (or my € G(IF2T: RIy) \ G(I5?)). Take the nonnegative
integer a; (or ay) such that my € I \ IM™ (or mg € I52 \ I52T1). This gives that
a1 < k1—1(oraz < ko—1). Put I := I1 + I, m := mymz and b := a3 +a2. Thus, one
has m € I’. Note that m ¢ Ii NIJ for either i > a; or j > as, so by Lemma 1.1 of [8],
m ¢ I*T1. To conclude the proof, it is enough to show that m € (I°*2: grI), this con-
tradicts the assumption that I has the strong persistence property. So, take a mono-
mial u € [ = I; 4+ I,. Without loss of generality, we can assume that v € I;. Thus,
um = (umy)mg € Ifl‘HIg2 C (I + Iy)*+1+92 and since k1 > a1, we are done.  [J
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An application of Lemma 2.2 is the corollary below.

Corollary 2.1. Every irreducible primary monomial ideal has the strong persis-
tence property.

Proof. Let £ > 1 be an integer, and recall that by Proposition 6.1.7 of [22],
a monomial ideal is primary irreducible ideal if and only if it has the form Q =
(z3', ..., x3") in a polynomial ring R = K[x1,...,2,] over a field K with ay,..., o
being positive integers and {;,,...,z;, } C {@1,...,z,}. Set I := (z!') and Iy =
(zi2, ..., x3t). Since I; has the strong persistence property, Lemma 2.2 implies

that @ has the strong persistence property, as desired. ([

By a repeated application of Lemma 2.1 of [18], we have the following result.

Lemma 2.3. Let I and J be two monomial ideals in a polynomial ring R =
K[z1,...,x,) over a fleld K with G(I) = {u1,...,um}, G(J) = {v1,...,vs}, and h
a monomial in R such that for eachi=1,...,m and j = 1,...,s, gcd(h,v;) = 1,
ged(vj,u;) = 1, and h € I. If I has the strong persistence property, then L := JI+hR
has the strong persistence property.

Remark 2.1. It should be noted that Lemma 2.3 may be false if we consider the
ideal L as L = JI + H with H not a principal monomial ideal. To see this, assume
that L is the Stanley-Reisner ideal that corresponds to the natural triangulation of
the projective plane, that is, L C R = K|x1, x2, T3, 4, T5, Zg|, one has

L= ($1$2$3, T1X2X4,T1T3T5, T1T4L6, L1X5L6, L2X3X6, L2L4T5, L2T5L6,

XT3T4aTs5, $3$4$6)-

In the sequel, put J := (z3), I = (2122,2125,TaTs, TaTs,2426) and H :=
(1T224, T1T4T6, T1X526, T2L4T5, T2T5L6 ). 1t can be rapidly checked that L = JI+H,
H C I, ged(xg, h) =1 for all h € G(H), ged(xs,u) = 1 for all u € G(I). We prove
that I has the strong persistence property. To do this, assume that G is the cycle
graph with V(G) = {1,2,4,5,6} and E(G) = {{1,2},{2,6},{6,4},{4,5},{5,1}}. It
is easy to detect that the edge ideal of G is I(G) = (z1x2,x125, ToZs, T4Ts, T4T6).
This implies that I(G) = I. In addition, Theorem 7.7.14 of [22] yields that I(G) has
the strong persistence property, and thus the monomial ideal I has the strong per-
sistence property. On the other hand, by using Macaulay?2 (see [5]), one can detect
that (L?: rL) # L?, that is, L does not satisfy the strong persistence property.

As an application of Lemma 2.1 of [18], we present Theorem 2.1. To understand the
importance of this theorem, we first review some background. Recall the following
definitions and theorem.
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Let G = (V(G), E(G)) be a finite simple graph on the vertex set V(G) :=
{1,...,n}. Then the edge ideal associated to G is the monomial ideal

I(G) = (zizj: {i,j} € E(G)) CR=Klz1,...,zx),
and the cover ideal associated to G is the monomial ideal
JG = (] (@iz)CR=Klx,... z,).
{i.7}€E(G)

Definition 2.2 ([22], Definition 10.5.4). The cone C(G) over the graph G is
obtained by adding a new vertex t to G and joining every vertex of G to t.

More generally, we can take any graph G and form a new graph H by adding new
vertices, joining each to every vertex of G. Then J(G) has the strong persistence
property if and only if J(H) has the strong persistence property. Explicitly:

Theorem 2.1. Let G = (V(G), E(G)) and H = (V(H), E(H)) be two finite sim-
ple graphs such that V(H) = V(G)U{w1,...,w,} withw; ¢ V(G) foralli=1,...,r,
and

EH)=EG)U{{v,w;}: forallve V(G) and for alli =1,...,7}.

Then J(G) has the strong persistence property if and only if J(H) has the strong
persistence property.

Proof. We give a sketch of the proof. Assume that V(G) = [n] and V(H) =
V(G)U{n+1,...,n+r}. In addition, let R = KJz1,...,Zntr] be the polynomial

n n+r
ring over a field K. Put L := J(H), I := J(G), h := [[x; and g := [] ;. It
follows from Exercise 6.1.23 of [22] that =t =t
n  ntr n+r
N N o= (T 11 =)
i=1j=n+1 = Jj=n+1

Also, it is easy to see that L = gI R+ hR. Suppose that [ has the strong persistence
property. Now, Lemma 2.1 of [18] yields that L has the strong persistence property,
as claimed. Conversely, let J(H) have the strong persistence property. Put p :=
(x1,...,2p). Since I = L(p), where L(p) denotes the monomial localization of L
with respect to p, the claim follows at once from Theorem 4.7 of [19]. g

Here, we concentrate on the notion of a whisker graph. Our aim is to explore the
strong persistence property of the cover ideal of a whisker graph. To do this, we
state the subsequent definition.
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Definition 2.3 ([22], Definition 7.3.10). Let G be a graph on the vertex set
Y = {y1,...,yn} and take a new set of variables X = {z1,...,2,}. The whisker
graph or suspension of Gy, denoted by GoUW (Y), is the graph obtained from G¢ by
attaching to each vertex y; a new vertex x; and the edge {x;,y;}. The edge {z;, y;}
is called a whisker.

Theorem 2.7 of [18] says that if we take any graph G whose cover ideal has the
strong persistence property, and if we then add a leaf to GG, then the cover ideal of
the new graph satisfies the strong persistence property as well.

Corollary 2.2. With the notation of Definition 2.3, if the cover ideal of a finite
simple graph Gg has the strong persistence property, then the cover ideal of the
whisker graph of G has the strong persistence property.

Proof. Proceed by using Theorem 2.7 of [18] repeatedly, n times. O

3. CASE STUDY: STRONG PERSISTENCE PROPERTY
OF PRIMARY MONOMIAL IDEALS

Several questions may be asked along our argument. In this section, we investigate
the strong persistence property of primary monomial ideals as a case study. To
accomplish this, we start with the following main question.

Question 3.1. Which classes of monomial ideals have the strong persistence prop-
erty?

We present a class of primary monomial ideals which do not satisfy the strong
persistence property. To do this, consider the monomial ideals

I, = (2", 2"ty 2y y"™)

in the polynomial ring R = KJz,y], n > 4 over a field K. The idea is to describe

the monomials in (I¢),44; for i > 0, where subscripts denote the degree in R. We

list all the monomials in (I¢),44; in lexicographic order with respect to = < y, i.e.,

xndJri xndJrifly yndJri
, ey

a monomial in (I¢),41; with its power of y because we can identify such a monomial

. In order to simplify the notation, we will often describe

with its power of y.

It is clear that (I9); = 0 for j < nd and that the monomials in (I%),q are ex-
actly the products of d generators of I,, (with repetition). First of all, we consider
the monomials {(z™)®(y™)?}asp=d. a0, >0 Which we will refer to as “subdivision
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points”. Start with the subdivision point (z™)®(y™)?. If @ > 1, then some of the 2™
can be replaced by 2" 'y, and if 8 > 1, then some of the 4™ can be replaced by zy™!.
This leads to an “interval” of consecutive monomials {z"*~y"#+i} 5. about the
subdivision point (2™)®(y™)?. The first monomial in this interval is {z"*+Fy"A—=F}
and the last is {z"*~%y"#+2}. Describing this interval with the powers of y, we have
an increasing sequence of consecutive powers of y, {y?},5-g<j<ng+a. The number
of monomials in this interval is (nf+ o) — (nf—pF)+1=a+pF+1=d+1. The
previous subdivision point (if 8 > 1) is 2™(@*+Dy"(=1) and so to avoid overlap of
intervals we require that n(8 — 1) 4+ (a« + 1) < nf8 — 8 or equivalently d + 1 < n, so
that we have 1 <d < n—2.

If d = n—2, then there is no overlap of intervals, but also no gap. If 1 < d < n—3,
between adjacent intervals

{z ot DIy B=D%Y 5 1 Cictary and {2y i,

there is a gap. For the left-hand side interval, the largest exponent of y is n(8—1) +
(a4 1) and the smallest exponent of y on the right-hand side interval is ng — 3, so
the powers of y in the gap are {y?},,(s—1)+(at+1)<j<ns—p, there being

(nf=B) =B -1+(a+1)-1=n-d=-2

monomials in the gap. As a simple check for consistency, we have d + 1 intervals
each containing d + 1 monomials, and d gaps each containing n — d + 2 monomials,
and (d + 1)? + d(n — d — 2) = nd + 1, the total number of monomials in R,4.

Now consider the monomials in (I¢),4+4, i > 0. Then the interval

{anetD=Iyr =D} 5 1) Garn)

(of cardinality a + 8+ 1 = d + 1) expands to include

{J)n(a—i_l)_j—i_ryn(ﬁ_1)+j+s}7(571)§j§(a+1),7"20,520, rs=i

(of cardinality a+B+1+i = d+i+1) and {z"*Iy"#*+i} 5, expands to include
{gra—itrynBritst o i h 130,530, r+s—i (again of cardinalities, respectively, d + 1
and d + i+ 1). As above we will describe the gap between these intervals by giving
the exponents of y in the monomials in this gap.

Lemma 3.1 (Gap Lemma).
(1) Ifi >n—d—2, then (I?),4+; = Rpdyi-
(2) If 0 < i <n—d—2, then (I?),44; has d+ 1 subdivision intervals each of whose
cardinality is d + i + 1, which is i more than that for (I%),4.
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(3) If 0 < i < n—d — 2, then the list of y-exponents of monomials in the gap
between consecutive intervals
{ar(A D)=ty BRIy 5 1) i(ar), 120, 530, rs=i
and

na—j+r, nB+j+s
{2 Iy I a0, 530, rs=i

of (I$)na+i, i = 0 contains n — d — 2 — i consecutive values (that is, i less than
for (I?),q4). Also the largest y-exponent in the gap is n3 — 3 — 1.

Proof. Part (2) was observed in the paragraph before the statement of the
lemma. The largest exponent of y of a monomial in the first interval is n(f — 1) +
a+ 1+ (coming from j = o+ 1 and s = ¢) and the smallest exponent of y in the
right most interval is nf — 8 (coming from j = —f and s = 0). If

nB—B) —nB-1)+a+1+i)—1=n—-d—2-i<0,

there are no gaps and part (1) follows. Otherwise we have (3). O

Thus, we start with gap size n — d — 2 previously obtained for ¢ = 0, and drop
one exponent from the beginning of the list of exponents for each increase of 1 in the
value of 4, until (I¢),4+; consists of all R4, for i =n —d — 2.

To make the notation more manageable we will refer to

{ane Ty PRI a0, 530, s
as the (a, ) subdivision interval of (I9),44i (0 < B < d, o + 3 = d). With this
notation, Lemma 3.1 (3) takes on the simpler appearance:

Lemma 3.2 (simplified Gap Lemma). For 1 < 8 < d, the list of y-exponents
of monomials in the gap between consecutive subdivision intervals (o + 1,5 — 1)
and (v, B) of (I?)n44s with 0 < i < n—d—2 contains n—d —2 —1i consecutive values,
with the largest equal to nf — 8 — 1.

Now, we calculate I¢+! : I, for a fixed d > 1. Note that I¢+! : I,, is a monomial
ideal and I¢ C (I¢+! : I,), so we seek monomials in I¢*! : I,, but not in IZ. If
d > n — 2, then both I? and IZ*! are all of R; in all degrees j for which they are
nonzero (namely j > nd for I¢ and j > n(d + 1) for I¢*!) by Lemma 3.1 (1). From
this, it follows that (I¢+1: I,) = I for d > n — 2.

Now, consider 1 < d < n—3. Let i = n —d— 3. Then by Lemma 3.1(3),
(I3),,4+: has gaps of size 1 and (Iff“)n<d+1)+i is equal to R, (441)+i- The monomials
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in these gaps of size 1 are mapped into (I&™),(4+1)1i = Rn(d+1)+: when multi-
plied by any minimal generator of I,, (and indeed, by any element of R,,), hence
lie in (741 : I,,) \ I¢. These monomials are {gndtn—d=3-nftftlynf=F-11, o, =
{xndfdflyn72 xndfnfdy2n73 ndfdfl}
, ). .

If 0 < i <n-—d-3, then (I%),4.; has gaps of size t > 1, which are again

n—2
coLx" Tty

mapped into R, (441)4; Wwhen multiplied by any minimal generator of I,,, in which
(Ig+1)n(d+1)+i has gaps of size t — 1 > 0. Suppose that one of our gaps of (I¢),a+i
lies between subdivision intervals (o« + 1,8 — 1) and (a, 8). Then by Lemma 3.2,
the monomials in the gap (described by giving only their exponent of y) consist of ¢
consecutive powers of y with the largest being ng — 8 — 1. There is not a one-to-one
correspondence between the gaps of (Ig+1)n(d+1)+i and (I?),4+4, the former having
d+1 gaps, and the latter having d gaps, so we have to make a choice. Choose the gap
of (I*1),,(a+1)+: between subdivision intervals (o + 2,3 — 1) and (a + 1, 8). Then
the monomials in the gap between these intervals consist of ¢ — 1 consecutive powers
of y with the largest again being n3 — 8 — 1. The monomials in our gap for (I¢),q+
are then represented by {ym#=F~t ynB=B=(=1)  4nB-B-11 and the monomi-
als in our gap for (I&*1),(441)1: are represented by {ynf=A=(t=1  ynf-A-1}
Recall that 2™ and 2" 'y are minimal generators of I, and multiplication by
them raises the degree by m. Thus, if we multiply a monomial represented
by y® of the gap sequence for (I%),4+; by =", we get a monomial of the gap

sequence for (I¢

*1)n(d+1)+i that is also represented by y®, except for the first
power y"3~P~t where we can multiply by 2" 'y instead and get the monomial
represented by y™#~#~(=1 which is in the gap sequence for (I¢1),(441y4;. This
shows that if 0 < i < n —d — 3, then the monomials in the gaps of (I%),44; do
not lie in T4+ : I,,. Therefore, (I3*! : I,,) \ I¢*! consists only of the monomials
{gnd—d=lyn=2 gnd-n—dy2n=3 _  pn-2ynd-d-1}
found in the previous paragraph.

of degree nd+1, where i = n—d—3

In the expression {gndtn—d=3-nf+f+lynS=F-11, ,_, there is an annoying ap-
parent lack of symmetry between x and y and between « and 5. This can be
removed by setting i = 8 — 1, j = @, a = d — 1 so that this expression becomes
{z"=2yn=2(z""1)I(y" 1)} and our result becomes:

Proposition 3.1. Let I, = (2", 2" 1y, 2y" "1, y") in the polynomial ring R =
Qz,y], n > 4. Then 132 : I, D 12! for0 < a <n—4 and I¢*2 : I,, = I¢*! for
a > n — 3. More precisely, if 0 < a < n — 4, then (I¢*2 : I,,)/I2! is an (a + 1)-
dimensional vector space with basis {z"2y"~2(z"1)7 (y" 1) }i>0, j>0, i+j=a-

It should be noted that, in particular, if a = 0, then Proposition 3.1 yields the
result that 2" ~2y" 2 is the only monomial in I?2 : I,, but not in I,,.

To clarify our discussion, we provide the following example.
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Example 3.1. Let us now look at IZ and (I3 : Ig) \ I2. This will illustrate the
ideas in Lemma 3.1 and Proposition 3.1 and help ensure that we have gotten the
notation straight. By direct computation one has

12 = (212, 2y, 21%2, 275, 25y0, 25y, 22910, wyll, y12).
The monomials in (/Z)12 are just the 9 minimal generators of I2 and (I2); = 0 for
j < 12. Furthermore, the set of all monomials in (17)13 is

13 12 11,2 10,3 .85 7.6 .6 7 58 3 10 2 11 _ 12 13
{x ’x y7x y’x y’xy’xy7xy7xy’xy ’xy 7xy ’y }7
and the set of all monomials in (1Z)14 is

14 13, 12,2 11,3 10 .4 .9 5 8 6 7.7 6 8 5 9 4 10
{x )x y7xy)xy)xy)xy)xy7xy7xy)xy)xy)

3 11 2. 12 13 14
oy xty L ay )

that is, all monomials of degree 14. Obviously, (I2); = R; for j > 14. In the notation
of Lemma 3.1, we have n = 6 and d = 2. Part (1) of this Lemma says that (I2),41; =
(I3)124i = Riayifori > 6—-2—-2=2 or (I62)j = R; for j > 14, which is what we
have observed. Furthermore, the d + 1 = 3 subdivision intervals of (IZ)12 are each of
cardinality d +i +1 =2+ 0+ 1 = 3 and the subdivision intervals of (I2);3 are each
of cardinality d4+i+4+1 =241+ 1 =4, both in agreement with Lemma 3.1 part (2),
increasing by 1 each time we increase i by 1. There are d = 2 gaps in (I2)12, namely
{2%3, 28y*} and {a1y®, 23y°}, are each of cardinality n—d—2—i =6—-2—-2—0 =2
and the largest exponent of y in these gapsis n8 — 8 —1=4,9 for § = 1,2, all in
agreement with Lemma 3.1 part (3). The gaps in (I2)13, namely {z%y*} and {z%y°},
are each of cardinality n —d —2—49=6—2—2—1 =1 and the largest exponent
of y in these gaps is again n —  — 1 = 4,9 for § = 1,2, also in agreement with
Lemma 3.1 part (3). We are interested in I3 : Ig. This contains IZ and potentially
the gaps of (I2)12 and (I2)13. The minimal generators of I are all of degree 6, and
multiplication by one of these maps (I2)13 into Rjg. But by Lemma 3.1 part (1),
(I3)19 = Rao, so the gaps of (I2)13 are in (I3 : Is) \ (Ig)*>. But the gaps of (I2)12
are not mapped into I by all the minimal generators of Is. The gaps of (I§)is
are {z'%y*}, {2%9°} and {z*y'*}, and for example x6(2%y*) = x14y* ¢ (I5)3, so
28yt ¢ I3 : I. Similarly, 25y(2%y3) = 2'4y* ¢ (I6)3 so 2%y> ¢ I3 : Is either. Instead
of the gap {z1y*} we can use {2%y°}. Thus y°(2%3) = 2%9° ¢ (I5)?, again yielding
that 2%y ¢ I3 : Is. We thus conclude that (I3 : Ig) \ (Is)? = {z%*, z%y°}. (In the
language of Proposition 3.1, a = 1.)
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We are ready to present the second question.

Let R = K|[x1,...,x,] be a polynomial ring over a field K and let I be a monomial
ideal in R that has the strong persistence property. Also, let @ be an irreducible
primary monomial ideal of R. Does the monomial ideal I + @) satisfy the strong
persistence property?

We provide a counterexample. For this purpose, assume that R = K|x,y] is the
polynomial ring over a field K, and put I := (z*, 23y, zy3,9°), and Q = (y*). We
thus have I + Q = (2*, 23y, zy3, y*). It follows from Proposition 3.1 that I + @ does
not satisfy the strong persistence property. To conclude our argument, it remains to
verify that the ideal I has the strong persistence property. To see this, fix £ > 1. Since
I C (I*Y: gI) C (I**': ray?), it is enough for us to show that (I*+1: gay3) C IF.
It is well-known that

I = > (&) (@) (5°) (wy®) M R.
A1+A2+As+Aa=k+1

If \y > 1, then we have
(@M @) 7)™ (@y®)™: ray®) = (@)™ (@%9)2 (%) ()71 S TV
Thus, let Ay = 0. If Ay > 3, then one obtains that
(@) (@®y)2 (1) ray®) = (@) (@%y) 272 (%) 2®)
= (PP ) € I

Hence, let Ay = 0 and 0 < Ay < 2. Accordingly, one may consider the following
cases:

Case 1: Ay = 0 and Ay = 0. If \; = 0, then A\3 = k + 1. This leads to ((y°)*:
rry®) = ((¥°) 1y?) C I¥. Let A\; > 1. If \3 = 0, then \; = k + 1, and thus
()™M gay?) = ((z*)*~123) C I*. Hence, let A\3 > 1. Due to A\; > 1 and A3 > 1
we have () (4P pay?) = (#4157 (2%y)y) C ¥,

Case 2: \y =0 and Ay = 1. Let Ay = 0. Hence, A\3 = k > 1, and so

(@) (°): ray®) = (o(zy®) (")) S 1"
Therefore, let Ay > 1. If A3 = 0, then A\; = k, and thus
(@) (2®y): ray’) = (@) Ma?) S IV
Hence, let A3 > 1. Thanks to A\; > 1 and A3 > 1, one derives that
(@)™ (@) (y°) s ray’) = (@) (@y)* (") ) S I*
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Case 3: \y =0 and Ay = 2. If A3 > 1, then

(@) (@®y)*(y°)* s pray®) = (@)™ (2°y?) (y°) 7 y?)
= (@) (@Py) () Hay®)a) € IV
Therefore, let A3 = 0. This gives that A\; = k — 1. Hence, we gain
(@) (@®y)*: rry®) = ((2")M2) = (@M Ha) C IV

This terminates our argument.

4. STRONG PERSISTENCE PROPERTY OF THE COVER IDEALS

In this section, we focus on the strong persistence property of the cover ideals
of simple finite graphs. For this purpose, we consider the following lemma which
examines the relation between associated primes of powers of the cover ideal of the
union of a finite simple connected graph and a tree with the associated primes of
powers of the cover ideals of each of them, under the condition that they have only
one common vertex.

It should be noted that throughout this section, all trees are nontrivial, that is,
they have at least two vertices.

A repeated application of Theorem 2.5 of [18] yields the following lemma:

Lemma 4.1. Let G = (V(G),E(G
be a tree such that |V(G) NV (T)| =
graph such that V(L) :=V(G) U

)) be a finite simple connected graph and T
1. Let L = (V(L), E(L)) be the finite simple
)

V(T) and E(L) := E(G) U E(T). Then

Assp(R/J(L)®) = Assg, (R1/J(G)®) U Assg, (R2/J(T)?)

for all s, where Ry = K[zo: a € V(G)], R = K[zo: a € V(T)] and R = K|z,
a € V(L)] over a field K.

The next lemma explores the relation between associated primes of powers of
the cover ideal of the union of a finite simple connected graph and a tree with the
associated primes of powers of the cover ideals of each of them, under the condition
that they have only a path in common. In fact, a repeated application of Lemma 4.1
gives the following lemma:

Lemma 4.2. Let G = (V(G), E(G)) be a finite simple connected graph, T, ..., T,
be some trees with V(G) NV (T;) = {v;} for eachi = 1,...,r, V(T;) NV (T;) = 0 for
i # j, and P = (V(P),E(P)) be a path of G with

V(P)={v1,...,0r,0r41,...,0m} C V(G)
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and
E(P) = {{vi,vig1}: fori=1,...,m —1} C E(Q).

Let T = (V(T), E(T)) be the tree with
V(T) = (U V(Ti)) UV(P) and E(T)= (U E(n)) U E(P).

Also, let L = (V(L), E(L)) be the finite simple graph such that
V(L)=V(G)UV(T) and E(L):=E(G)UE(T).

Then
Assg(R/J(L)®) = Assr/(R'/J(G)®) U Assgr (R"/J(T)®)

for all s, where R' = Kzo: a € V(G)], R" = K[zoa: a € V(T)] and R = Klz,:
a € V(L)] over a field K.

To establish Theorem 4.1, one needs to know the following auxiliary propositions.
Indeed, by considering the fact that localizing at a minimal prime inverts everything
outside of it, one can deduce the following proposition:

Proposition 4.1. Let I be an ideal in a commutative Noetherian ring R. Also,
let I =Q1N...NQtNQey1 N...NQ, be a minimal primary decomposition of I
with p; = /Q; for i = 1,...,r and Min(I) = {p1,...,p¢}. Then I,, = (Q;),, for
i=1,...,t.

Proposition 4.2. Let I be a monomial ideal in R = K[x1,...,x,] over a field K
with G(I) = {u1,...,um} and Assg(R/I) = {p1,...,ps}. Then the following state-
ments hold.

(i) If z; | us for some ¢ with 1 < i < n and for some t with 1 < t < m, then there
exists j with 1 < j < s such that x; € p;.
(it) If z; € p; for some i with 1 < i < n and for some j with 1 < j < s, then there

exists t with 1 < t < m such that x; | us.
S

m
Especially, |J supp(p;) = U supp(u¢).
j=1 t=1

Proof. (i) Suppose that I = Q1 N...N Qs is a minimal primary decomposition
of I such that v/Q, = p, for all z =1,...,s. Also, let z; | u; for some 1 < i < n
and 1 <t < m. Since us € G(I), one has us € Q, for all z=1,...,s, and so u; € p,
for all z =1,...,s. It follows also from x; | us that there exists a monomial v in R
such that u; = x;v. Suppose on the contrary, that x; ¢ p, for all z=1,...,s. Then
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one can conclude that v € @, for all z=1,..., s because z;v € Q., x; ¢ p., and @,
S

is primary. Therefore, v € [\ @Q., that is, v € I. This contradicts the minimality

z=1
of u;. We thus have, there exists some 1 < j < s such that z; € p;.
(ii) Let @; € p; for some 1 < i< nand 1 < j<s. Since p; € Assg(R/I), there

exists a monomial v in R such that p;=(I: Rv) In addition, the assumption G(I) =
m
{u1,...,un} yields that I = Z urR. By virtue of p; = (I: gv) = E (urR: gv)and
=1

x; € pj, one can conclude that there exists some 1 < ¢t < m such that z; € (wR: grv).
We thus have u;h = z;v for a monomial h in R. If z; | h, then v € I, which is
a contradiction. Therefore, one can derive that x; | us, as claimed.

The last assertion is an immediate consequence of parts (i) and (ii). O

In the next theorem, we turn our attention to study the strong persistence property
of the cover ideal of the union of two finite simple connected graphs.

Theorem 4.1. Let G = (V(G),E(G)) and H = (V(H),E(H)) be two finite
simple connected graphs such that J(G) and J(H) have the strong persistence prop-
erty. Also, let L = (V(L),E(L)) be the finite simple graph such that V(L) :=
V(G)UV(H), E(L) := E(G) U E(H). Assume that

Assp(R/J(L)?) = Assg, (R1/J(G)?) U Assg, (R2/J(H)?)

for all s, where R1 = K(zo: o € V(G)], Ry = K[zo: a € V(H)|, and R = K|z,
a € V(L)] over a field K. Then under each of the following cases, J(L) has the
strong persistence property:

(i) V(G)NV(H) = {v},

(i) V(G)NV(H) = {v,w} and E(G) N E(H) = {{v,w}},
(i) V(G)NV(H) = {v,w,z} and E(G) N E(H) = {{v,w},{w, z}}.

Proof. To simplify our notation, set I; := J(G), Iz := J(H), and I := J(L).
Note that I = I; N Iy. We require to show that (I**1: gI) = I* for all kK > 1. To
achieve this, fix k£ > 1. In view of Exercise 6.4 of [13], it is sufficient to prove that
(If“: r,Ip) = I‘f for every p € Assgp(R/I*). For this purpose, pick an arbitrary
element p € Assg(R/I*). We therefore can consider the following two cases:

Case 1: p € Min(I*). Because Min(/*) = Min(I), one has p € Min(I). Now,
Proposition 4.1 yields that I, = p, and we thus have Ié“ = p’; and Ié““ = p’”l On

the other hand, Corollary 2.1 implies that (p***: rp) = p*. Hence, one derives that

k+1 .

(pyt': rypp) =pk and so (Iy*': g 1,) = IF, as required.
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Case 2: p € Assgp(R/I*)\Min(I*). By considering the assumption, one can deduce
that p € Assg, (R1/I}) or p € Assg,(R2/I5). In view of the fact that Min(I*) =
Min(I) = Min(I;) UMin(Iy), we get

p € Assp(R/IV)\ Min(I;) or p € Assg(R/I5)\ Min(Iy).

We only demonstrate the case p € Assg(R/I¥)\Min(I;), while another case is proved
similarly. To finish the argument, we show that I, = (I1),. Thanks to I, C (I1),,
it remains to establish that (I1), C I,. To do this, take an arbitrary element r/s
in (I1)y. This gives that r/s = a/f for some a € I; and 8 ¢ p. We now have to
consider the following cases:

Case 2.1: V(G)NV(H) = {v}. One can easily see that

« H x; € I N Is.
leV (H)\{v}

Furthermore, Proposition 4.2 implies that z; ¢ p for any I € V(H) \ {v}, and thus

B II =é»

leV(H)\{v}

Due to the equality
a alliev oy @
B BllLevinw @

we obtain r/s € I,,.
Case 2.2: V(G)NV(H) = {v,w} and E(G)NE(H) = {{v,w}}. Since a € I;, we
get o € (x4, Zy ), and so x, | a or z,, | @. Hence, one can readily deduce that

Ty | @ H Ty Or Ty |« H z].

1€V (H)\ {v,w} 1V (H)\ {v,w}

This leads to « 11 x; € Is, and so « I x; € I N I5. Based on
leV(H)\{v,w} leV(H)\{v,w}
Proposition 4.2, we derive that z; ¢ p for any | € V(H) \ {v,w}, and hence

8 11 x; ¢ p. In the light of the equality
leV(H)\{v,w}

a_ aHleV(H)\{v,w} Ty
B BHleV(H)\{v,w} )’

one can conclude that r/s € I,,.
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Case 2.3: V(G)NV(H) = {v,w,z} and E(G) N E(H) = {{v,w},{w,z}}. On
account of o € Iy, one has a € (zy,%y) N (Ty,2:). If z, | @, then we obtain
immediately that z,, | « 11 xy, and so « 11 x; € Iy. Let x4 1 a.

leV(H)\{v,w,z} leV(H)\{v,w,z}
Because [ is the cover ideal of the graph G, one must have z, | @ and =, | @. This
gives rise to « I x; € I. Tt follows also from Proposition 4.2 that z; ¢ p
leV(H)\{v,w,z}
for any ! € V(H) \ {v,w, 2z}, and thus g I1 x; ¢ p. Now, by observing the
leV(H)\{v,w,z}
equality
_ aHlEV(H)\{v,w,z} T

«
6 - 6 HlEV(H)\{v,w,z} T 7

one derives that /s € I,,.

As the ideal I; has the strong persistence property, one gains (If“: rl) = I},
and hence ((I1)y*': g,(I1)p) = (I1)k. We thus have (I;*': g I,) = IF. This
completes the proof. O

Corollary 4.1. Let G = (V(G), E(G)) be a finite simple connected graph such
that J(G) has the strong persistence property and T be a tree. Also, let L =
(V(L), E(L)) be the finite simple graph such that V(L) := V(G)UV(T) and E(L) :=
E(G)UE(T). Then, under each of the following cases, J(L) has the strong persistence
property:

(i) V()N V(T) = {o},
(ii) V(G)NV(T) = {v,w} and E(G) N E(T) = {{v,w}},
(i) V(G)NV(T) ={v,w,z} and E(G) N E(T) = {{v,w}, {w, z}}.

Proof. Since T is a tree, Corollary 2.6 of [4] yields that J(T) is a normally
torsion-free square-free monomial ideal. It follows now from Theorem 6.10 of [19],
that J(T') has the strong persistence property. Hence, this claim is a direct conse-
quence of Lemmas 4.1, 4.2, and Theorem 4.1. (I

The following remark says that with the notation of Theorem 4.1, it is possible
that J(G), J(H) and J(L) have the strong persistence property, while for some s we
have

Assp(R/J(L)®) # Assg, (R1/J(G)®) U Assg, (R2/J(H)?).

Remark 4.1. Let G = (V(G),E(G)) and H = (V(H), E(H)) be two finite sim-
ple connected graphs such that J(G) and J(H) have the strong persistence property,
[V(G)NV(H)| > 2 and |[E(G)NE(H)| > 1. Also, let L = (V(L), E(L)) be the finite
simple graph such that V(L) := V(G) UV (H) and E(L) := E(G) U E(H). Then it
is possible that J(L) has the strong persistence property, while for some s we have

Assg, (R1/J(G)?) U Assg, (Re/J(H)?) C Assg(R/J(L)%),
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where Ry = K[zo: a € V(G)], R = Klzo: a € V(H)] and R = Klz,: « € V(L))
are polynomial rings over a field K. As an example, consider the graph G =
(V(G), E(@)) with V(G) ={1,2,3,4,5} and

E(G) = {{1,2},{2,3},{3,4},{4,5}, {5, 1}, {5, 2}},

and also the graph H = (V(H), E(H)) with V(H) = {1,4,5,6} and

E(H) = {{1,5},{4,5},{1,6},{5,6},{4,6}}.

Hence, as shown in the figure below, we have V(L) = {1,2,3,4,5,6} and

V(L) = {{1,2},{2,3},{3,4},{4,5}, {5, 1}, {5,2},{1,6},{5,6}, {4,6}}.
It is easy to compute that

I := J(G) = (z1,22) N (x2,23) N (23, 24) N (24, 25) N (x5, 21) N (x5, 2)

= ($2$4$57$2$3$5,$1$3$57$1$2$4),

and

Iy .= J(H) = (z1,25) N (24,25) N (21, 26) N (x5, 26) N (T4, T6)
= (z5%6, T124%6, T124T5),
and
I := J(L) = (1‘1,1‘2) n (332,.233) n (1‘3,1‘4) n (335,.231) N (1‘5,1‘2)

N (x4, 25) N (21, 26) N (25, 26) N (T4, T6)

= (T224%5%6, T2T3T5L6, T1L3T5T6, T1T2L4L6, T1T3T4Ls, T1L2L4T5).

1

4
L

In the first step, we verify that I; and I> have the strong persistence prop-
erty. To accomplish this, one can immediately write Iy = x5(x224, X223, T123) +
x12904 Ry and Iy = xyx4(x5, x6) + 2506 R2. Let P be the path graph with V(P) =
{1,2,3,4} and E(P) = {{1,3},{3,2},{2,4}}. Since the edge ideal of P is I(P) =
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(zamy, wox3, x123), by virtue of Theorem 7.7.14 of [22], we gain that the monomial
ideal (zox4,xox3,x123) has the strong persistence property. Moreover, it follows
from Corollary 2.1 that the prime ideal (x5,x¢) has the strong persistence prop-
erty. Consequently, Lemma 2.3 gives that I; and I> have the strong persistence
property. In the second step, we demonstrate that I has the strong persistence prop-
erty. For this purpose, set uy := r1x314, Us := T1X3%6, U3 = T2T3T6, Usg ‘= ToT4Te,
us := 1224 and F := (uy, ua, us, uq, us)R. This gives rise to I = x5 F +z1x22426R.
Our strategy is to show that F' has the strong persistence property. For this purpose,
let G = (V(G), E(G)) be the graph with the vertex set V(G) = {1, 2, 3,4, 6} and the
edge set E(G) = {{1,2},{2,3},{3,4},{4,6},{6,1}}. It is routine to check that G
is the odd cycle graph of order 5. By using Macaulay2 (see [5]), we can deduce
that F' is the cover ideal of G. Also, by virtue of Corollary 2.6 of [4], F' is normally
torsion-free; thus, Theorem 6.10 of [19] implies that F' has the strong persistence
property. It follows now from Lemma 2.3 that I has the strong persistence property.
Ultimately, by using Macaulay2 (see [5]), we note that

(x1,29, 23,4, T5,T6) € AssR(R/I3) \ (Assg, (Rl/If) U Assg, (RQ/IS)).

This completes our discussion.

We terminate this section with the following result, which examines the relation
between associated primes of powers of cover ideal of a finite simple connected graph
and the associated primes of powers of the cover ideals of each connected subgraph
of that graph. In fact, by using Lemma 2.11 of [3], we can conclude the following
proposition:

Proposition 4.3. Let G = (V(G), E(G)) be a finite simple connected graph and
H = (V(H),E(H)) be a connected subgraph of G. Then

Assp, (R1/J(H)®) C Assg(R/J(G)?),

where R = K[z,: a € V(G)] and Ry = Kz, : a € V(H)] over a field K.

5. SOME RESULTS ON THE SYMBOLIC STRONG PERSISTENCE PROPERTY

In this section, our aim is to prove that any square-free monomial ideal satisfies the
symbolic strong persistence property. To achieve this, we start with the definition of
symbolic strong persistence property of ideals.
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Definition 5.1 ([21], Definition 13). Let I be an ideal in a commutative Noethe-
rian ring R. Then we say that I has the symbolic strong persistence property if
(1640 1M = 16) for each i.

The proposition below investigates the symbolic strong persistence property for
powers of ideals.

Proposition 5.1. Let R be a commutative Noetherian ring and I be an ideal
of R such that I has a nonzero divisor element. Then there exists a positive integer s
such that I° has the symbolic strong persistence property.

Proof. According to [19], Proposition 2.5, one can conclude that there exists
a positive integer s such that I° is a superficial ideal for ¢, that is, I® has the strong
persistence property. Now, the claim follows readily from Theorem 11 of [21]. O

To demonstrate the subsequent results, we should state the definition of symbolic
powers of an ideal.

Definition 5.2 ([22], Definition 4.3.22). Let I be an ideal of a ring R and
P1,..., P, the minimal primes of I. Given an integer n > 1, the nth symbolic power
of I is defined to be the ideal

™ =qn...Nq,,

where q; is the primary component of I"™ corresponding to p;.

Remark 5.1. In much literature on symbolic powers a different definition is
used based on all the primary decomposition, not just the minimal primes. See
for example [2], page 1. If all associated primes of I are minimal (as is the case
with square-free monomial ideals), then the two definitions of I(™) are the same.
Otherwise, they are different.

The following proposition says that if an ideal has the symbolic strong persistence
property, then any power of it has the symbolic strong persistence property as well.

Proposition 5.2. Let I be an ideal in a commutative Noetherian ring R such
that I has the symbolic strong persistence property. Then I° has the symbolic strong
persistence property for all positive integers s.

Proof. Fix s,k > 1. It suffices to prove that ((1%)*+1D : p(1°)()) = (I°)(*), Let

T
Min(I) = {p1,...,pr}. Set S:= R\ U p;. It follows from [22], Proposition 4.3.23,
i=1
that 1™ = S='I" N R for all n > 1. Since Min(I") = Min(I) for all n > 1, this
implies the following equalities:

(1™ =s N (I)"NR= SN R=16".

228



Accordingly, one obtains (I°)*+1) = [(skts) - (15)(B) — [(sk) and (1°)D) = [0,
Therefore, we get ((I°)*+1): p(I5)1)) = (I++9). LI()). Because the ideal I
has the symbolic strong persistence property, it follows from [21], Proposition 12
that (ICF+9): R1(5)) = TGR) and so ((I°)*+1): g(1°)M) = (I°)*)| as claimed. [

Here, we turn our attention to study the symbolic strong persistence property of
monomial ideals. In fact, one may ask the following question:

Does every monomial ideal satisfy the symbolic strong persistence property?

The answer is negative. To see this, we come back to Proposition 3.1. In-
deed, we proved that for the monomial ideal I, = (2™, 2" 'y, xy" "1 y") in the
polynomial ring R = Q[xz,y], n > 4, one has (I¢+2 : I,,) D I¢*! for 0 < a <
n — 4. On the other hand, since I,, is a (x,y)-primary monomial ideal, we have
I,(lk) = I,]f for all kK > 1. Therefore, we get (I,(la+2) : I,(ll)) 2 I,(laJrl) for 0 <
a < n — 4. This means that I, does not satisfy the symbolic strong persistence
property.

Based on Theorem 11 of [21], the strong persistence property implies the symbolic
strong persistence property. Moreover, in view of the proof of Proposition 2.9 of [15],
one can conclude that the strong persistence property implies the persistence prop-
erty. Does the persistence property imply the symbolic strong persistence property?
Does normally torsion-freeness imply the symbolic strong persistence property?

Our answers are negative. To accomplish this, consider the monomial ideal
I, = (2", 2" ly,2y" 1, y") in the polynomial ring R = Q[x,y], n > 4. Since
Assr(R/IF) = {(z,y)} for all k > 1, one can conclude that I has the persistence
property, and also is normally torsion-free. While, by the argument which has been
mentioned before, we get that I does not satisfy the symbolic strong persistence
property.

In the sequel, our intent is to show that every square-free monomial ideal satisfies
the symbolic strong persistence property. To achieve this, we require Proposition 5.3
and Lemma 5.1.

Proposition 5.3. Every power of a primary monomial ideal is primary.

Proof. Assume that @) is a primary monomial ideal in a polynomial ring R =
K[z1,...,x,) over a field K, and fix ¢t > 1. Let a; | uy...us, where 1 <4 < n and
Uiy ...,us € G(Q). This yields that x; | us for some 1 < s < t. Since @ is a primary
monomial ideal, it follows from [22], Proposition 6.1.7 that there exists a positive
integer k such that z¥ € G(Q), and hence %' € G(Q?). By setting a := kt, one
has z& € G(Q"). Once again, Proposition 6.1.7 of [22] implies that @Q* is a primary
monomial ideal, as required. O
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Lemma 5.1. Let Q4,...,Q, be primary monomial ideals in a polynomial ring
R = Klz1,...,z,] over a field K such that \/Q; # /Q; for 1 < i # j < r, and
V@1, ..,4/Q, are incomparable with respect to inclusion. If (); has the strong

persistence property for each i = 1,...,r, then for all positive integers k,
T T T
(Nesnne) = Net
i=1 i=1 i=1

Proof. We give a sketch of the proof. Assume that @); has the strong persistence
T T
property for each ¢ = 1,...,r. Fix k > 1 and pick « in (ﬂ QN g N Qi). Put
i=1 i=1

1=

p; == +/Q; for each i =1,...,r. Fix 1 < j < r. One can choose an element such
as v; € Q; \pj for 1 < i # j < r. Let A be an arbitrary element in Q;. There-

T
k+1 k+1
fore, uAvi ... vj1vj41 ... € [ QT C Qj ,and 80 V1 ...V—1Vjq1...0r & Pj.
i=1
Since @); is primary, Proposition 5.3 gives that Q?H is primary. Hence, u) € Q;?H,

and so u € (Q?H: rQ;) = Qé“ Therefore, (ﬂ Qf“: r N Qz) C (N Q. To prove
i=1 i=1 i=1
T T T
the reverse inclusion, one should note that (ﬂ Qi) ( N Qf) N Qf“, and so
i=1 i=1 i=1
T T T
NQrc (ﬂ Q;Hl :rN Qz> This finishes our argument. O
i=1 i=1 i=1

We are now in a position to express the main result of this section.

Theorem 5.1. Every square-free monomial ideal has the symbolic strong persis-

tence property.

Proof. Let I be a square-free monomial ideal in a polynomial ring R =
K[z1,...,x,] over a field K with Assg(R/I) = {p1,...,p-}. On account of
Assg(R/I) = Min(I), it follows from Lemma 5.1 and Corollary 2.1 that

(ﬂpf“: Rﬂ%) = mpf
i=1 i=1 i=1

for all £ > 1. In addition, Proposition 1.4.4 of [6] implies that I(*) = () p¥ for all
i=1

k > 1. Therefore, we have (I*TD: pT(M) = [®) for all k > 1, that is, I has the
symbolic strong persistence property, as desired. ([

Is there an ideal satisfying the symbolic strong persistence property but not being
the strong persistence property?
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The answer is positive. We give such an ideal. Consider the following square-free
monomial ideal Z in the polynomial R = KJz1,...,x12] over a field K,

1= (1‘11‘33763781‘93710371137127 L2X4X5LTLYL10L11L12, L1L2L4L5LT7TL10L11L12,
T2T3T5LELILYL11L12, T1XL2L3LELILYL11L12, L2L4L5LELTLTYL11L12,
T1T3XEL7TILYL10L12, L2LIL5L7LELYL10L12, L2L3LAL5L7LY9L10L12,
T1T3X4T5T6LT7LI0L12, L1L2X3LALE5X7L10L12, L1L3L4ALELILYL10L 11,
L1T2X4T5T7X8L10L11, L1LILAL5LELL10L11, L1L2X4LEL7LILYL11,

3713323333?43?63383?93711)-

As we will state in Question 6.3, since (Z#: rZ) # I°, one gains that Z does not
satisfy the strong persistence property, whereas Theorem 5.1 shows that Z satisfies
the symbolic strong persistence property.

We terminate this paper with the following corollary. In fact, Rajaee, Al-Ayyoub
and the first author have established it in [19], Theorem 6.10, and we now re-prove
it by using Theorem 5.1.

Corollary 5.1. Every normally torsion-free square-free monomial ideal has the
strong persistence property.

Proof. Let I be a square-free monomial ideal in a polynomial ring R =
K(z1,...,2,] over a field K with Assg(R/I) = {p1,...,p-}. In the light of
Theorem 5.1, one has (I*+1): rTM) = I*) for all k > 1. On the other hand,
Theorem 1.4.6 of [6] implies that I*) = I* for all k > 1. Cosequently, by Theo-
rem 5.1, we get (I¥T1: rI) = I* for all k > 1, that is, I has the strong persistence
property, as required. O

6. FUTURE WORKS

Many questions arise along these arguments for future works. We terminate this
paper with several open questions which are devoted to the strong persistence prop-
erty and the symbolic strong persistence property of monomial ideals. In particular,
after investigating and examining the cover ideals of a plenty of graphs, we made up
the questions which are related to the cover ideals of the union of two finite simple
graphs. We list them as follows:

To express the following question, one has to recall the definition of simple graphs
of the form 6, . ,,, which has been introduced in [14]. To do this, let k¥ > 1 be

an integer and ni,...,n; be a sequence of positive integers. Then 6, ., is the

k
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graph constructed by k paths of length nq,...,n; such that only their endpoints are
common. By length of a path, we mean the number of edges in the path. If & = 2,
then 0,,, .. n, will be a cycle of length n; + na.

Question 6.1. With the notation above, does J(0,,, . n,) have the strong per-
sistence property?

Question 6.2. Let I be a square-free monomial ideal in a polynomial ring R =
K[z1,...,x,] over a field K, and m = (z1,...,2,) be the unique homogeneous
maximal ideal of R. If Assg(R/I?) = Assg(R/I) U {m} for all s > 2, then does I
have the strong persistence property?

It should be noted that in general, finding a square-free monomial ideal I such
that Assp(R/I®) = Assg(R/I)U{m} for all s > 2, could be really tricky. One of the
well-known such classes is the cover ideals of odd cycle graphs. It has been proved
in [18] that if I is the cover ideal of an odd cycle graph Coy41, then Assgp(R/I%) =
Assgp(R/I)U{m} for all s > 2, where R = K[x1,...,Zont+1] and m = (21, ..., Tont1),
see [18], Proposition 3.6, and also satisfies the strong persistence property, see [18],
Theorem 3.3.

To formulate the following question, we need to recall the notion of a clutter.
A clutter (or simple hypergraph) C with vertex set X = {x1,...,2,} is a fam-
ily of subsets of X, called edges, none of which is included in another. See [22],
Definition 6.3.33 for more details. The edge ideal of a clutter is defined in [22],
Definition 6.3.35, and the cover ideal of a clutter can be defined as the ideal of all
monomials M such that given any edge e of C there is a variable x; such that z; € e
and x; | M. Note that the vertices of these clutters become the variables of the
ring in which the edge ideal and cover ideal are allocated. Given a clutter C on
{z1,...,z,} with edges eq, ..., e,, we define the complement clutter, denoted by C¢,
as the clutter whose edges are {x1,...,2,} \ e; for each i = 1,...,r. We denote the
edge ideal of a clutter C by I(C).

Question 6.3. Does I(C) have the strong persistence property if and only if I(C€)
has the strong persistence property?

We give an example of a clutter C, where both I(C) and I(C®) do not have the
strong persistence property. Consider the graph below, from [9]. For a positive
integer n, let [n] denote the set {0,...,n — 1}. We denote by P, a path with
vertex set [n], with vertices in the increasing order along P,. Let also K3 be the
complete graph whose vertex set is the group Z3. For n > 4, we define H,, as the
graph obtained from the Cartesian product P, [J K3 by adding the three edges
joining (0,7) to (n — 1, —j) for j € Z5. The Figure 1 below is the graph of Hy.
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Figure 1. Hy.

Set F':= J(H,4). By using Macaulay?2 (see [5]), F' is given by

F= ($1$3$6$8$9$10$11$12,$2$4$5$7$9$10$11$12,$1$2$4$5$7$10$11$12,
L2T3T5LEL8LYL11L12, L1L2X3ZLELILYL11L12, L2LA4X5L6LT7TLY9L11L12,
T1T3L6L7LILYL10L12, L2LIL5L7LILYL10L12, L2L3XL4L5L7LY9L10L12,
T1T3T4T5LL7L10L12, L1L2X3LALEL7L10L12, L1L3L4LELILY9LI0L11,
T1T2X4T5L7TIL10L1], L1LIT4L5LELZL10L11y L1L2L4LELTLYLYL]

1‘13321‘31‘41361)81393311).

It has already been shown in [9] that F' does not satisfy the persistence property
(and hence does not satisfy the strong persistence property either). One can show,
using Macaulay2 (see [5]), that in the polynomial ring R = Klx1,...,212] over
a field K, m = (z1,...,212) € Assgp(R/F3)\ Assg(R/F?) and (F*': gF) # F3.
Now, we construct the clutter C on {z1,...,z12} whose edge ideal is F, that is,
F =1I(C), as follows:

C := {{x1, 23,36, 28, X9, T10, T11, T12}, { T2, T4, T5, T7, Tg, T10, T11, T12},
{37173327334, T5,T7, 210, 371173312}7 {332, I3, L5, L6, L8, LY, 371173312}7
{37173327333, T6, T8, L9, T11, 3?12}, {372733473?5, Ze, L7, L9, T11, 3712},
{@1, 23,26, 27, T8, T9, T10, T12}, {T2, T3, T5, T7, T8, T9, T10, T12},
{$2,$3,$4, T5,T7,29,T10, le}; {$1,$3,$4, X5, 26, L7,T10, xl?};
{$1,$2,$3, T4,T5,27,T10, le}; {$1,$3,$4, X6, L8, L9, L10, xll};
{96173327334, T5,T7,T8,T10, 3?11}, {371733373?4, T5, L6, L8, L10, 3711},

{1‘171;27.754,xﬁ,x77$87$97$11}7 {xl,l‘Q,1‘371/'471;6,1‘8,1‘971;11}}.

Then F' = I(C) does not satisfy the strong persistence property. On the other hand,
one can deduce from the definition that the complement clutter of C, that is C¢, is
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as follows:

Co= {{1'2, Ty, $5,$7}, {1'1, x37x67x8}a {IE?,,CL'G,l'g, x9}ﬂ {xla Ty,27, xlO};
{1'4, s, QC7,£L'10}, {$1,$3, s, xlo}v {CL’Q,CL‘4,£L‘5, xll}v {1'1, (E4,£L'6,CL'11},
{1'1, Te, 258,1'11}, {fEQ,iL‘g, Zo, xll}v {1'6,1'8,1'9, xll}v {an (E5,£L'7,£L'12},

{.T/'3, Te,T9, le}) {J)Q, T7,T9, $12}7 {x37 T5,T10, le}) {$57 7,210, le}}-
This implies that the edge ideal of I(C¢) is given by

C
I(C°) = (womyw57, X1 T3TGLS, TITELSTY, T1T4LTL10, L4T5TTT10, T1T3LT10,
L2LA4T5L11, L1X4LEL11, L1LELYL11, L2L8LYL 11, L6LYLIL11, L2L5L7L12,

T3TELYL12, L2X7LYL12, LIL5L10L12, 3353?737103712)-

By using Macaulay2 (see [5]), one can check that (I(C¢)*: rI(C¢)) # I(C¢)® and
m = (z1,...,712) € Assp(R/I1(C°)3)\ Assg(R/I(C¢)*), that is, I(C®) does not satisfy
the strong persistence property and the persistence property.

Question 6.4. Let R = K[x1,...,2,] be a polynomial ring over a field K and
SPP_ (n) (or SPP_(n)) be the set of square-free monomial ideals in R such that they
satisfy (or do not satisfy) the strong persistence property. Then, does the following
limit exist? Can it be zero?

. |SPP_(n)|

1 LA S §
ntroo |SPP . (n)]

where |A| denotes the cardinality of A.

To realize Question 6.5, we first recall the definition of the monomial localization of
a monomial ideal with respect to a monomial prime ideal as it has been introduced
in [7]. Let I be a monomial ideal in a polynomial ring R = K]x1,...,z,] over
a field K. We also denote by V*(I) the set of monomial prime ideals containing I.
Let p = (x4,,...,2;.) be a monomial prime ideal with p € V*(I). The monomial
localization of I with respect to p, denoted by I(p), is the ideal in the polynomial
ring R(p) = Klz;,,...,x;.] which is obtained from I by applying the K-algebra
homomorphism R — R(p) with z; — 1 for all z; & {z;,,..., 2z, }.

Question 6.5. Let I be a monomial ideal in a polynomial ring R = K1, ..., xy]
over a field K. If I has the symbolic strong persistence property, then does I(p) have
the symbolic strong persistence property for all p € Min(I)?

To state the next question, one has to recall the definition of monomial ideals of
clutter type.
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Definition 6.1. Let I be a non-square-free monomial ideal in a polynomial ring
R = K|zy,...,x,] over afield K with G(I) = {uq,...,u,}. We say that I is of clutter
type if \/u; 1 \/u; (or equivalently, supp(u;) € supp(u;)) for each 1 < i #j < r.

Example 6.1. Let I = (xlxgxg, x2x§x4, xgxixg,, mx%xl, x5x%x2) be a monomial
ideal in the polynomial ring R = Klx1,29,x3,x4,x5] over a field K. Then one
can rapidly see that I is of clutter type. Note that I does not satisfy both the
persistence property and strong persistence property since m = (a:l, T2,T3,T4, x5) €
Assr(R/I)\ Assgp(R/I?) and (I%: rI) # 1.

Question 6.6. Does every non-square-free monomial ideal of clutter type have
the symbolic strong persistence property?

Question 6.7. Let I be a monomial ideal in a polynomial ring R = K[x1,...,x,)
over a field K with G(I) = G1 U...UG, such that for each 1 <i # j <,

{zs: 25 | u for some u € G;} N{zy: z¢ | u for some u € G} = 0.

Then does I have the symbolic strong persistence property if and only if (G;) has
the symbolic strong persistence property for some 1 < i < r?

Question 6.8. Let I be an ideal in a commutative Noetherian ring R. Then
does I have the symbolic strong persistence property if and only if I, has the strong
persistence property for all p € Min(I), where I, denotes the localization of I at p?

Question 6.9. Let I be a monomial ideal in a polynomial ring R = K{x1, ..., xy]
over a field K, and w a weight over R. Then does I have the symbolic strong
persistence property if and only if I, has the symbolic strong persistence property,
where I,, denotes the weight of 17

Question 6.10. Let I be a monomial ideal in a polynomial ring R = K{[x1, ..., xy]
over a field K, and 1 < i < n. If I has the symbolic strong persistence property,
then does I\, have the symbolic strong persistence property, where I\,, denotes the
contracted of I at x;7

Question 6.11. Let I be a monomial ideal in a polynomial ring R = K[x1,...,x,)
over a field K. Then does I have the symbolic strong persistence property if and
only if I'* have the symbolic strong persistence property, where I* denotes the ex-
pansion of 17
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Question 6.12. Let I be a monomial ideal in a polynomial ring R = K[x1,...,x,)
over a field K, and h be a monomial in R. Also, let gcd(h,u) = 1 for all u € G(I).
Then does I has the symbolic strong persistence property if and only if hI have the
symbolic strong persistence property?
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