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Generalized regression estimation for continuous

time processes with values in functional spaces

BERTRAND MAILLOT, CHRISTOPHE CHESNEAU

Abstract. We consider two continuous time processes; the first one is valued in
a semi-metric space, while the second one is real-valued. In some sense, we extend
the results of F. Ferraty and P. Vieu in “Nonparametric models for functional
data, with application in regression, time-series prediction and curve discrimi-
nation” (2004), by establishing the convergence, with rates, of the generalized
regression function when a real-valued continuous time response is considered.
As corollaries, we deduce the convergence of the conditional distribution function
as well as conditional quantiles. Note that a parametric rate of convergence in
probability is reached while working with a naive kernel.

Keywords: continuous time process; regression function estimation; conditional
distribution function

Classification: 62G07, 62C05, 62E20

1. Introduction

Prediction of variables is an important problem in statistics and particularly in
time series analysis. To this aim, the estimation of the conditional expectation,
which is not only useful for prediction, is a relevant solution which has been largely
studied for scalar and vectorial regressors and for discrete or continuous time pro-
cesses, see, for example, [28], [25], [27], [8], [21], [26] and [1]. Recently, functional
data have been more and more studied because of the wide fields of application.
The interest for functional data is not new, but authors first used discretization
of the functional data, see [17] for a survey. Then, the functional nature of the
data have been considered with models such as the linear functional models, see
[23], [5], [6] and the references therein, and later on, general nonparametric ap-
proaches have been developed, see [12], [22] and [16]. An important application
is the prediction of a continuous time process, but all the works performed on the
subject interpreted the continuous time process as a functional variable observed
at discrete time, see, e.g., [3].
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In this paper, we consider a function of a real valued stochastic variable and
an explanatory variable taking values in a semi-metric vectorial space, both ob-
served at a continuous time. Functional data that are observables at continuous
time are frequent in practice. As an example, we quote the isotherm or isobar
curves in meteorology. Our aim in this paper is to study the convergence, with
rates, of the generalized regression function estimator and to deduce corollaries
on the convergence of the conditional distribution function and the conditional
quantile function estimators. Under stronger conditions on the dependence struc-
ture, we reach the parametric rate of convergence in probability while working
with a naive kernel. This rate of convergence has been already obtained by [7] in
the nonparametric statistical framework.

The contents of the paper are organized as follows: we present the statistical
framework and hypotheses in Section 2. The results are provided in Section 3, with
discussions. Some examples of applications are developed in Section 4. Section 5
is devoted to the proofs. A summary section is given in Section 6.

2. Statistical framework and assumptions

This section presents the overall mathematical setting of the study.

2.1 Statistical framework. Let {X;,Y;};cr+ be a continuous time process de-
fined on a probability space (€2, F, P) and observed for ¢ € [0, T], where Y; is real
valued and X; takes values in a semi-metric vectorial space H equipped with
the semi-metric d(-,-). We suppose that the law of (X¢, Y;) does not depend on ¢
and that there exists a regular version of the conditional probability distribution
of Y, given X, see [19], [20] and [18] for conditions giving the existence of the
conditional probability. Throughout this paper, C denotes a compact set of H
and § is a compact of R. Let ¥ be a real valued Borel function defined on § x R
and consider for any y € S the generalized regression function, supposed to exist
for any = € C, and defined by

r(z,y) = E(¥(y, Yo)| Xo = z).

In the sequel, we use a positive bounded kernel K with support [0, 1], a band-
width hp decreasing to 0 and define the generalized regression function estimate
by

T _
ftzo ‘I’(Q,Yt)K(thd(ant))dt

S K(hptd(z, X,)) dt

rr(z,y) =
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when the denominator is not null, otherwise, we take

T
ft:() \Il(y, Y:)dt

7/:T(:an) = T

2.2 Assumptions. For x € H and h > 0, we denote by B(z,h) the ball of
center  and radius h. In the following, for a real variable Z we use the notation
| Zllp = (E(|Z|p))1/p and || Z||oo :=sup{z € R: P(Z > x) > 0}.

We first introduce a local Holderian condition on the generalized regression
function r which is needed for all our results.

There exist three constants ¢; > 0, C' < oo, and 1 > 0, such that for any
z €C, any (u,v) € B(z,c1)? and any y € S

(1) r(u,y) —r(v,y)| < Cd(u,v)".

Since most of the useful properties related to the process under study are
needed only locally, the constant ¢; introduced above is used below to set several
hypotheses. As usual, in order to obtain uniform results, we need an hypothesis
on the compact C. We suppose that there exists two positive constants C; and
dy such that

(2) Vv €]0,1[, C can be covered by L, < % balls of radius v.
et

Since the notion of density is not so natural for semi-metric-space valued
random variable as compared to the random vector case (even if it can be de-
fined and estimated for functional variables, see [9] or [10]), an hypothesis upon
the probability of small balls is fundamental to establish properties and results.
Throughout this paper, we assume that there exists a function ¢ and two con-
stants (01, 82) € R3 such that for any x € C and any h €]0, ¢1],

(3) 0< Bl(P(h) < P(Xo c B(l‘,h)) < ﬁQ(p(h)

In the following set of hypotheses on the distribution of the processes for a set
A, T4 is the indicator function.

(D.1) (a) There exists My > 0 such that for any (s,t) € R3, z € C,andy € S,

we have E(|\I/(y7 Y;)\Il(ya Y;E)HIB(:E,Q)Z (Xsa Xt)|Xs; Xt) < M.

(b) There exist p €]4,00] and @ > 0, such that for any n € N, and
any u > 0, P(Sup;_j, 1(SWyes [Y(y,Y2)| > u) < Qu~P and
[ supyes ¥ (y, Yo)|[p < oo.

(¢) There exist co >0, m; > 1/2, v > 0, and a constant p’ such that for
any y € S and u < e2, [|Supyepy—uytuns Y, Ye) — V(' Vi) <
~u™. And one of the two following conditions is fulfilled:
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(x) p' > 2.
(x%) For any y € R, ¥(+,y) is an increasing (or decreasing) function
and p’' =m = 1.

(d) There exist 3 > 0 and § > 0 such that for any (s,t) € R3 with
|s —¢| > 6 for any z € C and any h €]0,¢1], P(Xs € B(z,h),
X; € B(x,h)) < Bsp(h)?.

(e) The process (X,Y:)i>0 is a-mixing, see [4] for a presentation of
mixing conditions, and mixing coefficient verifies a(u) < cu™® where
¢>1, and a > max(3p/(p — 4),p’/(p' — 2)).

(K) The positive kernel K, with support [0,1], is differentiable and has a bound-
ed derivative.

Finally, we impose the following condition upon the bandwidth:

(H) (a) For any n € N, the bandwidth hr is continuous and differentiable on
the interval [n,n + 1[, where

:O(%) and @1(11}1(?)?

dhr
a7
hr

_ |z
hr

is increasing.

(b) We choose hp such that

Tdi+P1+2 \ 2(a+p)/((a+1)p)

oth > i ()
T

where p, a and d; are defined in the conditions (D.1) (b), (D.1) (e)

and (2), respectively, £ > 1 and p; > 2/(2n; — 1).

Let us now discuss the hypotheses above. Usually, while studying the regression
function in continuous time framework, authors assume that the process of interest
is bounded, see [2]. Here, we consider hypotheses (D.1) (a)—(b) to control the
covariance terms and to avoid imposing the process to be bounded when we
handle the discretization phase.

Hypothesis (D.1) (c¢) is a regularity condition upon the function ¥. It is nec-
essary to obtain a uniform result over the compact S.

The condition (D.1) (d) introduces a constraint on the joint distribution of the
process X when considered in small balls.

In the condition (D.1) (e), we impose a polynomial decreasing mixing coefficient
which is less restricting than the geometrically decreasing one.

The condition (K) is very standard in nonparametric function estimation.

The constraints with respect to the bandwidth A7 along with its relationship
to the function ¢ are considered in the conditions (H) (a)-(b). As compared to
the vectorial process case, the hypothesis (H) (a) seems to be natural, see [2]. The
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condition (H) (b) allows us to have a small enough variance of the generalized
regression estimator.

3. Results

We are now in position to present the main results of the study, beginning with
the convergence of 7r(z,y).

Theorem 3.1. Under the conditions (1), (2), (3), (D.1), (H) and (K) there exists
a constant L > 0 such that

im sup sup su rr(@,y) —r(@,y)| <L a.s.
(4) lim sup sup sup 7z

T—oo yeSzel hg + IH(T)/(TQO(h’T)) -

The paper [13] obtained the convergence of the regression function estimator
when both the response variable and the explanatory one are functional while
working with discrete and independent variables: we extended their results to
(continuous) a-mixing processes, even if the form of our response variable is a lit-
tle less general than theirs, which takes values in a general abstract Banach space.
When S is reduced to one point and the response is a scalar, our result can be
compared to the discrete time version obtained by F. Ferraty and P. Vieu, see
Theorem 3.1 in [15]. We can note that an alternative method of prediction has
been studied for a-mixing processes with a functional valued predictor: [11] in-
vestigated the conditional mode estimation.

We now stress our attention on the conditional distribution function

F(ylx) = P(YO <yl Xo= z) where y € R and z €C
which can be estimated by
(5) Fr(ylz) :=7r(z,y)  with U(y,Y;) =15 ,(Y).

Corollary 3.1. Under the conditions of Theorem 3.1, there exists a constant
Ly > 0 such that

F ~-F
(6) lim sup sup sup | Fr(y]e) (i) < I a.s.
T—oo yeSaeC hi + \/In(T)/(Typ(hr))

When C is reduced to one point, [14] obtained a similar result while considering
a smoothed estimator of the conditional distribution function in the discrete time
process case.

An additional condition is required to define the conditional quantile and to
state the corollary involving the conditional quantiles estimator.

465



466 B. Maillot, Ch. Chesneau

(D.2) Suppose that there exists 7o > 1, ¢’ > 0 and up < 1 such that for any
x € C and any (u,u’) € 8% with |u — u'| < ug, F(.]x) is continuous and
we have |F(u|z) — F(u'|z)] > C'|u — u'|™.

For 6 in |0, 1[, define the conditional quantile ug(x) by the following equation
F(ug(x)|z) = 0.

The conditional quantile estimator is then defined by

(7) up(z) = sup(u, F(u|z) < 6).

u€ER
Corollary 3.2. Assume that condition (D.2) holds with S = [a1,b1]. Under
conditions of Theorem 3.1, whenever a, < infzec ug, () < sup,ce uo,(x) < by
for some (01, 62) €10, 1[, there exists a constant Lo such that,

(8) limsup sup sup ‘ue(x) — ue(x)‘ < Lo a.s.

T—oo 0€[61,02] x€C (h;ﬂ + hl(T)/(T(p(hT)))l/ﬂZ >

Remark 3.1. When 6, = 6, and C = z, the paper [14] has already obtained the
convergence of the quantile estimator for discrete time processes. Here, we do not
have to suppose that F' is differentiable and Corollary 3.2 is still valid when 7 is
not an integer.

In order to present the conditions under which the parametric rate is reached,
we need to introduce the following notation:

(9) Forany t >0  e(y) :==¥(y,V2) — E(V(y, Ye)|Xe).

While working with random vectors, we usually impose conditions on the joint
density to obtain the parametric rate. Hereafter, we express the same kind of
dependence structure with the probability of small balls.

(D.3) (a) There exists co > 0 and a function go integrable on ]0, co[ such that
for any x € C, any s > t > 0, and any h € [0,¢q], |P((X¢, Xs) €
B(x,h)?) — P(X; € B(x, h))?| < go(s — t)o(h)?.
(b) There exists an integrable function g; on [0,00[ such that for any
y € S and any (s,t) € R+2

max{|E(es(y)[ Xs, Xo)[, [E(es(y)e:(y)[ Xs, Xo)[} < g2(]s —£]).

Now, for any integer m > 1, set In,, (+) := In(| In,,—1(+)|) with In; (-) = In(-). Theo-
rem 3.2 and Corollaries 3.3-3.4 give parametric rates of convergence in probability
for the estimators defined above.
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Theorem 3.2. Under (1), (2), (3) and (D.3) if we choose K = T and hr =
T—102(T)) then for any integer m > 1, any z € C and y € S, we have

(10) Tlggo \/ lnijT) [rr (2, y) —r(z,y)] = 0.

The following corollaries are direct consequences of Theorem 3.2.

Corollary 3.3. Under the conditions of Theorem 3.2 for any integer m > 1, any
x € C and any y € S, we have

) iy o)~ i) 50

Corollary 3.4. Let S = [a1,b1]. Assume that conditions of Theorem 3.2 and
the hypothesis (D.2) hold. If a1 < inf,ccug, (z) < sup,ce ug,(x) < by for some
(01,02) €]0,1[, then for any integer m > 1, any x € C, any y € S, and any
0 € [01, 03], we have

1/n2 /\
(12) lim < %) lug(z) — ug(x)| = 0.

T—o0 11’17” (

4. Examples

Before anything else, since we do not impose a stationarity hypothesis, let us
point out that, excepted the parametric rates, our results remain valid in the
discrete time setting. In fact, it suffices to take (Xy,Y:) = (U;,V;) whenever
t € [i,i+ 1[, where (U;,V;) is the discrete time process of interest. Therefore,
examples given in [15] still hold in the framework of this paper. Moreover, taking
the abstract space as R™ with n € N\ 0, our results are also valid for vectorial
processes.

The rest of this section is divided into several examples related to our main re-
sults, namely functional parametric rate, time series prediction and autoregressive
process.

4.1 Functional parametric rate. At first, we give an example of functional
valued continuous time process that satisfies the main condition necessary to
obtain the parametric rate, that is the condition (D.3) (a). Let T be an unknown
real valued function defined on R™ x [0, 1] and let (Z:);cr+ be a non observed
R™-valued process fulfilling condition H in [2, page 116]. Now, denote by f the
bounded density function of the random variable Z;, and by f,; the joint density
function of the random vector (Zs, Z;). For any (z,y) € R*", set gs(z,y) :=
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fse(x,y) — f(x)f(y). Let (£,d) be the semi-metric space of real valued functions
defined on [0, 1], with the underlying semi-metric d(-,-). For any ¢ € [0,T], the
observed process is given by X; := (Y(Z:,u))uejo,1- It is obvious that for any
x € R", T(z, ) € £ and so, (X;) is a functional valued continuous time process.
We define the function v: = — Y(z,-). Let C be a compact set of R™. Suppose
that for any « € C and any 29 € R™ such that d(Y(x,-), Y(xo,-)) < ¢ then

allz = @olrn < d(Y(z,-), T (20,-)) < bz — ol|rn,

where a, b and § are positive constants and ||-||g~ stands for the euclidean norm
on R™. Then, we have

|P((Xt, X,) € B(v(z),h)?) — P(X; € B(u(z), h))?|
= |P((Zt. Zs) € v (B(v(), h))*) = P(Z¢ € v (B(v(x), h)))

/ |9s,¢(z,y)| dz dy
o1 (B(v(),h))>?

- 7Tn(2h)2n
S ”gs,thma

’

where T" is the Euler’s gamma function. Moreover, if f is bounded from below
by a positive constant in a neighborhood of C, then there exists two positive
constants 31 and Py such that

0< Bup(h) < P(Xo € B(l‘,h)) < ﬁQ(p(h),
and it is obvious that condition (D.3) (a) is fulfilled with ¢(h) = h™.

4.2 Time series prediction. Let (Z;,Y;) be a bivariate continuous time pro-
cess. Here, we aim at predicting Y; given the past of the process Z;, say
(Zu)uelt—ast) O (Zu — Zt—a)uelt—ay- Despite the fact that it seems natural and
useful to study the relation between the two processes for any ¢, this topic has been
considered only at discrete times. Setting for any ¢, Uy := (Zu — Zt—1)ueft—154),
we can apply our results to the process (U, Y;). Considering the sup-norm on the
functional space, if Z; is a bilateral Wiener process, we have for any ¢ € R,

_ -2

P(U; € B(0,h)) = exp (8—;:2(1 + 0(1))).

Moreover, whenever [t — s| > 1,
P((Us,Uy) € B(0,h)*) = P(U € B(0, h))?,

and conditions (3) and (D.1) (d) are satisfied for ¢(h) = exp(—n?/8h?).
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4.3 Autoregressive process. We give now an example of autoregressive func-
tional valued continuous time process. Consider the Hilbert space L?([0,1]), and
denote by £ the space of continuous linear operator from L?([0,1]) to L?([0,1]),
equipped with the usual norm ||-||z. Let £, be a continuous time process valued
in L2([0,1]), such that for some h > 0 and any ¢ € R, the discrete time process
(e¢—in)ien is a white noise, see [3] for a definition of Hilbertian white noise. It is
obvious that such a process exists since the (U;) in the last example verifies such
a property. Then, for any ¢ € £ such that ||g||z < 1, the process

X; = Z Qi(Et—ih)
i=0

defines almost surely an autoregressive process which is the solution of the equa-
tion

X = 0o(Xi—in) + &

5. Proofs

To prove our results, we will establish a sequence of lemmas splitting up the
whole proof into several steps. Set

Ar(z) = K (hp'd(z, X}))
and introduce the notations

~

1 T
’I“LT(.I') = 7TE(AT70(:L‘)) /t:() AT,t(ZL‘) dt,
Far( )-;/T W(y, Yo) A, () dt
ror\%,Y) = TE(AT7O(1')) o Y, Iy T,t\T
and

sp(z,y) = / ICov(W(y, Yo)Ar (), (g, Yi) A ()] ds .
(s,t)€[0,T]2

Then, one can observe that, when 7} p(x) # 0,

~ ?Q,T(‘r7y)
rr(x,y) = =+F————=.
(z,9) )
The following lemmas will be useful to prove our main result. In particular,
Lemma 5.1 studies the behavior of the bias of the generalized regression function

estimator. It is useful to prove both Theorem 3.1 and Theorem 3.2. Lemma 5.2

469
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is needed to prove Theorem 3.1 and Lemma 5.3 provides an upper bound for
the generalized regression function estimator variance under conditions of Theo-
rem 3.2.

Lemma 5.1. Under conditions (1) and (3), we have for T large enough,

(13) sup sup |E7/:2,T(l‘7 y) - T(:L‘, y)| § Chga
yeS zelC

where 1 and C are introduced in Hypothesis 1.

Lemma 5.2. Under assumptions of Theorem 3.1, we have

(14) supsup sr(z,y) = O(Tp(hr)).
zeC yeS

Lemma 5.3. Under the conditions of Theorem 3.2, we have

(15) sup ( sup (Var(7a,r(z,)) + Var(7i r(z))) = o(l).

zeC “yeS

In the proofs of Lemmas 5.1-5.3, we fix (z,y) € B x S and when no confusion
is possible, use the notation ¥;, Ap; and s instead of U(y,Y:), Ar(z) and
ST (l‘, y)

PrROOF OF LEMMA 5.1: Observe that

E(VoAro) E(E(r(Xo,y) +eo(y)|Xo)Ar,0)

E?27T($)y) = EAT() = EATO
_ E(r(Xo,y)Ar0)
EAT,O '

Thus, making use of hypothesis (1), we have the desired relation, i.e.,

E(lr(Xo,y) — r(z,y)|Aro(7))
EAr(z)
su E(lr(u,y) —r(@,y)[Aro(z)) n
- uGB(Iz),h) EAro(v) = Chr

A

|Eror(2,y) — r(z,y)| <

A

Lemma 5.1 is proved. O
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PROOF OF LEMMA 5.2: Set I' := [0,7]? and vy := ¢(hr)~!. Below, we give
a decomposition of the upper bound of s into three terms, and treat these terms
separately

sp < / |Cov (¥ Ar,t, VsAr,s)| dt ds
rn{|t—s|<d}
+/ |Cov (W Agy, UsAgs)|dtds
TN{s<|t—s|<vr}

+ / |COV(\I/tAT’t, \I/SAT’S” dtds
rn{vr<|t—s|}

=: W1 + Wy + Ws.

Considering the first term, we can write

W1 S / Var(\I/tATyt)dtds S / E(\I/tAT’t)Q dt ds.
rn{|t—s|<d} rn{|t—s|<d}

Using conditions (3) and (D.1) (a), we have

E(U,Ar,)? = E(E(W3|X0)AZ,) < B My || K | 2 p(hr).
Thus,
W1 < 26T (hy)B2 M || K||% .

Considering the term W5, we can write
[Wa| < / (|B(U U A7 A7 )| + (B(¥oAr))?) ds dt.
rn{s<[t—s|<vr}

Then conditions (3) and (D.1) (a) imply that
|[E(WoAro)| = |E(E(Vo|Xo)Ar)| < (Mi+1)E(Arp) < (M1+1)B2]| K| sop(hr).
Moreover, for T large enough and for |t — s| > §, we have

E(UUArAry) = E(BE(U 94| X, Xi)Ar sAry) < MiE(Ap sAry)
< BsMy|| K |20 (hr)?.

Therefore, for some constant Cy > 0 independent of x, we obtain

W2 S CQT(,D(hT).
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Finally, by Davydov’s inequality, see (1.10) in [2], and the assumptions
(D.1) (e) and (H) (b), it follows that

2(P=2)/P |\, A 2
wy < o2 WeBall a(lt - s) "D/ dt ds
(r—2) rA{or<|t—s|}
2P=2)/P || 121 K112
SQCp H OHpH |<>o/ |3—t|_a(p_2)/pdtd5
(r—2) IN{v, <[t—s|}
R st L0 F L % A
B (alp—2)—p)(p—2)

<4cp22(p‘2)/pII‘I’oHZHKllioTsD(hT)
- (a(p—2)—p)(p—2)

Thus, there exists a constant C3 > 0 such that

(16) s < CyTp(hr),
ending the proof Lemma 5.2. O

PrROOF OF LEMMA 5.3: In order to simplify the notations, we set R(X;) :=
E(V,|X;) and r(z) := r(z,y). Observe that, by Fubini’s theorem,

1 T T
7 = ——"—— U, A7 s(x), U A dt ds.
Var (72 r(x)) T2E (A2 /t 0/5 . Cov( 7.5(x), U Ap () s
The covariance term can be expended as follows:

Cov(VUAp o(x), ¥ A (x)) = E(Ars(2)Ar(z)R(Xs)R(Xy))
+ E(Ars(2) Az (2)(R(Xs) E(ee] X5, Xi) + R(X) E(e5] X, X1)))

+ E(Ars(2) Ary (2) E(esei| Xy, X0)) — B (A () (R(XS))).

Taking d; = R(X:) — r(x), we have

Cov(VUsAq (2), U Ar(x)) = E(Ar s(x)Ary(x)r(x)r(z))
s (@) Az (2)r(z)de) + E(Ar,s(2) Ary(z)r(z)ds)
AT (2)dds)
+E ATs(x)ATt(z)( (@) E(ed| X5, Xi) +1r(x) Bes| X5, X0)))
() Ar i (x)(ds E(et| Xs, Xt) + b E (ES|XS,Xt)))
e
)

+ B(Ars(2) Az (2) E(esee| Xo, X2)) — E(Args(2)(r(2)))
-F AT,S(x d5)2 2r ( ) (AT,S(x)dS) (AT,S(x))-
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From conditions (1) and (D.3) (b), we obtain

|Cov(WAr s (2), W A7, ()] < r(2)*| E(Ars(2)Ary(z)) — E(Ars())?]
+ (2l (@)|Ch" + C*h*" + (2(Jr(x)| + Ch") + 1)g1(]s — t]))
X E(Aro(x) A7 (z))
+ (2r(x)Ch" + C*h*ME(Ar 5(z))?.

Thus, making use of hypothesis (D.3) (a), we have

|[Cov(W A (2), Wi Ar(2))] < r(x)?go(]s — t])p(h)?
+ (2[r(2)|Ch" + C*h*" + (2(|r(x)| + Ch") + 1)ga(]s — 1))
X (B2 + go(|s — ) (h)?
+ (2r(z)ChT + C*h*) B3 p(h)* =: Gr(|s —t|).

This allows us to write

Var (72,7 (z))

9 T T
7T2E(A0)2 /t:O/s:tGT(sft)dtds

2 T
< W/ ,Orie)ds.

s=

So, since go and g; are integrable and A" = o(1/T), there exists a constant M
such that

This last inequality concludes the proof of Lemma 5.3. (]

PROOF OF THEOREM 3.1: We will establish the proof under condition D.1 (c) (%),
and only make a remark about the case when D.1 (c) (%*) is satisfied.
We will first show that

. S 19y, Y) Ary — E(¥(y, Yi)Ar,)|dt
lim sup sup sup <
T—oo yeSzel VT

where Vi := \/To(hr) In(T).

Making use of the condition (H) (a), we have

L a.s.,

N
|5

h/T 173, —1 h/T / 1
= |— < L — —_
[ s XOR! (o, X)| < FEIK o0 = O( )
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which subsequently implies that there exists a constant Cy > 0 such that for any
n € N* any « € C and any T” € [n,n + 1]

(13) (As(2) ~ Anafa))] <

So, for any positive constant A and for n € N large enough, we have, by condition
(D.1) (a),

n A
supsup  sup - [E(U(y, i) Ans(2)) — E(U(y, o)Az e(2))] <
yeSzeCT'€n,n+1[ Vn

Thus, since Vr is an increasing function of 7', we can write

P ( supsup  sup
yeS x€CT'En,n+1|

1 " A
< P(swsp s o [ 0@ o) - Ana)] > )
yeS zeC T'elnmnt1] Va Jo 4

i [ 8 - B DAL o) 0 > 1)

n

+ P ( sup sup
yeS xeC

1 /an/(y7§/;)An7t(x) - E(‘I’(y,Yt)An,t(x))dt‘ ~ %)

1
+ P(supsup sup  — | (y, Y1) A 1 (z) — E(U(y,Y)Apr o (x))] >
yeS zcC T’ €[n,n+1[ Vn

= A+ Ay + As.

S

)

The relation (18) yields the following upper bound for Ay

Cy [ A
A1§P< ‘; / sup|\Il(y,Yt)|dt>Z>.

n Jo yeS

From Davydov’s inequality, under the conditions (D.1), there exists a constant
Cs > 0 such that

Var(/ sup|\11(y,Yt)|d)
0 yeSs

< 9P _ow-2)/p 2 1
p—2

; —th—e@=2)/p_Z\ qsdt
P/[o,n]2 min ((c|s b ,4) s

sup ¥(y, ;)
yeS

§ C5n.
That is for n large enough, we have

C4E( fon SUPyes |V (y, Y?)| dt)
nVy

A
< —.
-8
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So, using the Bienaymé-Tchebychev inequality we obtain

(19) A <

From the condition (2), we can cover the compact C with L,, = (n/h, )% balls of
center x, k € [1, L,], and radius v,, < (C’ll/dlhn/n). We easily observe that the
relation (18) implies for n large enough that

sup sup sSup
YES ke[1,Ly] z€B(zk,vm)

Vin /On E(\I/(ya }/t)(An,t(l'k) - An,t(l‘))) dt‘ < %

So, we can write

Ay < P<sup sup sup
yeS ke([1,Ly,] v€B(xk,Ly)

Vin /On V(y, Ye)(Ane(zr) = Ane(z)) dt‘ g A)

1 n
+P(sup sup —/ Uy, Vi) Ap i (zk)
yES ke[1,L,] | Vn Jo
A
—E(Y(y,Y:)Api(xy)) dt| > T3
= Bl + BQ.

From the condition (K), it is easily seen for some m > 0 that the kernel K is
a m-Lipschitz function. Therefore, since |A,, ((zx) — Ay i(x)] < muy/hy, for any
x € B(xy,vy), following the calculations made for A, we obtain

(20) 31:(9( L )

2
Vin

We can cover S with L/, = nP' intervals of center yi/, k' € [1,L!] and length
21 < Cg/ L, where Cg is independent of n. Moreover, condition (D.1) (c¢) implies
that for a large enough n

1 n
sup  sup  sup ‘—/ E(Ani(zk)(P(y, Yr)
(21) K e[l,L0] ke[l,Ln] yelyp £l | Y Jo

A
= U(yw, V1)) dt‘ <13
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So, we can decompose the term Bs as follows:

By < P( sup sup sup
k'e[1,L},] k€[1,Ln] y€(y,r £

i /On An,t(l‘k)(ll/(:% Y;f)

A
~ e ) ] > 15 )

+P( sup sup
k'e[1,L!] k€[1,Ly,

1
/ \II yk’ Y;f nt(l‘k)
0

— E(Y(yw, Yi) Ay o (k) dt‘ >
=: B] + Bj.

Taking the first term, we have

Klloo A
B < Z (' : / sup Wy, Vi) = W(yw, Vi) dt > 12)
k=1 n 0 ye[yk/il]

As for the term Ay, in the setting of conditions (D.1) (¢) and (D.1) (e), we make
use of Davydov’s and Bienaymé—Tchebychev’s inequalities to obtain

Conl—p1(2m—1)

(22) Bl

where C7 is a positive constant.
To treat the term B, we introduce the following constant

_ 90 ¢)(p—1)/(a+p)
CS 82p 1 ( ) )

where ¢ is defined in (D.1) (e). First, remark that the kernel K is bounded, so
condition (D.1) (b) implies that there exists a constant ()2 > 0 such that for any
A >0,

( I3 Y (e, Yo) At (@) — E(Y (yrr, Ye) An () di
Q2

So, a simple discretization of our estimator allows us to apply the Fuk-Nagaev
inequality, see [24, formula (6.19 a)], to obtain for any y € S, any « € C and any

z > 1, that
- A
12

< Cg ((1 481;12‘;;2)2/2 4P (4i,z£2> (a+1) p/(aer))-

‘>)\> < \7P,

<‘— Uy, Vo) A p(x) — E(U (g0, Vo) A ()

(23)
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In view of (16), under condition (H) (b), choosing A large enough and z = In(n),
there exists Cg > 0 such that for some & > 1

Cy
24 B,< —— .
(24) 2= nln(n)¢

Thus, from (20), (22), (24) for A large enough there exists Cyg > 0 such that

C1o
25 Ay < ————.
(25) 2= nln(n)¢
Finally, the hypothesis (D.1) (b) leads to
(26) A3 =0V, ).

So from (19), (25) and (26), using the Borel-Cantelli lemma, we have for a con-
stant L' >0

To(ht) - N
lim sup sup sup lhr) [Par(z,y) — E(Par(x,y))| < L' a.s.

T—oo yeSzel IH(T)

Since BTy r(z) = 1, we have for some L” > 0

: To(hr)
27 lim sup sup sup
( ) T—oo yeSaxel 1I1(T)

|?1,T(.Z') — 1| S L” a.s.

The statement (27) implies that, almost surely, there exists Top € R such that
forall T' > Ty
ra1(,y)

rir(x)

Then, the use of the following decomposition concludes the proof of Theorem 3.1:

rr(z,y) =

rr(@y) r(z,y) = &) (1 =fir(@)

r1,r(z) .7 (x)
1 ~ ~
m ((7“2,T(-r7 y) — E(r2r(z, y)))

- (r(x,y) - E(?Q,T(‘rvy))))'
(I

Remark 5.1. Under D.1 (c¢) (%*), this proof is valid except the calculation of
a bound for Bj. We just have to remark that under D.1 (c) (%), the term B}
can be bounded by making use of inequalities (21) and (24).

PrROOF OF COROLLARY 3.1: Note that Corollary 3.1 follows as a direct appli-
cation of Theorem 3.1. It suffices to take W(y,Y) = Tj_ 4 (Y). O
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PrROOF OF COROLLARY 3.2: From Corollary 3.1 and Hypothesis (D.2), almost
surely, we have for T' large enough

sulc) Fr(ai|z) — 61 (z) <0, sulc) (62(x) — Fr (up, (z)|2)) < 0.
fas e

So, it follows that almost surely for 7" large enough,
mes for any (0, x) € [61,62] x C.

Set Wr = Ly(h} + /In(T)/T¢(hr)). By Corollary 3.1, we obtain that, almost
surely for T large enough,

(28) sup sup | Fr(ug(a)|x) — F(ug(x)|z)| < Wr
z€C 0€[01,02]
and
sup sup lim ‘ﬁT(u|z) — F(ulz)| < Wr.

z€C 0€([01,02] u~>u/9—(;),u<u9(z)

But, in view of (7), we always have

S [ __lim Fr(u), Fr(ug(x))|.

U—rug (w),u<u/9.(;)

Therefore, since F' is continuous, almost surely we have for T' large enough

(29) sup sup ‘ﬁT(u/g(?ﬂac) — 0| < 2Wr.
2€C 9€[01,02]

Condition (D.2) implies that for any « € C and any 6 € [0, 02] we have
(30) |F(ug(2)|z) — F (ug(@)|z)| > min (C', C’|ug(x) — ug(x)|™).
Making use of the following decomposition
|Pug(@)|2) = F(ug(@)]a) | < |F(ua(@)|z) ~ Pr(ug(w)la)]
+ |Pr (uo(@)|z) — F (u(@)2)|

and the statements (28) and (29), it is easily seen that almost surely we have for
T large enough

sup sup ’F(ue(x)|:r) - F(ue(x)|z)’ < 3Wr.
z€C 0€[61,05]

This last inequality, in view of (30), achieves the proof. O

PROOF OF THEOREM 3.2: Using the decomposition (28), in view of Lemma 5.1
and Lemma 5.3, Theorem 3.2 follows by Bienaymé—Tchebychev’s inequality. O
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PRrROOF OF COROLLARY 3.3: The proof is a straightforward consequence of The-
orem 3.2. O

PrROOF OF COROLLARY 3.4: Fix © € C, 0 € [01,62], ¢ > 0 and set Vp :=
0, (1)) T, v = ug(z) + (£/2)VA'™, and u” = ug(x) + eV;'™. We begin the

proof by establishing the upper bound that is

(31) lim P(m — up(z) > EVTl/nz) = 0.

T—00

In this respect, observe that

—

P(ug(w) — uo(a) > eV3/™) = P(uglw) = SV3/™ > ')

-~ —_— £ N ~
< P(FT(ue(z) — V") = Pr(u/fe) > o)
~ — 2
< P(FT(ug(ac) - gv;/"ﬂx) ~ F(u)z) > —c'(g) VT)

+ P(F(u'|z) = Pr(u|z) = C' (g)’ Vr).

Since Fp (m — (5/2)VT1/772|:E) < 0 = F(ug(x)|z), from the condition (D.2) we
obtain for T large enough

P(Fr(ug(@) - SV3/™(2) - F(u'lo) = =" (5) V) =0,

Moreover, Corollary 3.3 leads to the following result
~ n
Jim. P(F(u'|ac) ~ Br(|z) > C’(%) 2VT) —0,

which proves the statement (31). It is easily seen that the same arguments lead
to the following lower bound

. — < 1/m2
Tlgl;o P(ug(z) — up(z) < fEVT/’ ) =0.
In view of (31), this last result concludes the proof of Corollary 3.4. O

6. Summary

In this paper, we determined the convergence rates associated with the gener-
alized regression function through the use of kernel estimation techniques. Several
specific results follow, including the convergence of the conditional distribution
function and the conditional quantiles. Discussions on their applications to func-
tional parametric rate, time series prediction and autoregressive process are pro-
vided. In particular, some important results of [15] are extended and full proofs
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are given. We hope that the current theoretical work will serve as a basis for

applied purposes in the field.
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