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Abstract. Let G = (V(G), E(G)) be a simple graph and FEg(v) denote the set of edges
incident with a vertex v. A neighbor sum distinguishing (NSD) total coloring ¢ of G is
a proper total coloring of G such that > o(z) # > ©(z) for each edge

z€EEqg (u)U{u} zEEqg(v)U{v}
wv € E(QG). Piléniak and WozZniak asserted in 2015 that each graph with maximum degree A
admits an NSD total (A+3)-coloring. We prove that the list version of this conjecture holds
for any IC-planar graph with A > 11 but without 5-cycles by applying the Combinatorial
Nullstellensatz.

Keywords: IC-planar graph; neighbor sum distinguishing list total coloring; Combinato-
rial Nullstellensatz; discharging method

MSC 2020: 05C10, 05C15

1. INTRODUCTION

We consider only simple graphs in this article. Any terms and notations not
defined here can be found in [3].

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) and edge set E(G).
For a vertex u € V(G), we use Eg(u) to denote the set of edges incident with w.
Let di(u) and N¢(u) denote the degree and the neighborhood of u, respectively. We
use §(G) and A = A(G) to denote the minimum degree and the maximum degree
of G, respectively.

Assume that k is a positive integer and T(G) = V(G) U E(G). We call a mapping
v: T(GQ) = {1,2,...,k} a neighbor sum distinguishing (for short NSD) total coloring
of G if ¢ satisfies the following conditions
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(i) ¢(z1) # @(z2) for any two adjacent or incident elements z1, z2 in T(G),
(ii) > o(z) # > ©(z) for each edge uv € E(G).

z€Eq (u)U{u} z€Eq (v)U{v}
The NSD total chromatic number of G, denoted by x4 (G), is the smallest integer k
such that G has an NSD k-total coloring. In 2015, Pil$niak and WozZniak in [4] stated

an important conjecture about the NSD total coloring in the following.

Conjecture 1.1 ([4]). For any graph G, x4(G) < A(G) + 3.

Pilsniak and Wozniak in [4] proved that Conjecture 1.1 holds for some special
graphs, such as complete graphs, bipartite graphs, cubic graphs and 2-degenerate
graphs with A(G) < 3. Yang et al. in [11] proved that any planar graph G with
A(G) > 10 satisfies this conjecture.

An IC-planar graph, put forward by Alberson in 2008 (see [1]), is a graph that can
be drawn in a plane so that each edge is crossed at most once and two pairs of crossing
edges share no common end vertex, i.e., two distinct crossings are independent.

There are also many results about IC-planar graphs which satisfy Conjecture 1.1,
such as every IC-planar graph with A(G) > 13 (see [6]), any triangle-free IC-planar
graph with A(G) > 7 (see [8]) and each IC-planar graph with A(G) > 10 but without
adjacent triangles, see [7].

A k-list total assignment of G is a mapping L that assigns to each member
z € T(GQ) a set L(z) of k integers. Given a list total assignment L of G, a map-
ping ¢ is called an NSD total L-coloring of G if it satisfies the following conditions

(i) ¢ is an NSD total coloring of G,
(ii) ¢(z) € L(z) for each z € T(G).

The smallest integer k£ such that G has an NSD total L-coloring for any k-list
total assignment L is called the NSD total choice number of G, denoted by chk(G).
Clearly, x4(G) < ch&(G).

There are also many results about the list version of Conjecture 1.1.

Conjecture 1.2 ([4]). For any graph G, ch%(G) < A(G) + 3.

Obviously, Conjecture 1.2 implies Conjecture 1.1. Qu et al. in [5] proved that this
conjecture holds for any planar graph G with maximum degree A(G) > 13. Wang et
al. in [10] confirmed this conjecture for every planar graph G’ with maximum degree
A(G) > 8 but without adjacent triangles. Song et al. in [9] discussed any IC-planar
graph G with maximum degree A(G) > 14 and obtained the following.

Theorem 1.3 ([9]). Let G be an IC-planar graph. Then

ch% (@) < max{A(G) + 3,17}.
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In this paper, we obtain the following result.
Theorem 1.4. Let G be an IC-planar graph without 5-cycles. Then

ch% (@) < max{A(G) + 3, 14}.

2. PRELIMINARIES

In this section, we introduce some notions and two lemmas to show our results.

An [-vertex (IT-vertex, [”-vertex) is a vertex of degree I (degree at least I, de-
gree at most [). We use nk,(v) (an+ (v), nk; (v)) to denote the number of [-vertices
(IT-vertices, [~ -vertices) adjacent to v.

A t-cycle (tT-cycle, t~-cycle) is a cycle of length ¢ (at least ¢, at most t). In
particular, a 3-cycle with vertex set {v1,ve,vs} is called a (dg(v1),da(ve), dg(vs))-

cycle and is denoted by [v1vevs] if dg(v1) < dg(v2) < da(vs).

Lemma 2.1 ([2]). Suppose that F is an arbitrary field and P € Flz1,. .., Zy)
n

with degree deg(P) = > iy, where each i is a nonnegative integer number. If
k=1

the coefficient cp(zf,...,zir) of the monomial z{' s ...z in P is nonzero, and if

Si,...,Sy, are subsets of F with |Si| > i, then there are s; € Si,...,s, € Sy, such

that P(s1,...,5n) # 0.

Let m > 2 be an integer number and S, ..., S, be m finite sets of real numbers.
Define

ZSi:{Sl—f—...—f—Sml s; € 5;, Sz#S],VZ#j}
=1

Lemma 2.2 ([2]). Assume that m > 2 is an integer number and St, ..., Sy, arem
finite sets of real numbers, where |S;| = n; andny > ... > ny,. Definen},...,n., by

ny =ny; and n;=min{n, ; —1,n;} for2<i<m.

If n, > 0, then
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3. PrROOF OF THEOREM 1.4

Suppose that G is a counterexample to Theorem 1.4 with F(G) being minimal.
Let k = max{A(G) + 3,14} and L be a k-list total assignment of G. By the min-
imality of G, any subgraph G’ of G has an NSD total L-coloring ¢’ for any k-list
total assignment L. In the following, we will obtain an NSD total L-coloring ¢ of G
from ¢’. Then this contradicts the assumption that G is a counterexample to The-

orem 1.4. Let m(u) = > ©(z). In the coloring ¢, the definition of m’(u)
z€Eq (u)U{u}
is the same as m(u). Not stated otherwise, p(z) = ¢'(z) for any z € T(G) N T(G").

For any z € T(G), let S(z) denote the set of the available colors for z.
Let v be a 4~ -vertex. Since |S(v)| = k — 2dg(v) = 6 > dg(v) for any k-list total
assignment L if T'(G) \ {v} has a total coloring ¢’ satisfying the following conditions
(i) ¢'(z1) # ¢'(#2) for any adjacent or incident elements z1, z2 € T'(G) \ {v},

(i) > () # > ¢'(z) for any two adjacent vertices z1, 22 €
2€Eqg(z1)U{z1} 2€EG(z2)U{22}

V(G)\ {v},
(iii) ¢'(2) € L(») for each z € T(G) \ {v},
then there exists a color in L(v) to color v such that the resulting coloring ¢ obtained
from ¢’ is an NSD total L-coloring of G, a contradiction. For simplicity, we will omit
the colors of all 4™ -vertices in the following proof.
By Theorem 1.3, Claim 3.1 is immediate.

Claim 3.1. A(G) < 13.

Claim 3.2. Let v be a 5~ -vertex of G. Then ng, (v) = 0.

Proof. Suppose to the contrary that v has a neighbor v; with dg(v1) < 5.
Without loss of generality, set dg(v) = dg(v1) = 5. Let G' = G — vv; and ¢’ be an
NSD total L-coloring of G'.

In order to obtain an NSD total L-coloring ¢ of G from ¢’, we first erase the colors
of v and vy from ¢’. Then |S(v)| > 14—-2(5—1) =6, |S(vvy)| = 14— (5—1)—(5—1) =6
and [S(v1)] > 14—-2(5—-1) =6.

Set p(v) = =1, e(vvy) = 2, e(v1) = z3 and @(z) = ¢'(z) for each z €
T(G')\ {v,v1}. Let

P = P(l‘l,Z‘Q,J?g)
= II @) —m'w)

wENg(v)\{v1}

x I n(en) = m(w)(@r = 22) (@1 — w5) (@2 — 23)(m(v) —m(v)),

weENg(v1)\{v}
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where m(v) = x1+x2+m/(v)—¢' (v) and m(vy) = za+x3+m’(v1)—¢'(v1). Note that
deg(P) = 12. By the definition of NSD total L-coloring if there is a vector (c1, ¢2, ¢3)
in (S(v),S(vvy),S(v1)) such that P(cy,co,c3) # 0, then ¢ must be an NSD total
L-coloring of G. By Lemma 2.1, we only need to find a monomial Py = z{*'x5?x5?
in P such that cp(Pp) # 0 and deg(Fp) = deg(P) with a; < 6.

Let Py = zjz323. Then we have cp(Py) = 20 # 0 via Mathematica. Thus, we can

obtain an NSD total L-coloring ¢ of G from ¢’. It is a contradiction. O

Claim 3.3. Let v be an l-vertex of G with 6 <1 < 7. Then ng, (v) <1 —6.

Proof. By contradiction, assume that v has [ — 5 neighbors vy,...,v;_5 with
dg(v;) <4for1<i<l—5. Let G =G —{vv;: 1 <i<l—5}and ¢ be an NSD
total L-coloring of G’.

In order to obtain an NSD total L-coloring ¢ of G from ¢’, we first erase the colors
ofvandv; (i=1,...,1—=5) from ¢’. Then |S(v)| = 14 — 2(dg(v) — (I —5)) = 4 and
|S(vv;)| = 14 — (dg(v) — (1 =5)) — (dg(v;) —1) 26 for 1 <i <1 —5.

When [ = 6,1 — 5 = 1. By Lemma 2.2, we have that

1
|S(v)+5(vv1)|>4+6—§-2-3+1:8>d0(v)—1.
When [ = 7,1 —5 = 2. By Lemma 2.2, we have that
1
|S(v)+S(vv1)+S(vv2)|>4+5+6—§-3-4+1:1O>dg(v)—2.

Under each of the above two cases, we can always find a color in S(v) and a color
in S(vv;) (i = 1,...,1 = 5) to color v and wvv;, such that the resulting coloring ¢
obtained from ¢’ satisfies m(v) # m(z) for each z € Ng(v) \ {v1,...,vi—5}. Note
that v; (i =1,...,1—05) is a 4 -vertex of G. Therefore, we can obtain an NSD total
L-coloring ¢ of G from ¢’, a contradiction. O

Claim 3.4. Let v be an [-vertex of G with 8 < I < 9. Then n}, (v) <1 —T.
Furthermore, n}, (v) <1 —7 when n}, (v) > 1.

Proof. Suppose to the contrary that v has | — 6 neighbors vy, ...,v;_¢ with
dg(v1) < 3and dg(v;)) < 4for2<i<l—6. Let @ =G —{vv;: 1 <i<1l—6}
and ¢’ be an NSD total L-coloring of G’.

In order to obtain an NSD total L-coloring ¢ of G from ¢’, we first erase the colors
ofvand v; (i =1,...,1 —6) from ¢'. Then |S(v)| > 14 — 2(dg(v) — (I — 6)) = 2,
|S(vv1)] = 14 = (dg(v) — (1 = 6)) — (dg(v1) — 1) > 6 and |S(vv;)| = 14 — (dg(v) —
(1—6)) —(dg(v;)) —1) =25for 2< i<l —6.

115



When [ =8, — 6 =2. By Lemma 2.2, we have that

|5(v)+5(w1)+5(w2)|>2+6+5—%.3.4+1:8>dG(v)—2.

When [ =9,7 -6 = 3. By Lemma 2.2, we have that
1
|S(v) + S(vvy) + S(vve) + S(vvs)| 22+ 6+5+4 — 5~4-5+1 =8> dg(v) — 3.

Under each of the above two cases, we can always find a color in S(v) and a color
in S(vv;) (i = 1,...,1 —6) to color v and wvv;, such that the resulting coloring ¢
obtained from ¢’ satisfies m(v) # m(z) for each z € Ng(v) \ {v1,...,v—¢}. Note
that v; (i =1,...,1—6) is a 47 -vertex of G. Therefore, we can obtain an NSD total
L-coloring ¢ of G from ¢, a contradiction. (I

Claim 3.5. Let v be a 10-vertex of G. Thenn?, (v) < 4. Furthermore, ng, (v) < 4
when n?, (v) > 1.

Proof. On the contrary, assume that v has five neighbors wvy,...,v5; with
dg(v1) < 3 and dg(v;)) < 4for 2 < i < 5. Let G = G —{vy;: 1 < i < 5}
and ¢’ be an NSD total L-coloring of G’.

In order to obtain an NSD total L-coloring ¢ of G from ¢, we first erase the
colors on v and v; (i = 1,...,5) from ¢'. Then |S(v)] > 14 — 2(10 — 5) = 4,
[S(vvy)] 2 14— (10-5)—(3—1) =7 and |S(vv;)| 2 14— (10—-5)— (4—1) =6
(i=2,...,5).

Set p(v) = x1, pvv;) = x41 (@ = 1,...,5) and p(z) = ¢'(z) for each z €
T(G")\{v,v1,...,v5}. Let

P=P(z1,...,26) = H (x; — xj) H (m(v) —m/(w)),

1<i<j<6 wENg (v)\{v1,...,v5 }

6

where m(v) = > z; + m/(v) — ¢'(v). Note that deg(P) = 20. By the definition
i=1

of NSD total L-coloring if there is a vector (cy,...,cg) in (S(v), S(vvy), ..., S(vvs)),

such that P(cy,...,cs) # 0, then ¢ must be an NSD total L-coloring of G. By
Lemma 2.1, we only need to find a monomial Py = z{*z5?...25° in P such that

cp(Po) # 0 and deg(Fy) = deg(P) with a1 <4, az < 7and a; <6 (i =3,...,6).
Let Py = 2328232522, Then we have cp(Py) = 1 # 0 by applying Mathematica.
Thus, we can obtain an NSD total L-coloring ¢ of G from ’. It is a contradiction.
O
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Claim 3.6. Let v be an I-vertex of G with 11 < I < 13. Then nZ, (v) < [21].
Furthermore, nf; (v) < [21] when n% (v) > 1, and n¢; (v) < [21] when n% (v) > 1
and n}, (v) > 2.

Proof. By contradiction, assume that v has L%lj + 1 neighbors vy, ..., v 3; 4
with dg(vi) < 2, dg(v2) < 3 and dg(v;) < 4 for 3 < i < [21] +1. Let G' =
G — {vv;: 1 <i<[21] 41} and ¢’ be an NSD total L-coloring of G'.

In order to obtain an NSD total L-coloring ¢ of G from ¢, we first erase the colors
ofvandv; (i =1,...,[21]+1) from ¢'. Then |S(v)| = I1+3—2(dc(v)—(|2l]+1)) =
2121 +5 1, [S(wor)| > 143 = (dg(v) — (131 +1)) = (da(v1) = 1) > [F] +3,
S(we2)] = 143 = (da(v) = (131] + 1)) = (da(vz) — 1) > [31] +2 and |S(vv;)| >
I+3—(da(v) = (2] +1)) = (da(vi)) = 1) = [2l] + 1 for 3<i < [21] + 1.

For [ = 11, we know that [21] +1 =5, [S(v)| = 2,|S(vv1)| > 7, |S(vv2)| > 6 and
|S(vv;)| = 5 for 3 <i < 5. By Lemma 2.2, we have that

6-7+1="7>da(v)—5.

l\:JIr—\

7
|S(v) + S(vv1) + ... + S(vvs)] Zz

=

3]

For | = 12 or 13, we know that 21| +1 =6, [S(v)| = 2, [S(vv1)| = 8, |S(vv2)| > 7
and |S(vv;)| > 6 for 3 <4 < 6. By Lemma 2.2, we have that

N}Ir—\

8
|S(v) + S(vv1) + ... + S(vvs)] Zz

+1=8>dg(v) —6.

<.
[ V)

Under each of the above cases, we can always find a color in S(v) and a color
in S(vv;) (i =1,...,[21] + 1) to color v and vv; such that the resulting coloring ¢
obtained from ¢’ satisfies m(v) # m(z) for each z € Ng(v) \ {v1,...,v| 241} Note
that v; (i = 1,...,[21] + 1) is a 4~-vertex of G. Therefore, we can obtain an NSD
total L-coloring ¢ of G from ¢’, a contradiction. (]

We delete all 27 -vertices from G and obtain the resulting graph H. Then dy(v) =
de(v) — nZ (v) for each v € V(H). By Claims 3.2-3.6, the following Claims 3.7
and 3.8 are immediate.

Claim 3.7. For the resulting graph H, each of the following results holds.

(1) o(H) >

(2) H(’U)_dg( ) if 3 < dg(v) <6,

(3) du(v) 26 ifda(v) 27,

(4) n3;(v) +n%(v) <1 —6 when dy(v) =1 with 6 <1< 7,
(5) n3(v) <1 —6 when dy(v) =1 with 8 <1< 10.
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Claim 3.8. Each 3-cycle in H is either a (3,71, 7" )-cycle or a (4,71, 7)-cycle
ora (57,6%,6T)-cycle.

For a planar graph, we call a face a t-face (or a tT-face, at™-face, an (I, l2, 13)-face)
if its boundary is a t-cycle (or a t*-cycle, a t~-cycle, an (I1, l2, [3)-cycle, respectively),
and use the boundary [v1vav3] of a 3-face to represent the 3-face. A face is said to
be incident with the vertices and edges in its boundary.

In the following, we always consider that the IC-planar graph G has been em-
bedded into a plane such that every edge is crossed by at most one other edge and
the number of crossings is as small as possible. We turn all crossings of G into new
4-vertices on the plane and obtain a plane graph G* which is called the associated
plane graph of G. For a vertex v in G*, we call it false if v € V(G*) \ V(G) and
real otherwise. For a face f in G*, f is called a false face if it is incident with a false
vertex and a real face otherwise. For convenience of discussion, a real [-vertex is still
called an [-vertez in the following.

Let H* be the associated plane graph of H. For a vertex v € V(H), let

f(v) = the number of real 3-faces incident with v, and

fe(v) = the number of false 3-faces incident with v.

Note that each real vertex v is adjacent to at most a false 4-vertex and dyx (v) =
dy(v) in H*. Since G (and thus H) is an IC-planar graph without 5-cycles, we can
directly obtain Claim 3.9 as follows.

Claim 3.9. For each v € V(H) with dg(v) > 4, each of the following results

holds.

(1) 0< filv) <2.

(2) When v is not adjacent to any false 4-vertex, f(v) < |2dyx (v)].

(3) When v is adjacent to a false 4-vertex and 0 < f¢(v) <1, f(v) < |2dgx (v)] if
dpx(v) =1 (mod 3) and f(v) < |2dgx (v)] — 1 otherwise.

(4) When v is adjacent to a false 4-vertex and fr(v) = 2, f(v) < |2dyx(v)] — 1 if
dix (v) =1 (mod 3) and f(v) < [2dgx (v)| — 2 otherwise.

In the following, we are ready to apply the discharging method on the associated
plane graph H* to prove that H* (and thus H) does not exist. And so G does not
exist. For each z € V(H*)U F(H*), we assign it a weight w(z) = dyx(z) — 4. By
Euler’s formula, we have

Z w(z) = -8.

2EV(HX)UF(HX)
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Next, we design some discharging rules to redistribute weights among vertices and
faces, and keep the total weights unchanged. Note that a real [-vertex is still called
an [-vertex. The discharging rules are as follows:

(R1) Suppose that f = [vivavs] is a real (11, l2,3)-face in H*.
(R1.1) When (I1,12,13) € {(3,7F,7%), (4,7F,7T)}, f receives 3 from v; for i =2, 3.
(R1.2) When (ly,1s,13) = (57,6™,67), f receives 1 from v; for i =1,2,3.

(R2) Each 3-vertex receives + from each neighbor.

(R3) Each false 3-face receives 1 from its incident false 4-vertex.

(R4) Suppose that z is a false 4-vertex in H* and x a neighbor of z.

(R4.1) Let dp= () = 5. Then z receives 2 from = when f¢(z) = 2 and % otherwise.

(R4.2) Let dpyx (z) = 6. Then z receives 3 from « when fi(z) = 2 and 1 otherwise.

(R4.3) Let dyx(x) = 7. When fi(x) < 1, 2z receives 1 from x. When fi(z) = 2,
z receives % from z if x is adjacent to an [-vertex with [ < 4 in H* and %
otherwise.

(R4.4) Let dgx(z) > 8. Then z receives 4 from z when fi(z) = 2 and

otherwise.

ol

After applying the discharging rules, denote by w’(z) the new weight for each
z € V(H*)U F(H*). Since the total weights are not changed,

Z W'(z) = Z w(z) =-8<0.

2€V(HX)UF(H*) ZEV(HX)UF(H*)
Thus, there is at least one element zo € V(H*) U F(H*) satisfying
(3.1) w'(20) < 0.

In the following, we check the new weight w’(z) for each z € V(H*) U F(H*) to
show that there is no zg satisfying w’(zo) < 0, which is a contradiction to (3.1). Note
that a real [-vertex is still called an [-vertex.

Since each false 3-face z is incident with a false 4-vertex, w'(z) =3 —-4+1=10
by (R3). By Claim 3.8, we know that each real 3-face z is either a (3,71, 7)-face
or a (4,7,7")-face or a (57,6™,6")-face. Thus, it is easy to verify that w’'(z) > 0
by (R1) when z is a real 3-face. If z is a 4"-face , then w’(z) > 0 since no rule is
applied to it. Thus, zg ¢ F(H*).

Next, we show that w'(z) > 0 for each false 4-vertex z € V(H*) \ V(H). Pick ar-
bitrarily a false 4-vertex z from V(H*)\V(H). Let Ngx (2) = {v1,v2,v3,v4}. Then,
up to isomorphism, the configuration of the induced subgraph H*[{z} U Ngx (z)] is
one of the six configurations in Figure 1. Note that z is incident with at most four
false 3-faces and adjacent to at most two [-vertices with [ < 4 by Claims 3.2 and 3.7.
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Vg U1 Vg U1 Uy U1

U3 v2 U3 U2 U3 U2
a1 By F3

Vg U1 V4 V1 Vyq V1

U3 V2 U3 V2 U3 V2
Fy Fy Fg

Figure 1. Six different configurations of H*[{z} U Ny« (2)]

Case 1: Suppose that z is not adjacent to any 3-vertex.

Subcase 1.1: Let z be incident with at most two false 3-faces (see F1—F} in Fig-
ure 1). Then w'(z) 24 —-2+2-1 =0 by (R3)-(R4) since z is adjacent to at least
two 6T -vertices by Claims 3.2 and 3.7.

Subcase 1.2: Let z be incident with three false 3-faces (see F5 in Figure 1). Note
that fr(v;) =2 fori=1,4.

Subcase 1.2.1: Assume that z is not adjacent to any 4-vertex in H*. Then z
is adjacent to at most two 5-vertices by Claims 3.2 and 3.7. If z is adjacent to
at most one 5-vertex, then other neighbors of z are all 67-vertices. Thus, w'(z) >
4-3+1+3-1= 1 by (R3)-(R4). If z is adjacent to two 5-vertices, then it must be
dgx(v2) = dgx(v3) =5 and dyx(v;) = 6 for ¢ = 1,4 by Claims 3.2 and 3.7. Thus,
w'(z) 24-342-142-42=1by (R3)-(R4).

Subcase 1.2.2: Assume that z is adjacent to exactly one 4-vertex in H*. Then z
is adjacent to at most one 5-vertex by Claims 3.2 and 3.7. If z is not adjacent to
any 5-vertex, then z has three neighbors which are all 6*-vertices. Thus, w/(z) >
4—3+3-1=0Dby (R3)-(R4). If = is adjacent to exactly one 5-vertex, then it must be
dpx (v1) > 6 and dgr= (v4) = 6 by Claims 3.2 and 3.7. Thus, w'(z) > 4-3+3+2:3 =0
by (R3)—-(R4).

Subcase 1.2.3: Assume that z is adjacent to two 4-vertices in H*. Then it must
be dgx (v2) = dyx(v3) = 4 and dgx(v;) > 8 for ¢ = 1,4 by Claims 3.2 and 3.7.
Thus, w'(z) >4 —3+2- 4 = 2 by (R3)-(R4).

Subcase 1.8: Let z be incident with four false 3-faces (see Fg in Figure 1). Then z
has at least three neighbors which are 6*-vertices by Claims 3.2 and 3.7. Note that
fe(v;) =2 for i =1,2,3,4. Thus, w'(z) >4 —4+3-2 =0 by (R3)—(R4).

Case 2: Suppose that z is adjacent to exactly one 3-vertex.

Subcase 2.1: Let z be incident with at most one false 3-face (see F; and F» in
Figure 1). Then w’(2) >4 —1—%+2-1= 2 by (R2)-(R4) since z is adjacent to at
least two 6"-vertices by Claims 3.2 and 3.7.
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Subcase 2.2: Let z be incident with two false 3-faces (see F3 and Fy in Figure 1).
Then z is adjacent to at most one 4-vertex by Claims 3.2 and 3.7.

Subcase 2.2.1: Assume that the configuration of H*[{z} U Ny« (2)] is F3 in Fig-
ure 1. If z is not adjacent to any 4-vertex, then z is adjacent to one 5+-vertex and
two 7T-vertices by Claims 3.2 and 3.7. Thus, w'(z) > 4 — 2 — % +2-14+ % =0
by (R2)-(R4). If z is adjacent to one 4-vertex, then z is adjacent to two 8t-vertices
by Claims 3.2 and 3.7. Thus, w'(z) >4 —2— 1 +2- 3 = £ by (R2)-(R4).

Subcase 2.2.2: Assume that the configuration of H*[{z} U Ny« (2)] is Fy in Fig-
ure 1. Note that fr(vi) = 2. If dyx(vi) = 3, then dyx(v;) > 7 for i = 2,3,4
by Claims 3.2 and 3.7. Thus, w'(z) > 4—-2—-1+2-1+3 =1 by (R2)-(R4).
If dgx(vy) = 3, then dgx(v;) = 7 for ¢ = 1,4 by Claims 3.2 and 3.7. Thus,
w'(z) 24-2-1+1+%=0by (R2)-(R4). Similarly, we can obtain w’(z) > 0
if dgx(va) = 3. If dgx(vs) = 3, then dyx(vy) > 7 by Claims 3.2 and 3.7. If
dgx(v1) =7, then dyx (v;) = 5 fori = 2,4 and dyx (v2)+dgx (v4) > 11 by Claims 3.2
and 3.7. Thus, w'(2) > 4—2- 2+ 2 +1+1=1by (R2)-(R4). If dyx (v1) > 8,
then dgx (v;) > 4 for i = 2,4 and dyx (v2) + dgx (v4) > 11 by Claims 3.2 and 3.7.
Thus, w'(2) > 4—-2— 1+ + 4 4+ 3 = 5 by (R2)-(R4).

Subcase 2.3: Let z be incident with three false 3-faces (see F5 in Figure 1). Then z
is adjacent to at most one 4-vertex. Note that f;(v;) =2 fori=1,4. If dyx (v1) = 3,
then dgx (v;) > 7 for i = 2,3,4 by Claims 3.2 and 3.7. Thus, w’(z) >4 -3 — 3 +
2.1+ % =0by (R2)-(R4). Similarly, we can obtain w’(z) > 0 if dgx (vs) = 3. If
dp= (v2) =3, then dgx (v;) = 7fori = 1,4 by Claims 3.2 and 3.7. When dgx (v4) =7,
dp= (v3) = 5 and vy is not adjacent to any I-vertex with 3 < I < 4in H* by Claims 3.2
and 3.7. Thus, w'(2) > 4—-3—-32+34+24+1=0by (R2)-(R4). In the following, we
assume that dgx (vs) = 8. If dyx (v1) = 7, then dgx (v3) > 5 by Claims 3.2 and 3.7.
Thus, w'(z) 2 4-3—1+ 4 + 3+ 1 =} by (R2)-(R4). If dyyx (v1) > 8, then w'(2) >
4-3—1+42- 1 = 1 by (R2)-(R4). Similarly, we can obtain w’(z) > 0 if dp= (v3) = 3.

Subcase 2.4: Let z be incident with four false 3-faces (see Fs in Figure 1). Note
that fr(v;) = 2 for i = 1,2,3,4. If dyx(v1) = 3, then dyx(v;) > 7 for i = 2,3,4
by Claims 3.2 and 3.7. If dgx (v3) = 7, then vs is not adjacent to any I-vertex with
3<1<4in H* by Claims 3.2 and 3.7. Thus, w'(z) 2 4—-4—-1+3+2-2=0
by (R2)-(R4). If dg« (v3) > 8, thenw'(2) >4—4— 1+ L +2.4 = 1 by (R2)-(R4).
Similarly, we can obtain w’(z) > 0 if dgx (v2) = 3 or dyx(v3) = 3 or dgx (v4) = 3.

Case 8: Suppose that z is adjacent to two 3-vertices. Note that z is not incident
with four false 3-faces since each 3-vertex is not adjacent to any 3-vertex by Claims 3.2
and 3.7.

Subcase 3.1: Let z be incident with at most one false 3-face (see F; and F» in
Figure 1). Then w'(z) >4—1-2-1+42-1= 3 by (R2)-(R4) since z is adjacent to
two 7T-vertices by Claims 3.2 and 3.7.
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Subcase 3.2: Let z be incident with two false 3-faces (see F3 and Fy in Figure 1).

Subcase 3.2.1: Assume that the configuration of H*[{z} U Ngx(z)] is F3 in
Figure 1. Then z is adjacent to two 8'-vertices by Claims 3.2 and 3.7. Thus,
w'(z)>24-2-2-1+2-3=0by (R2)-(R4).

Subcase 3.2.2: Assume that the configuration of H*[{z} U Ngx (2)] is Fy in Fig-
ure 1. Then dgx(v3) = 3 and dyx(v1) > 8 by Claims 3.2 and 3.7. Note that
ft(v1) = 2. Since one of vy and v, is a 3-vertex, the other of v and vy is a 7T -vertex
by Claims 3.2 and 3.7. Thus, w'(z) >4-2—-2-1 +1+ 1 =1 by (R2)-(R4).

Subcase 3.8: Let z be incident with three false 3-faces (see F5 in Figure 1). Then
dgx(v2) = dgx(vs) = 3 and dyx (v;) > 8 for i = 1,4 by Claims 3.2 and 3.7. Note
that fe(v;) =2 for i = 1,4. Thus, w'(z)>4—-3—2-1 +2-4=0 by (R2)-(R4).

In summary, we know that zg is not a false 4-vertex.

Finally, we prove that w’(z) > 0 for each real vertex z € V(H). Pick arbitrarily
a real vertex z from V(H). Note that each real vertex gives no weight to any false
face. Since 6(H) > 3 by Claim 3.7, 6(H*) > 3.

If 2 is a 3-vertex, then w'(z) >3 —4+3- % =0 by (R2).

If z is a 4-vertex, then w’(z) > 4 — 4 = 0 since no rule is applied to it.

In the following, we assume that z is a 5T-vertex. Note that n%., (z) < n3(z)
in H*.

Part 1: Suppose that z is not adjacent to any false 4-vertex. Then f(z) <
|2dgr< (2)] by Claim 3.9.

If dy«(z) = 5, then f(z) < 3 by Claim 3.9 and n},.(z) = 0 by Claims 3.2
and 3.7. Thus, z is not incident with any real 3-face containing a 4~ -vertex. And so
w'(z) 25—-4-3-%=0Dby (R1).

If dgx(z) = | with 6 < [ < 10, then n?,,(z) < [ — 6 by Claim 3.7. Thus,
w(z)2l—4—(1-6)-1—1[2]-1>0Dby (R1)-(R2).

If dgx (z) = I with 11 <1 < 13, then f(2)+n%, (z) <2[31|+1 when! =1 (mod 3)
and f(2) +n3. (z) < 2| 21] otherwise since every real 3-face is incident with at most
one 3-vertex by Claims 3.2 and 3.7. Thus, w’(z) > | —4—max{f(z) 3 +n¥. (z)- %
f(2) +nd(z) <221 + Land f(z) < |31]} > §(41 - 39) > & by (R1)~(R2).

Part 2: Suppose that z is adjacent to one false 4-vertex and fi(z) < 1. Then
f(2) < |2dpx(2)) when dg<(z) = 1 (mod 3) and f(2) < |2dgx ()] —1 otherwise by
Claim 3.9. Since every real 3-face is incident with at most one 3-vertex by Claims 3.2
and 3.7, f(2) + n3 (2) < 2[2dyx(2)].

If dg= (z) =5, then f(z) < 2 by Claim 3.9 and z is not adjacent to any [-vertex
with [ < 4 by Claims 3.2 and 3.7. Thus, z is not incident with any real 3-face
containing a 4~ -vertex. And so w/(z) >5—-4—2-%—1=0by (R1) and (R4).
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If dgx (z) = 6, then f(z) < 3 by Claim 3.9 and z is not adjacent to any [-vertex
with [ < 4 by Claim 3.7. Thus, z is not incident with any real 3-face containing
a 4~ -vertex. And so w'(2) > 6—4—3-1—1=0Dby (R1) and (R4).

If dg=(z) = 7, then f(z) < 4 by Claim 3.9 and z is adjacent to at most one [-vertex
with I < 4 by Claim 3.7. Thus, z is incident with at most two real 3-faces containing
a4~ -vertex. Andsow'(z) >7-4-2-1—-2-1 -1 —1=0Dby (R1)-(R2) and (R4).

If dgx (z) = 8, then f(z) < 4 by Claim 3.9 and n?,, (z) < 2 by Claim 3.7. Thus,

w'(z)>8—-4—-4-1-2-4—32=0by (R1)-(R )and(R4)

If dg=(2) =9, then f(z) <5 by Claim 3.9 and n%,, (z) < 3 by Claim 3.7. Thus,

w'(z)29-4-5-1-3.1 -2 ="1by (R1)-(R )and(R4)

If dp= (z) = 10, then f(z) < 6 by Claim 3.9 and n¥,, (z) < 4 by Claim 3.7. Thus,
w'(2)210-4—4-3—6-3 — 3 =1 by (R1)~(R2) and (R4).

If dgx (z) = 11, then f(z) < 6 by Claim 3.9 and f(2) + n}. (2) < 2[22]. Thus,
w'(z)>11-4-8-2—6-1— 3 =0Dby (R1)-(R2) and (R4).

S}

If dyx (2) = 12, then f(z) < 7 by Claim 3.9 and f(z) + n%. (2) < 2|%!]. Thus,
w'(z)212-4-9-1-7.1 -4 =1 by (R1)-(R2) and (R4).
If dyx (z) = 13, then f(z) < 8 by Claim 3.9 and f(2) 4+ n3;. (2) < 2[2]. Thus,

w'(2) 213-4—-8-12—-8-1—%=1by (R1)-(R2) and (R4).

Part 8: Suppose that z is adjacent to one false 4-vertex and fi(z) = 2. Then
f(2) < |2dp=(2)] — 1 when dgx (z) =1 (mod 3) and f(z) < [2dgx (2)] — 2 other-
wise by Claim 3.9. Since every real 3-face is incident with at most one 3-vertex by
Claims 3.2 and 3.7, f(z) + n3. (2) < 2[2dpy«(2)] — 1 when dp= () = 1(mod 3) and
f(2) + 1% (2) <2|2dgx(2)] — 2 otherwise.

If dggx (z) = 5, then f(z) < 1 by Claim 3.9 and z is not adjacent to any [-vertex
with [ < 4 by Claims 3.2 and 3.7. Thus, z is not incident with any real 3-face
containing a 4~ -vertex. And so w'(z) >5—4—2 — 1 =0 by (R1) and (R4).

If dg=(z) = 6, then f(z) < 2 by Claim 3.9 and z is not adjacent to any [-vertex
with | < 4 by Claim 3.7. Thus, z is not 1n01dent with any real 3-face containing
a 4~ -vertex. And so w'(2) 26 —4— 3 —2-1 =0 by (R1) and (R4).

If dgx (z) = 7, then f(z) < 3 by Claim 3.9 and z is adjacent to at most one [-vertex
with [ < 4 by Claim 3.7. If z is not adjacent to any [-vertex with [ < 4, then z is not
incident with any real 3-face containing a 4~ -vertex. Thus, w'(z) > 7—4—3-% —% = %
by (R1) and (R4). If z is adjacent to one [-vertex with [ < 4, then z is incident with at
most two real 3-faces containing a 4~-vertex. Thus, w’(z) > 7-4-2-3-3—-4-2 =0
by (R1)-(R2) and (R4).

If dg=(z) = 8, then f(z
w'(z)>8—4—2- -3

If dgx(z) =9, then f(z
w(z)29-4-3-1-4.

//\

3 by Claim 3.9 and n?,, (z) < 2 by Claim 3.7. Thus,
i =0 by (R1)-(R2) and (R4).
4 by Claim 3.9 and n%,, (z) < 3 by Claim 3.7. Thus,
= ¢ by (R1)-(R2) and (R4).

— N
| N

N[
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If dgx (= ) O then f(z) < by Claim 3.9 and n?,, (2) < 4 by Claim 3.7. Thus,
w(z)>10-4-4-3-5-1 - L =1 by (R1)-(R2) and (R4).

Ifdyx (= ) =11, then f(z) < 5by Clalm39and f(2)+n3.(2) <2[2]—2. Thus,
W(z)211-4-7-2-5-1 - Fl % by (R1)-(R2) and (R4).

If dyx (z) = 12, then f(z) < Clalm 3.9 and f(z)+n% . (2) < 2[ 3] —2. Thus,
w(z)>12-4-8-2-6-1— J— 1 by (R1)-(R2) and (R4).
) < (2 (

1

2

[ V)

6
If dyx (2) = 13, then f(z) < 7 by Cla1rn39andf z)+n3 . (z) <22 —1. Thus,
W(z)>13-4-8-1-7.

Therefore, zy ¢ V( ).
By the analysis above, there is no zp € V(H*) U F(H*) such that w’(z9) < 0,
which contradicts (3.1). The proof of Theorem 1.4 is completed. O

11— 1 by (R1)-(R2) and (R4).
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