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Abstract. Hardy and Rellich type inequalities with an additional term are proved for
compactly supported smooth functions on open subsets of the Euclidean space. We obtain
one-dimensional Hardy type inequalities and their multidimensional analogues in convex
domains with the finite inradius. We use Bessel functions and the Lamb constant. The
statements proved are a generalization for the case of arbitrary p > 2 of the corresponding
inequality proved by F. G. Avkhadiev, K.-J. Wirths (2011) for p = 2. Also we establish Rel-
lich type inequalities on arbitrary domains, regular sets, on domains with 6-cone condition
and on convex domains.
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1. INTRODUCTION

Let Q2 be a domain in the Euclidean space R™ and let C}(Q2) denote the space of
continuously differentiable functions f: 2 — R, which vanish on the boundary 02
of the domain.

It is known that if €2 is convex, then the Hardy inequality

T 2
(1.1) /Q|Vf(x)|2dx2i/ﬂ |§((x;l de VY feH}D)

is valid, where H}((2) is the closure of the family C}(Q2) with the finite Dirichlet
integral and §(z) is the distance from a point = € Q to the boundary 92 of Q, i.e.,

0=94(x)= inf |z —yl|
y
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Note that the constant % is sharp for any convex subdomain of R™, see [14], [16],
[22], [23]. There are many improvements and modifications of the inequality (1.1),
see [3], [4], [8]-[12], [14]-[34]. For instance, in [11], Avkhadiev and Wirths proved
that the generalization of (1.1) for all f € C(% Q)

V()P If
(1.2) /Qé(x)s_ " da +—/5 — q+1

holds with two sharp constants

§2 — 12¢2

h = 1

>0 and /\:%)\V(Zs/q)>0

where s and ¢ are positive numbers, v € [0, s/q] and z = A, (s) is the Lamb constant
defined as the positive root of the equation s.J,(z) + 2zJ/(z) = 0 for the Bessel

function
oo (_ 1)kx2k+v

= >
Iu(@) kz:% RTh 140 V70

and  is an n-dimensional convex domain with finite inradius §y defined as

00 = 00(2) = sup 6(x).
zeQ
The inequality (1.2) is a bridge between Hardy’s inequality of the classical form and
sharp estimates of the first eigenvalue A\ (f2) of the Laplacian under the Dirichlet
boundary condition for n-dimensional convex domains Q (for details, see [11] and
references therein).

Note that the papers [4], [11], [17], [18]-[30], [33], [34] are also devoted to Hardy
type inequalities with additional nonnegative terms. Hardy inequalities with re-
mainders were first obtained by Maz’ya (see [24]) in the case, where ) is a half-
space. Brezis and Marcus in their paper [14] established such inequalities in the case
when (2 is bounded and the constant in the inequalities depends on the diameter D.
M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof and A. Laptev in [20] proved inequal-
ities with remainders in terms of the volume of €. Let us note that in a number of
papers (see [1], [2], [17], [33]) Lp-inequalities are proved.

The aim of this paper is to obtain Ly-analogues of (1.2). For instance, we proved
that the following theorem holds.

Theorem 1.1. Let Q be an n-dimensional convex domain of finite inradius &g
and let A\, (2(p — 2)/q) be the Lamb constant. If p > 2, ¢ > 0 and v € [0, (p — 2)/q],
and f € C}(Q) such that V f(x)6'/?(z) € LP(Q), then

/()
o oz )

If

/ V(@) Po(x) de > dy,
Q

plq
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and, if k > 1 is a positive integer, p = 2k and v > (p — 2)/q, then

- )
[ wr@rs@ ., [ F5 0

@V:(P—QYJKP 22 v my_(p;2yfﬁg@;;vw.

Using Theorem 1.1 with v = (p — 2)/q, we get the following corollary.

Corollary 1.1. Let Q) be an open proper convex subset of the Euclidean space R™
with a finite inner radius §y. If p > 2, ¢ > 0 and f € C}(Q) such that V f(x)6*/?(z) €
LP(Q)), then

p = 2\P Ci{lp—2)/q1
/|Vf )Po(z ( ) p—2)261 5 plq *

where j((,—2)/q—1 18 the first positive zero of the Bessel function Jj(,_2)/q -1 of order

[(p=2)/q] - 1.

Taking into account the known facts (see [11] for more information)

2sinz 2 cosx

Jij2 = EW’ J 12 = E\/E

and j_y/p = 1/2, ji/2 = n, we have the following assertion.

Corollary 1.2. Let Q2 be an open proper convex subset of the Euclidean space R™
with a finite inner radius do. If p > 2 and f € C}(Q) is such that V f(z)5'/?(x) €
LP(2), then

/|Vf o ( ) (pp2 p 2)/3/ 5( |f(p+1)/3

and

p—2y 1 |f ()P
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Since qjj(p—2)/q-1 — P — 2 as ¢ — 0, Theorem 1.1 presents the known inequality,

see [2]
P§(2) da p—2\* [ [f(=)] .
[ vr@pswa > (2)" [ o

as a limit case when ¢ — 0. Note, that the sharpness of the constant ((p — 2)/p)?

for any convex domain ) was proved by Avkhadiev and Shafigullin, see [9].

This paper organization is as follows. In the first section, we prove one-dimensional
inequalities. Using these one-dimensional inequalities, we get Hardy type inequalities
in the multidimensional case. Note that we use Avkhadiev’s method to get multidi-
mensional inequalities from a corresponding one-dimensional inequality, see [1], [2]
and [8] for more details. We prove Hardy type inequalities in convex domains with
the finite inradius.

The last part is devoted to Rellich type inequalities with remainders. Rellich
inequalities on arbitrary domains, on regular sets, on domains with #-cone condition
and on convex domains are proved. We refer to [5]-[7], [12], [13], [17] and [31] for
more information about Rellich type inequalities.

We especially want to highlight a remarkable book by Balinsky, Evans and Lewis
(see [12]), which collected the most beautiful results on multidimensional inequalities
of Hardy and Rellich type.

For example, in [13], Barbatis obtained, that for a convex bounded domain 2 and
all f € C5°(92) the Rellich type inequality

9 [ If@)P S" 1| 4/n
/Q|Af(x)|2dx>1—6/Q 5(z)? +Kn(n+2 |Q| /|f )|? da

holds, where K = %. Here, A stands for the Laplace operator, |S"~!| is the surface

area of the unit sphere S"~! in the Euclidean space R" and || is the volume of the
set €.
This result was improved by Evans and Lewis in [17] for all n > 4. Namely, they
proved that the constant K ~ 1.25 for all n > 4. We show that K > 0.417322 for all
> 2. Therefore, our result improves the bound given by (1.3) for all n > 2.

2. ONE-DIMENSIONAL ESTIMATES

Suppose that g € (0,00), s € (0,00) and v > 0. Denote by J, the Bessel function

of order v
oo (_1)kx2k+u

Ju(x) =
() ;) 92T (k+ 1+ v)
and put for all x € [0,1] that F, , ,(z) = 2%/2.J,(\(2s/q)x9/?).
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Following [10] and [11] the Lamb constant is called the first positive root z = A\, (s)
of the equation

(2.1) sdy(2) +22J,(2) =0,

where v > 0 and s are fixed parameters.
It is easily shown that

F, eq) = %x(s/z)_l.]u(/\@s/q)xqm) + qa:(‘I/Q)HS/Q)_l/\V(25/q)Jl’,(/\l,(25/q)xQ/2),
E, ,1)=0, F,sq(x)>0, z€(0,1], and F,  (x)>0, ze(0,1).

v,5,q

Moreover, as is known, the function y = F, s 4(z) is a solution of the differential
equation

2 _ 2,2 2)\2 (28/q)
2.2 2,1 1— / (8 veq q Ay ) _
(2:2) w7y’ + (1= s)ry + T T Jy=0

and the equality

J)F’ ( ) S + vq
2.3 li LI AN
23) P Foegl) 2

holds. See [10], [11] for more information.
The following lemma holds.

Lemma 2.1. Let A\,(2s/q) be the Lamb constant. Suppose that p > 2, s > 0,
g € (0,00) and v > 0, and f is a positive nondecreasing absolutely continuous
function in [0, 1] such that f(0) = 0 and

_fP(x) F) 4 (@)
2.4 lim =
(2.4) Tim =25 Foola) 0,
then
1 pp—2 2 2 2,2 ol 212 1
P2 (@) [ (@) s* —v¥q fP (@) q°Ai(2s/q) fP (@)
(2.5) /0 pore) dz > p = dr + e | et dz.

Proof. Clearly,

/ fp st Jlm __/ Frog(oe 72" @

() Py, o(@)
+_/ xSlFQ ()da:

v,s8,q
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Integrating by parts, one easily obtains
Rt ) Fla()
xg T s—1 z—0 15— 1 Fugq(x)

+_/ fp 2F1£/5q( )+(1_S)xFlisq(x)
2 FV S7q(x)xs+1

dx.

Using the asymptotic behavior (2.4) and the differential equation (2.2) we have

P2 (@) (2) . s -2 PAl(2s/q)
/o T f 4stl + 4xs—atl )dx.

This completes the proof of Lemma 2.1. O

Remark. If k is a positive integer and p = 2k, then in Lemma 2.1 we can assume
that f is any absolutely continuous function.
Further we put

L 2= e = o RCN2s/0)
s pp s 52 |52 —V2q2|7

where A, (2s/q) is the Lamb constant defined as the first positive root of the equa-
tion (2.1).

Lemma 2.2. Let A\, (2s/q) be the Lamb constant. Suppose that p > 2, s > 0 and
€ (0,00), and f is an absolutely continuous function in [0, 1] such that f(0) = 0
and f!(x)zP=s=D/P ¢ LP[0,1]. If v € [0, 5/q] then the inequality

1 1
Lf (@) |f(@)|P |f(@)[P
/0 pormr—) dx CS/O g de + p /0 porm—" dx

holds, and if v > (s — 1)/q, k is a positive integer and p = 2k, then
1 e 1 ¢p 1 4p
[ seip) [ 2D s [ 20 g,
0

0 rs—p+l s+l 0 rs—at+l

WV

Proof. For an absolutely continuous function f: [0,1] — R with the property
£(0) =0 and f'(z)zP~5=V/P € LP[0, 1] we have

&4 p—1 x / P
(/ |f'(t Idt) <(/ t(s_p“‘l)/(P—l)dt) / |f_(rf)+|1 &
0 o t5P
— 1\p—1 ! D
f<_) o [0y,
S o tspHl
Using the last estimate and (2.3) we get

o @I Fy s q(@)

22 e By (@)

=0.
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Consequently, we can use Lemma 2.1. Let us consider two cases.
Case 1: v € [0,s/q]. Without loss of generality it can be assumed that f is
a positive and nondecreasing function. Indeed, if

oa) = [ 1r 0l
where f(z) = [V f/(t)dt, and the inequality
b b
(2.6) / g’ (x)w(z)dz < Cl/ g7 (x)v(z)dz
holds then since
f@I< [ IrOla= @), ¢@ = 1)
0
we have
b b b
[lr@re@is< [ @@ <c [ g7 @ ds
b
= [ 1F @l s

Using the inequality (2.5) and the elementary inequality (see [19])

AP < (p1a+pzb)m+f’2
S\ pi+p

to the quantities
_ fP(x) - PP f?(x) _ 2 _ 2
=" b= (52 — L2g2)P/2 go—p+1 pr=1- D and  pp = »’

we obtain
p 1 sp 1 ¢p 2)2(9 1 rp
p @) s [ p R/ [ )

(82 _ V2q2)p/2 o rs—p+1 0 rstl 2 2 — l/2q2 0 rs—at1

Case 2: v > s/q. By Lemma 2.1 and Remark, we have

s/ [1 )
l/2q2—52 o xs—q—i—l :

g [, [
0

dz >
V2g2 — s2 251 ozt
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Applying the inequality (2.5) and the elementary inequality (see [19])

aP' b < (p1a+p2b)m+f’2
p1+ D2

to the quantities

_ =) p’ [P (x) _q1_2 _

T st b= (V2q2 — s2)p/2 gs—pt1’ pr=1- 5 and  py = -
we have

P’ P v 1) L) o p N @2s/a) [P )

(22 — 2P J, wopil p y ot CZ o g2 [ pemett O
This completes the proof of Lemma 2.2. O

Theorem 2.1. Suppose that 0 < b—a < 00, 6(z) = max{x—a,b—z}, p € [2,0),
s € (0,00) and q € (0,00). Let f: [a,b] = R be an absolutely continuous function
such that f(a) = f(b) = 0 and f'(z)/6~P+1/P(2) € LP[a,b]. Ifv € [0, s/q| then the
inequality

G @ [P @
il /5 Braeze [ gt i [ s ae

is valid, and if v > s/q, k is a positive integer and p = 2k, then
b Ip 4 b p
(2.8) /5(f (CONRp —1/ f dx>& @ g
a

2y 57 Ju S(a)—oH

where 5y = (b —a).

Proof. By the change x = ot of variables for any constant ¢ > 0 the inequality
of Lemma 2.2 implies that

¢ @) |f @) ¢ f ()P
/0 permys dx > cs/0 g de + — /0 o—at1 dz.
Now apply the last inequality to the functions u(t) = f(t + a) and u(t) = f(b—1t)
with o = 6y = 1(b — a). We have

b b b
|f' (@) [P |f(z)|P 4 |f ()P
(2.9) Aomdxﬂs/%md“g/%mdx

and

s s s
° |f'(=)P ° [f@)P ps [0 |f(@)P
(2.10) /a @ — )i dz > cs/a @ —a) dz + % /a &= ) dz.

Summing up (2.9) and (2.10), we get (2.7). The inequality (2.8) is proved similarly.

This completes the proof of Theorem 2.1. O
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Let now

(s =P %¢* N3 (2s/q)
23—ppp—1

(s =1)* —v?¢*|(s = 1)P 2
23fppp71

and b,, =

Uspy = >

where A\, (2s/q) is the Lamb constant.

Lemma 2.3. Suppose that p > 2, s > 0, ¢ € (0,00), and f is an absolutely
continuous function in [0, 1] such that f(0) = 0 and f'(x)z(1—2/P)0=1/P) ¢ 1[0, 1].
Ifv €]0,s/q], then

1 / 1 1
/()P |f (@) [f (@)
/0 x(1=2s/p)(1-p) dz 2 as,. o st dz + bsv o xs—atl dz,
and if v > s/q, k is a positive integer and p = 2k, then

1 / 1 1
[ (@) [P |f()[P |f()[?
/0 x(1-2s/p)(1-p) dz+as, o astl dz > bs, o wsatl dz.

Proof. Note that for an absolutely continuous function f: [0,1] — R with the
property f(0) =0 and f'(z)x(1=28/P(=1/P) ¢ [P[0,1] we have

x =1 rx 1(+\|P
p 2s/p—1 |f (t)|
2P < (/ 7t |dt> < (/0 t dt) /0 sy O

Pl sy [T IO
~(35) = | fa—z/map O

Consequently, the condition (2.5) holds. Combining the following Opial type in-

equality (see [32], page 312)
1 2| (|2 -3 1 /
[f@)P=1f ()] PP /()|
/0 dr < )p_Q/O dx

ps—1 S35 -1 x(1—2s/p)(1-p)

and Lemma 2.1, we get
p—3 1 Ip
v 7@
Ip—3gp—2 0 x(p—Qs)(l/p—l)

< R P (x) d >N (2s/q) ! P (x) d
= 2 s+1 T+ 2 s—q+1
p o <L p o T

If v € [0, s/q], then for all absolutely continuous functions

pe [l
0

Ip—3gp—2 x(p—Qs)(l/p—l)

s2 =2 [T ]f ()P PAL(2s/q) (1 1f(@)P
> /0 dx + /0 dx

p2 xs-i—l p2 xs—q—i—l
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and if v > s/q, k is a positive integer and p = 2k, then

p—3 1 ’ D 2.2 2 1 P
Ly T S T
0 0

2p—3gp—2 x(P—25)(1/p—1) p2 s+l
212 1 D
 £50og [P,
D o TsTaH
This completes the proof of Lemma 2.3. O

The application of Lemma 2.3 yields:

Theorem 2.2. Suppose that 0 < b—a < 00, 6(z) = max{x —a,b—z}, p € [2,00),

€ (0,00), q € (0,00) and v € [0,s/q]. Let f: [a,b] = R be an absolutely continuous
function such that f(a) = f(b) = 0 and f'(x)/6(*=2s/P)(1/P=1)(z) € LP[a,b]. Then
the inequality

9(1 2/p)
(2.11) / e 1 QS/p)(l —da
" () If

2as¢1/a 5(z )s+1 )s— q+1
is valid, and if v > (s — 1)/q, k is a positive integer and p = 2k, then

b

s(l 2/p) |f(z)
/ 5z <1 2s/p1p>d T | 5() g Sq“

where 6o = 1(b— a).

Suppose that

L p=2\02|(p - 2)% — 127 _(P=2\P 2N (2(p — 2)/q)
dsu_< » ) 2 and hs’”_< D ) p? 7

where A\, (2(p — 2)/q) is the Lamb constant.

Lemma 2.4. Suppose that p > 2, q > 0 and f is an absolutely continuous function
such that f(0) = 0 and f'(x)z/? € LP[0,1]. Ifv € [0, (p — 2)/q] then the Hardy type
inequality

xp—1l—q

1 1 » 1 »
[ ir@rearsan [ L9 g, [0,
0 0 0

holds, and if v > (s — 1)/q, k is a positive integer and p = 2k, then

i P Yf()P V()P
[ir@rsas s, [ L 0o, [ L8,

xrp—1l—q
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Proof. Since

ar=([1ro) dt)p < ([ e dt)p_l [ i
_ (%)%1# /Oz |f(4)Pt dt

and )
lim xFysq()ZS‘FV
z—0 Fu,s,q(x) 2 ’
the condition (2.5) holds. By Lemma 2.1 and the Opial type inequality (see [32],
page 313)
1 P—2| £7( |2 p—2 1
/ |f ()] _|:{ ()] dz < ( p ) / |f(z)|P 2 da,
0 P p—2 0
we obtain

) / [ (@)Pede

2)% — ! P
=2 =0 [P,
p 0o xPT p

P20 —2)/9) / @,
2 0 !

xp—1l—q

This completes the proof of Lemma 2.4. O
The application of Lemma 2.4 yields:
Theorem 2.3. Suppose that 0 < b —a < oo, §(x) = max{z — a,b — z} and

f: [a,b] = R is an absolutely continuous function such that f(a) = f(b) = 0 and
f'(x)6Y?(z) € LP[a,b]. If p> 2, ¢ > 0 and v € [0, (p — 2)/q|, then

. b 1f(x)
/a @) dr > dy, [ 5()

and, if k > 1 is a positive integer, p = 2k and v > (p — 2)/q, then

e e, so
[ 1r@psear s a, [FHO8 s b [P AL

where 5y = £(b—a).
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3. SHARPNESS OF CONSTANTS

Note that both the constants in the inequality of Lemma 2.2 are sharp, when v > 0
and p = 2 (see [11] for more information). At the same time, we know nothing about
the sharpness of constants in the case p > 2.

In the next lemma we prove that the constant

(p - 2)?*2 (p—2)* —v*¢
P p?

in Lemma 2.4 is sharp in the case v = 0.

Lemma 3.1. Ifp > 2 and q > 0 then for any € > 0 there exists a function f. that
satisfies the conditions of Lemma 2.4 and the inequality

[ pra < @221 [UEE
0 0

pp :[;pfl
(p—22ENCRP—2)/a) ["|f(2)
+ 0 < dzx.
PP PP /0 ab=1ma

Proof. Let £ > 0 and f.(x) = t®»=2+=/(>=1)/P Without loss of generality we
suppose that € < 1. Straightforward computations give that

1
J e O R (L D e
0

p—1/ pre pPe
_ (=22 44y ML)
B P o ap! "
which implies Lemma 3.1. O

4. HARDY INEQUALITIES IN CONVEX DOMAINS

Let Q be an open proper convex subset of the Euclidean space R™ with a finite
inner radius
0o = 0p(92) = sup &(x),
e
where §(z) = dist(z, 9Q) is the distance function to the boundary of domain.
By C3(9) we denote the family of continuously differentiable functions f: Q — R
with compact supports lying in Q.
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Recall that

B [ e [ CRt N G ) o A X711
S,V — < b) S,V — Y
’ 23—ppp—1 ’ 23—ppp—1

Y |32—u2q2|p/2 _ QQQ/\IQ/@S/Q)

S pp Y /'[/S 32 |82 - 1/2q2| 9

where A, (2s/q) is the Lamb constant defined as the first positive root of the equa-
tion (2.1).
The following theorem holds.

Theorem 4.1. Let ) be an open proper convex subset of the Euclidean space R™
with a finite inner radius 0y and let A\, (2s/q) be the Lamb constant. Suppose
that p € [2,00), s € (0,00) and ¢ € (0,00), and f € C}(Q) is such that
Vf(x)/s—rN/P(2) € LP(Q). If v € [0,5/q] then the inequality

V@ st
e e [ s da+ i [ st

is valid, and if v > s/q, k is a positive integer and p = 2k, then
V() / [P (@) /
VIR Jp—1
q 6(z)s~PF! de+ep—1) o O(x)s+! §5(x)— q+1

Theorem 4.2. Let Q) be an open proper convex subset of the Euclidean space R™

with a finite inner radius dyg. Suppose that p € [2,00), s € (0,00) and ¢ € (0, 0),
and f € C§(Q) is such that V f(x)/6(1=25/P)(1/p=1)(z) € LP(Q). Then the inequality

e(l 2/p) |Vf |f(
/ 3(2) 025/ (1) 2e/p><1 4= asq | 50 ) = S
is valid, and if v > (s — 1)/q, k is a positive integer and p = 2k, then
s(l 2/p) |Vf |f(z)
/ 8(z)0=2s/p)(0-p) 2€/p)(1 2 dz + asy o 0(z ) Z )o- q+1

Proof of Theorem 1.1, Theorem 4.1 and Theorem 4.2.  To prove the case of
n > 2 we use the method of Avkhadiev (see [1], [2], [8]). This method allows to get
a multidimensional inequality from a corresponding one-dimensional inequality. We
give a brief description of this method.
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Let A be an arbitrary open domain in R™, n > 2. Using approximation of the
open set A by cubes, Avkhadiev showed that it suffices to prove inequalities only for
sets of the form

K(S) = {x € A;: there exist a point y € S such that §(z,A) = |z — y|},

where A; is some partition of the domain A, k € {1,2,...,n}, and S is an (n — k)-
dimensional cube face.

While calculating integrals over the set K(.S), we have to employ either spherical
or cylindric or Cartesian coordinates which allows us to pass to the corresponding it-
erated integral and to prove only one-dimensional inequalities. For a convex domain
the situation is simple and one-dimensional inequalities are extended straightfor-
wardly to the spatial case. This completes the proofs of Theorem 1.1, Theorem 4.1
and Theorem 4.2. O

5. RELLICH INEQUALITIES IN DOMAINS

5.1. Inequalities on arbitrary domains. Let 2 be an open subset of the Eu-
clidean space R™ and let C¢(£2) be the family of continuously differentiable functions
f: Q — R with compact supports lying in Q. Denote the unit sphere in R™ by S"~1.
For each z € Q and v € S"~ 1, put

Ty(x) =min{s > 0: v+ sv ¢ Q}, p,(x) = min(r (z), 7—, (x)),

D,(z) =T,(x)+7_,(x), Qu={yeQ: z+t(y—z)cQVtel01]},
§(z) = inf 7,(x)=dist(z,0Q), D(Q):= sup D,(z).
vesn—1 e, vesn—1

The volume of , is denoted by |Q;|. Clearly, Q, C Q. In [15], Davies introduced
the mean distance function o(z) by the formula

ow)i= | —rduto)

n1 0y(x)

where dw(v) is the normalized measure on S"~ 1, i.e., [o,_, dw(v) = 1.
For a general s € (0, 00), there is the analogue (see [12], [17], [33])

wan— [ L)

n1 0u(x)®
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Further assume that s > 0, ¢ > 0, v € [0,s/q] and A, (2s/q) is the Lamb constant. In
this article we suppose that [S"~!| is the surface area of the unit sphere S"~!, Q] is
the volume of the set 2, D(Q) is the diameter of €,

L(3(s+1)T(3n) s? — v2¢? _ N 2s/q)

B(n,s) = VAt e(s) == — and p(s) = 4

The following theorem holds.

Theorem 5.1. Let 2 be a domain in R™. Suppose that s > 0, ¢ > 0 and
ve€|0,s/q]. If s> 1 and s+ 3 > q, then for all f € CZ(9Q)

(n+2)/{|A“ |2+22‘axzayj‘2] d)x i

pls +2)271% 1[5 |yarn
/|u s+2) (z,s+3) + D(Q)s—a+3 <n|Qx|) )dx'

Ifs>1and s+ 3 < g, then for all f € C3(Q)

<n+2)/[|A“ '2”2‘3@8%” o

0 (-t B (T

If0<s<1ands+32>q, then for all f € C2(Q)

(n+2 = 1/|Au )2 da
p(s 4 2)2579+3 /|Sn=1|\a/n
/|u s—|—2) (x,s+3)+ D(Q)—a3 (n|Qz|) )dx

If0 < s<1ands+3<q, then for all f € C3(Q)

3 9s—1
n(n+2)D(Q)s—1/|Au(x)|2dx

o [ D
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Proof. It follows from Theorem 2.1 for p = 2 that for all f € C}(a,b)

b f/ )2 b f 2)[2 S b f' )2
o) [ [ pm a2 [ohE e

Note that this inequality was proved by Avkhadiev and Wirths in [11]. Applying (5.1)
to the function f defined by f(z) = v/(x), we get

P lu (@) P u'(2)?

Therefore, by (5.1) we have

b ()2 b lu(z)|? s+2) [ Ju(z)]?
) |5(x()‘3)—|1 dx}c(s)<c(s+2)/a ;(;)13 dx+u( 5 )/a 5(|x)(3—)‘|1+3 dx>

for all u € C2(a,b).
Consequently,

" [Ou()2 P fu(a)? pls+2) [ Ju)?
[ s e (ctorn) [ s KO [T i o),

v

where 92u,v € S"~! denotes the second derivative of u in the direction of v, (a,,b,)
is the interval of intersection of 2 with the ray in the direction v and §y = %(bl, —ay).

Integrating both sides of the last inequality with respect to the normalized surface
measure dw(v) on "1, we get

(5.2) // |;)2 dw(v)dz
sn—1 u
/ /g 1gys+i?’ <Du2(:c))q Qf((;)i?a dw(@)lu(z)[? dz.

Let us consider four cases.
Case 1: s > 1 and s + 3 > ¢q. Obviously, for any v € S*~!

1 1 1 S 25—a+3
5(33)3_1’ Qy(x)s—q+3 = D(Q)s—q-{-'&'

(5.3)

Moreover, in his paper [33], Tidblom proved that

(5.4) /Sn_1 (%@))q dw(v) > <|7;|n9_z1|| )_Q/n.
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Combining (5.2), (5.3) and (5.4), we obtain

/Q/S |33U(x)|2dw(y)5(j)i_l

> c(s) /Q |u(x)|2(c(s +2)o(z,s +3) + N(;?;;ZZZ;ZTS (|§|n(;:|| )q/n> "

Case 2: s > 1 and s + 3 < q. Clearly, for any v € S*~!

1 1 1 1
Sy T oy 7 Sy

Similarly, we have

/Q/S |33u(x)|2dw(y)6(j>f_l

= C(S)/Q |U($)|2 (C(S +2)o(z,s+3) + 6/Zi-§8+q2+)3 (|§|7;2:|| )q/n) e

Case 3: 0 < s <1 and s + 3 > ¢q. Evidently, for any v € S*~!

1 251 1 25— 0+3
< ; > :
0@ S D@ g T D@

In the same way, we obtain

et [ [ e dse)aa

> c(s)/Q lu(z)[? (c(s +2)o(z,s+3) + #(;?QQ)E;ZH <|§|7;):|| )q/n) ,

Case 4: 0 < s <1 and s + 3 < q. It is clear that for any v € S™~!

1 251 1 1
-1 < s—17 s—q+3 > s—q+3°
ov(z)* D(€) ov(x)*™4 6(x)s1

As before, we get

% /Q /S 102u(2) 2 dw(v) do

> c(s)/Q lu(x)[? (c(s +2)o(z, s +3) + 6?3(5:23 (IS(;;:” )q/n) "
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In [17], Evans and Lewis proved that if Q is a domain in R™, then for all u € C%(R")

/Sn_l et = %4‘2) {|Au( W +2 Z ‘(%Uﬁyj ﬂ

and for all u € C3(f2)

//S Ou(@)]? dw(v) da (n3+2>/|m(x)|2d%

This completes the proof of Theorem 5.1. O

5.2. Inequalities on regular sets. Recall that

1 1
o) /g o @2 W)

where dw(v) is the normalized measure on S"~1.

We say that a domain @ C R™ is regular if there exists a finite constant m(2) > 0
such that
0(z) < o(r) < m(Q)o(z) Ve

We denote the regularity constant for the domain © by m(Q) (see [15], [34] for
information).

In [15], [34], sufficient conditions for regularity are obtained. For example, Davies
in [15] got the following sufficient condition:
The region 2 C R™ is regular if there exists a constant m(€)) such that

{yeQ: ly—al<r} > 2m(Q)r2

for all a € 92 and all r > 0.

In [34], Tukhvatullina proved a sufficient condition of regularity for multidimen-
sional domains in R™, n > 2. Some examples of regular domains were considered
in [34]. In particular, concentric circles with radii Ry and Ry, when Ry > Ry /5, and
balls with removed spherical sector are examples of regular domains.

Let us remember that |S"~!| is the surface area of the unit sphere S™~! | |Q] is
the volume of the set €2, and D(f?) is the diameter of (2,

Qo ={ye: z+tly—xz)eQ Vtel0,1]},
I'(3(s+1)T(5n)
ViL(5(n + s))

s — 1/2q2 qz)\ﬁ 2s/q
e(s) == —1 and  pu(s) := %

B(n,s) =
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Since the function f(t) = t/2 is convex when s > 2 and t > 0, we can use Jensen’s

L o e 2 < | dw<y)>8/2'

Consequently, for regular domains we have

inequality to get

o dw(v) 1
o(z,s)* /SvH 0. (@)~ m() ()

It is obvious that Q.| < |2|. Therefore, the following theorem holds.

Theorem 5.2. Let Q) be a regular domain in R™ and let m(§2) be the regularity
constant for the domain ). Suppose that s >2,q>0andv € [0,s/q]. If s+3>¢q
then for all f € C2(Q)

<n+2>”'A“ 'QHZ\axzayﬂ S

0 s - B ()

If s+ 3 < g, then for all f € C2()

<n+2>/['A“ '2”2‘8:@8@@” 5
/|u c(s+2)  plst2) (IS"*I)W") e

D5() ()l

Example 1. Let Qg be concentric circles with radii Ry and Ry, where Ry > Ry /5.
It is proved in [34] that m(Q) = 2v/12. Consequently, if s > 2 and s + 3 < ¢, then
for all f € C3(2)

/['Au |2+2Z‘3x18y1” ):i1

2 (s +2) p(s+2) 1 2
s)/ﬂ|u(m)| 48(s+3)/25 ()43 + §(z)s—at3 (R% — R%) )dx.
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Example 2. Let Q1 be a ball with the spherical sector removed. Let R be the
radius of the ball. Consider the cone that corresponds to the removed spherical
sector. By a we denote the cone angle, i.e., the angle between the rim of the cap
and the direction to the middle of the cap as seen from the sphere center. In [34] it
was shown that
2V7

.1
sm4a

m() =

Consequently, if s > 2 and s + 3 < g, then for all f € C3(Q)

[|Au |2 2 Z ‘&Uﬁyj‘ ] )xg 1

/ u( s1n oz)9+3 c(s+2) " (s +2) ( 1 )Q/B) de.

§(z)st3  §(x)s~9t3 \ R3 cos? ia

Above we use that |S?| = 4r and [Q1] = 37R3 cos 1av.

5.3. Domains with #-cone condition. The boundary 0f2 is said to satisfy the
f-cone condition if every x € 0f) is the vertex of the circular cone C, of the semi
angle 6 which lies entirely in R™ \ €, see [12].

Assume that |S"~!| is the surface area of the unit sphere S*~!, || is the volume
of the set 2, D(Q) is the diameter of Q, h = h( sin#),

L(3(s+ 1) (3n)
VAL (30 + 5))
(s = 12 — g

242
B _peA(2(s—1)/q)
= pP and - pts = 2 (s—1)2—v2¢2°

B(n,s) =

By h(«) we denote the solid angle subtended at the origin by a ball of radius o < 1,
whose centre is at the distance 1 from the origin. If ) satisfies the #-cone condition,
then for all z € Q

1 > h (% Sin@)
o(z,s)* ~  2%6(x)*

For more information we refer to the book [12], page 86.

Using the last estimates and Theorem 5.1, we get the following theorem.
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Theorem 5.3. Let 2 be a domain in R™ and 02 satisfy the 6-cone condition. Sup-
pose that s >0, ¢ > 0andv € [0,s/q]. If s > 1 and s+3 > q, then for all f € C2(Q)

(n+2)/{|Au |2+22‘8x5‘y]” )32*1

h<§ sin 9) s—q+3 n—1
(s +2)25-0+3 571 |va/n
/'“ S+2)23+35(m)3+3+ D(Q)s—a+3 (n|Qx|) )d‘”'

If s> 1 and s+ 3 < g, then for all f € C3()

(n-l- 2) / [|Au |2 +2 Z }8%8% } ] )271
/|u s—|—2) h(ism@) pu(s +2) (IS”*I)G/”) e

2H55(@) 0 | ()t \ ]

If 0 <s<1ands+33>q, then for all f € C3(Q)

(n +2) )s—1 / |Au(z)|? da
/ P e+ 2 G0 M D2 (S
If 0 < s < 1ands+3< g, then for all f € C3(Q)
n(n::— 2) D(2g;s1—1 / | Au(z)|* dz
o f et s ()

5.4. Inequalities in convex sets. Let € be a convex domain. It is known that

for convex domains

e [ W) B o TR+ D))
ofos) o= [ SHE > T where Bn.s) = ),

Recall that ) ) s .
— AS(2
e(s) == % and p(s) = %
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Moreover, for the case of convex domains |2,| = || holds. Taking into account
Theorem 5.1 we obtain the following theorem.

Theorem 5.4. Let Q) be a convex domain in R™. Suppose that s > 0, ¢ > 0 and
ve€|0,s/q]. If s> 1 and s+ 3 > q, then for all f € CZ(Q)

<n+2>/['A“ 'QHZ‘axzayﬂ o=

B(n,s+3)  p(s+2)2°793 /|S"Hya/n
2 .
/'“ D=5y T s (n|Q|) ) do

If s> 1 and s+ 3 < g, then for all f € C3(2)

(n—|—2)/[|Au |2+2Z‘8x18yj‘2] d)a; 1

0 f s+ 2D s ML B (S

If 0<s<1ands+3 > q, then for all f € C3(Q)

(n+2 = 1/|Au )2 da
0 B e
If 0 <s<1ands+3<q, then for all f € CZ(Q)
(n+2 )5 1/|A“ |2d$
B ey

Corollary 5.1. Let Q be a convex domain in R™. Then for all f € CZ(f2)

nes 2 SK 1 4/n
/|Au Wdz > — |5Ex;‘|1 + Kn(n+ | |Q|| /| x)|? de,

where K = 1)\3(2) ~ 0.417322.
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