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Further generalized versions of Ilmanen’s

. . 1 .
lemma on insertion of C'* or Clo’f functions

VAcLav KRYSTOF

Abstract. The author proved in 2018 that if G is an open subset of a Hilbert
space, f1, f2: G — R continuous functions and w a nontrivial modulus such that
f1 < fa, f1 is locally semiconvex with modulus w and f2 is locally semiconcave
with modulus w, then there exists f € CI{.’:(G) such that f1 < f < fo. This
is a generalization of Ilmanen’s lemma (which deals with linear modulus and
functions on an open subset of R™). Here we extend the mentioned result from
Hilbert spaces to some superreflexive spaces, in particular to LP spaces, p €
[2,00). We also prove a “global” version of Ilmanen’s lemma (where a C1:¢
function is inserted between functions on an interval I C R).

Keywords: Ilmanen’s lemma; C1% function; semiconvex function with general
modulus

Classification: 26B25

1. Introduction

Let A C R™ be a convex set. We say that f: A — R is classically semiconvex
if there exists C' > 0 such that the function z — f(z) + Clz|?, x € A, is convex.
We say that f: A — R is classically semiconcave if —f is classically semiconvex.
T. Ilmanen proved the following result [8, proof of 4F from 4G, page 199]:

Ilmanen’s lemma. Let G C R™ be an open set and fi, fo: G — R. Suppose
that f1 < fo, f1 is locally classically semiconvex and fo is locally classically
semiconcave. Then there exists f € Cl’l(G) such that f1 < f < fs.

loc

We will work with semiconvex (or semiconcave) functions with general modu-
lus, see Definition 2.2 below and cf. [3, Definition 2.1.1]. Note that the classically
semiconvex functions coincide with semiconvex functions with modulus w(t) = Ct
where C' > 0, cf. [3, Proposition 1.1.3].

The following generalization of Ilmanen’s lemma was proved in [9]:
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Theorem ([9, Theorem 4.5]). Let X be a Hilbert space, G C X an open set,
f1, fo: G — R continuous functions and w a modulus. Suppose that

cw(t)

1 f —~< <

mi e o0 sk
and that for every x € G there exist C,r > 0 such that B(z,7) C G, fi [B(zr)
is semiconvex with modulus Cw and f3 [ (s, 1S semiconcave with modulus Cw.
Then there exists f € C’l’w(G) such that f; < f < fs.

loc

We generalize this result to some superreflexive spaces, see Theorem 3.9 below,
in particular to Lebesgue spaces LP, p € (2,00), see Corollary 3.10 below.

In [9], we also proved a result ([9, Corollary 3.2]) on insertion of C** functions
which generalizes [2, Theorem 2] (which works with linear modulus and functions
on Hilbert space). [9, Corollary 3.2] can be reformulated as follows:

Theorem. Let X be a normed linear space, f1, fo: X — R continuous functions
and w a modulus. Suppose that f; is semiconvex with modulus w, fo is semi-
concave with modulus w and f; < fa. Then there exists f € C1*(X) such that

fi < f< fo

In the last section we prove Corollary 4.4 which is a precise analogue of the
previous theorem for functions on an interval I C R.

2. Preliminaries

Throughout this article, all normed linear spaces (Banach spaces, respectively)
are real. By B(x,r) we denote the open ball with center = and radius r. If P
is a metric space, then we denote by C(P) the set of all continuous functions
f+ P—=R

Notation 2.1. We denote by M the set of all w: [0,00) — [0,00) which are
non-decreasing and satisfy lim; o4 w(t) = 0.

Definition 2.2. Let X be a normed linear space, A C X a convex set and

w € M.

o We say that f: A — R is semiconvex with modulus w if

fOr+ (1 =Ay) <Af(2) + (1 = A f(y) + A1 = Nz = yllwllz - yl)

for every z,y € A and X € [0,1].
o We say that f: A — R is semiconcave with modulus w if —f is semicon-
vex with modulus w.
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o We denote by SC“(A) the set of all f: A — R which are semiconvex
with modulus Cw for some C > 0. We denote by —SC“(A) the set of all
f+ A — R such that —f € SC¥(A).

Let G be an open subset of a normed linear space, a € (0,1] and w € M.
We denote by C1¥(G) the set of all Fréchet differentiable f: G — R such that
/! is uniformly continuous with modulus Cw for some C' > 0, and we denote by
CL¥(G) the set of all f: G — R which are locally O, If w(t) = t* for every

loc

t € [0,00), then we sometimes write C1:*(G) instead of C1%(G).
Let X be a normed linear space, G C X an open convex set and w € M. Then
(cf. [5, Corollary 3.6])

(f € C(G) N SC¥(G), limnf @ - 0) = f is convex
and, see [9, Proposition 2.5],
(1) (f € C(G)NSC¥(G)) = f islocally Lipschitz
and (see [9, Theorem 2.6] or for the case X = R? see [3, Proposition 2.1.2])
(2) CH¥ (@) C C(G) N SC¥(G) N (=SC¥(@)).
If, moreover, G is bounded or G = X, then, see [9, Theorem 2.6],
CY(G) = C(G) N SC¥(G) N (=SC¥(Q)).

Let a € (0,1]. We say that a Banach space X admits an equivalent norm with
modulus of smoothness of power type 1+ « if there exists an equivalent norm |||-|||
on X and C > 0 such that

llz + tylll + [ll= — tyll
2

—1<ottt >0, ry e X, |zl = [yl = L.

For a Banach space X we have the following (Pisier’s) result, see [1, Theo-
rem A.6]:

X is superreflexive if and only if X admits an equivalent norm

(3)

with modulus of smoothness of power type 1+ « for some «a € (0,1].

. 1 .
3. Insertion of a C}); function

In this section we prove a generalization of Ilmanen’s lemma which improves
[9, Theorem 4.5] (which works with functions on Hilbert spaces) to some su-
perreflexive spaces, in particular to LP spaces, p € [2,00) (see Theorem 3.9 or
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Corollary 3.10 below). We use essentially the same methods as in [9]. However,
besides these methods, we need Proposition 3.7 below. This result is implicitly
contained in [7] for G = X. We reduce the case of an arbitrary G to the case
G = X using the notion of a partition ring and [7, Lemma 7.49], see the proof of
Lemma 3.6 below. So, we need to recall some definitions from [7].

Definition 3.1 (cf. [7, page 411]). Let P be a metric space. We say that a family
{A,} er of subsets of P is

o locally finite if for every x € P there exists a neighbourhood U of x such
that {y e I': A, NU # 0} is finite;

o uniformly discrete if there exists § > 0 such that dist(A4,,,A4,,) > ¢
whenever 71,72 € I, v1 # 725

o o-uniformly discrete if there are I';, C I', n € N, such that I' = (J,,cy'n
and {A4}~er, is uniformly discrete for every n € N.

Remark 3.2. If A is a (nonindexed) family of subsets of a metric space, then we
can regard it as an (indexed) family {A} ac.4. Hence the previous definition can
be applied to A too.

Notation 3.3. Let P be a metric space and f: P — R. Then we set supp, f :=
{z € P: f(x) # 0}.

Definition 3.4 (see [7, page 411]). Let P be a metric space and S C C(P). We
say that P admits locally finite and o-uniformly discrete S-partitions of unity if
for every open cover U of P there exists a system {i.,}er of functions from S
such that the following hold:

o {supp, ¥ }~er is locally finite and o-uniformly discrete.

o For every v € I there exists U € U such that supp, ¥, C U.
o 0<ty <1foreveryy€l,and 3 9, (x) =1 for every z € P.

Definition 3.5 (see [7, page 411]). Let P be a metric space and S C C(P) a ring
of functions. We say that S is a partition ring on P if the following hold:
o For every Sy C S such that supp, f is bounded for every f € Sy and
{supp, f: f € So} is uniformly discrete, there exists g € S such that

supp, g = | J supp, f.
f€So

o For every f € S and every open U;,Us C P such that dist(Uy, Usz) > 0

and supp,, f = Uy U Us, we have xp, - f € S.
o For every f € S bounded below and every € > 0 there exists g € S such

that 0 < g <1, f7'((—00,¢]) € g7 ({0}) and f~'([2¢,00)) C g~ ({1}).
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Lemma 3.6. Let P be a metric space and S a partition ring on P. Then the
following are equivalent:

(i) Space P admits locally finite and c-uniformly discrete S-partitions of
unity.
(ii) Every open G C P admits locally finite and o-uniformly discrete Sg-
partitions of unity (where Sq :={f [¢: f € S, supp, f C G}).
(iii) {supp, f: f € S} contains a o-uniformly discrete basis for the topology
of P.

PROOF: (ii) trivially implies (i) and (i) is equivalent to (iii) by [7, Lemma 7.49].

(iii) = (ii): Let G C P be an open set. It follows easily from the definitions
that Sg is a partition ring on G. By the assumption, there exists S* C S such
that {supp, f: f € S*} is a o-uniformly discrete basis for the topology of P. Set
St ={fla: f €S supp, f C G}. Then S C Sg and {supp, f: f € S}
is a o-uniformly discrete basis for the topology of G. Thus {supp, f: f € Sg}
contains a o-uniformly discrete basis for the topology of G. If we apply the
implication (iii) = (i) to the case P := G and S := Sg, we obtain that G admits
locally finite and o-uniformly discrete Sg-partitions of unity. O

Proposition 3.7. Let X be a Banach space, G C X an open set and « € (0, 1].
Suppose that X admits an equivalent norm with modulus of smoothness of power
type 1 + a. Then G admits locally finite and o-uniformly discrete C1(G)-
partitions of unity.

PRrROOF: Firstly, X is superreflexive, see (3). Further, X admits an equivalent
norm which is uniformly rotund and has modulus of smoothness of power type
1 + « (this fact is contained in the proof of [4, Proposition IV.5.2], see also
the note after that proposition). Note also that the Fréchet derivative of such
a norm is a-Holder on the corresponding unit sphere, see [4, Proposition IV.5.1] or
[5, Lemma 2.6] for more details. So, all the statements of [7, Theorem 7.56] and
[7, Proposition 7.58] holds with our « (for this, see the beginning of the proof of
[7, Proposition 7.58]).

Denote by S the set of all f € C*%(X) which are bounded and have bounded
derivative, and set S¢ := {f [g: f € S, supp, f C G}. It is proved in the proof
of [7, Theorem 7.56] that S is a partition ring on X and that the condition (ii)
of [7, Lemma 7.49] holds. Thus, by [7, Lemma 7.49], X admits locally finite and
o-uniformly discrete S-partitions of unity. Hence G admits locally finite and o-
uniformly discrete Sg-partitions of unity by Lemma 3.6. Now the assertion of the
proposition follows. O

Note that the converse of the previous proposition also holds as is shown in
the following remark:
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Remark 3.8. Let X be a Banach space and a € (0,1]. Suppose that some
nonempty open subset G of X admits locally finite and o-uniformly discrete
C1@(G)-partitions of unity. Then we can easily find f € C»*(X) such that
supp, f is nonempty and bounded (i.e. X admits a C1®(X)-smooth bump).
Hence X admits an equivalent norm with modulus of smoothness of power type
1+ « by [7, Theorem 5.50].

Theorem 3.9. Let X be a Banach space, G C X an open set, f1, fo: G = R,
w € M and « € (0,1]. Suppose that the following hold:
(a) Space X admits an equivalent norm with modulus of smoothness of power
type 1 + a.
(b) liminf; o4 w(t)/t* > 0.
(c) Functions f1 and fo are continuous, fi < fo and for every x € G there ex-
ist C,r > 0 such that B(x,r) C G, f1 |B(x,r) Is semiconvex with modulus
Cw and f3 [ (s, is semiconcave with modulus Cw.

Then there exists f € C“(Q) such that fi < f < fo.

loc

PROOF: By (1) and condition (c), for every € G we can find r, € (0,1) such
that B(z,2r;) C G,

fl rB(z,QTI)e SCW(B($727"L))7 f2 fB(x,er)E _SCM(B(J);QTI))

and f; and f2 are Lipschitz on B(z,2r;). Since {B(z,7;): € G} is an open
cover of G, we can find, by Proposition 3.7, a system {1 }yer of functions from
C12(@) such that the following hold:

o {supp, ¥ }~er is locally finite;
o for every v € I there exists x, € G such that supp, ¥y C B(z, rww);
o 0<4, <1forevery y €T, and Zver Yy (x) =1 for every z € G.

We will show that for every v € T' there exists F, € C1*(G) such that

(4) Uy (@) fi(z) < Fy(z) < y(2)falz), z€G.

Let v € I'. We put B := B(x,2r,,) and for i € {1,2} define a function h; by

hi(z) = Uy (z)fi(z), =€d,
1 . 0, reX \ G.

Then clearly f; and f2 are Lipschitz on B, f1 [p€ SC¥(B), f2 [pe —SC¥(B),
h1 S hg and

(5) supp h; := supp, h; C B(xy,r2.,) C B C G, i€ {1,2}.



Tlmanen’s lemma on insertion of C1:* or C’llo’f functions
It follows from condition (b) that there exists ¢ > 0 such that

(6) t* < cw(t), t €[0,4].

Noting that diam B = 4r, < 4, (6) implies ¢, [pe C1%(B). Further, it also
follows from condition (b) that liminf;_,o4 w(¢)/t > 0. Thus

hi [p€ SC¥(B)  and  hy |p€ —SC¥(B)

by [9, Lemma 4.2] (applied with A := B, g1 := ¢, [p and g2 := f1 [ or
g2 = —f2 [B). Hence hy € SC¥(X) and hy € —SC¥(X) by [9, Lemma 4.3].
Note that it follows from (5) (and the continuity of 1., f1 and f2) that hy and hs
are continuous. Thus, by [9, Corollary 3.2], there exists h € C**(X) such that
hi1 < h < ho. Then (4) holds with F,, := h [¢ and we are done.
Set
flz) = Z F,(z), zed.
yel’
It follows from (4) that {supp, F}er is locally finite. Hence f is well defined
and f € CL¥(G). Summing (4) over v € I’ we obtain that f; < f < fo. O

loc

Corollary 3.10. Let p be a nonnegative measure (on an arbitrary o-algebra)
and p € [2,00). Denote by X the Lebesgue space LP(u). Let G C X be an open
set, f1,f2: G = R and w € M. Suppose further that liminf; o4 w(t)/t > 0 and
that condition (c) of Theorem 3.9 holds. Then there exists f € C\.*(G) such
that fi < f < fo.

PROOF: The canonical norm on X has modulus of smoothness of power type 2
by [4, Corollary V.1.2]. The rest now follows from Theorem 3.9. O

4. Insertion of a C1* function on an interval ] c R

The main results of this section are Theorem 4.3 and Corollary 4.4 below. We
begin with two facts concerning the set SC¥(I) N (=SC¥(I)).

Proposition 4.1. Let I C R be an interval and w € M. Then the following
hold:

(i) SC¥(I) N (=SC(I)) C C(I).
(ii) If I is open, then C1*(I) = SC*(I) N (=SC¥(I)).

PRrROOF: (i): Let f € SC¥(I) N (—=SC¥(I)). Then there exists C' > 0 such that

If(Az + (1= N)y) = Af(x) = (A=A f(y)] <A1 = ANz — y|Cuw(lz — yl)

451
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for every z,y € I and X € [0,1]. Thus

limsup|f(Az + (1 — N)y) — f(2)|

A—1—
=limsup |[f(Az + (1 = N)y) — Af(z) — (1 = N\ f(®)]

A—1—

<limsup A1 - Nz —y|Cw(lz —y|) =0,  wyel,
A—1—

and hence limy—,1— |f(Ax + (1 = N)y) — f(z)| =0, z,y € I. This implies that f is

continuous.
(ii): Cb¥(I) Cc SC¥(I)N(=SC*(I)) by (2). The reverse inclusion follows from
part (i), [6, Lemma 2.5 (i)] and [6, Proposition 2.8 (i)]. O

Lemma 4.2. Let I C R be an interval, u,v € I, u < v, and w € M. Let
f: I — R be semiconvex with modulus w and let q: [u,v] — R be convex. Suppose
that q(u) < f(u), q(v) < f(v), and define a function s by

oa) = {max{qw%fw)h v € [u, v,
flx), zel\|uv).

Then s is semiconvex with modulus w.
PROOF: Let x1,25 € I, 21 < 22, and A € (0,1). We want to show that

s(Az1 + (1 = N)aa) < As(x1) + (1 — N)s(z2) + M1 — A)(z2 — z1)w(z2 — 21).
Set z 1= Az1 + (1 — Nzo. If s(z) = f(2), then (using the semiconvexity of f)

s(z) = f(2) < Mf(z1) + (1 = N f@2) + M1 = A)(22 — 21)w(z2 — 71)
<As(z1)+ (1= N)s(z2) + A1 — A) (22 — z1)w(z2 — 21).

So, we will further suppose that s(z) = ¢(z) and z € (u,v). Define a function p
by
X9 — X
x) = s(x
p() T2 — X1 (1)—’—352*351
o — T — T

r — I

s(x2)

~ ~ € .
P — (xe — x1)w(me — 1), x € [x1, 2]

Then p is concave and

p(lzy + (1 = Dag) = Is(z1) + (1 — 1) s(z2)
+1(1 =) (we — x1)w(we — 1), lelo,1].
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In particular, p(z;) = s(z;), i = 1,2. Set T := max{u,z1} and T3 := min{v, z2}.
Then
u<T; <z<Tz <.

If w <z, then Ty = 21 € [u,v) and

q(@1) = q(z1) < s(z1) = p(z1) = p(F71).

Otherwise 1 < u = Z7. Then we can find [ € (0,1) such that u =lz; + (1 —1)zs.
Thus (using the semiconvexity of f)

q(T1) = q(u) < f(u) = f(lzy + (1 = 1)z2)
<Uf(wa) + (1 =0 f(x2) + 11 = D) (22 — 21)w(@2 — 71)
<ls(xz1)+ (1 =Ds(z2) + (1 =) (2 — z1)w(z2 — 1)
=p(lz1 + (1 = l)z2) = p(u) = p(Z1).

Hence we have shown that ¢(Z1) < p(Z1), and we can analogously show that
q(Tz) < p(Tz). Thus (using the convexity of ¢ and the concavity of p)

To—2z zZ—T1 ,__ To — 2 - zZ—7T1
2 (@) + —— (@) < —— (@) + ——
To — T To — T1 T2 — I T2 — T1

q(z) <

s(z) = q(z) < p(z) = As(z1) + (1 — N)s(x2) + A(1 = M) (22 — 21)w(z2 — 21).
O

Theorem 4.3. Let I C R be an interval, fi, fo: I — R and wi,ws € M. Sup-
pose that fy is semiconvex with modulus w1, fo is semiconcave with modulus wo
and fi < fo. Denote by S the set of all s: I — R which are semiconvex with
modulus wi and satisfy s < fy. Then the function f defined by

f(z) =sup{s(z): s € S}, xel,
is semiconvex with modulus w, semiconcave with modulus wy and satisfies f1 <
f < fa.
PROOF: It is clear that f; < f < fo. By [3, Proposition 2.1.5], f is semiconvex
with modulus w;y. Let u,v € I, u < v. We want to show that

FOu+ (1T =Xv) > Af(w)+ Q=X f(v) = A1 =N)(v—u)wa(v—u), Xe]J0,1].

Define a function ¢ by

v—x r—Uu V=TT —U

q(x) = fu) + fv) =

v—1Uu v—u V—Uv—1u

(v —u)wa(v — u), x € [u,v],



454

V. Krystof

and a function s by

s(z) = {Inax{Q(x),f(x)}, z € [u,v],
f(:r)a xe[\[ﬂ,v].

Then ¢ is convex and

g(Au+ (1= Nv)
=AW+ A =2)f(v) =AML =N —wwz(v—u),  Ae[0,1].

Since fo is semiconcave with modulus wsy, we have

qAu+ (1 =Xv)=Af(u)+ (1 =X f(v) = A1 =X)(v—u)wa(v—u)
< Afa(u) + (1= A)fa(v) = A1 = A) (v — wwa (v — u)
< fa(Au+ (1 = Nv), A€ [0,1].

This implies that s < fo. And since ¢(u) = f(u) and ¢(v) = f(v), s is semiconvex
with modulus w; by Lemma 4.2. Consequently, s € S and thus s < f. Hence

FOu+(1=XNv)
> s(Au+ (1 —=Xv) > qAu+ (1= A)w)

= Af(u)+ (1 =N f(v) = A1 =X (v—uw)wa(v —u), A€ [0,1].
O

Corollary 4.4. Let I C R be an interval, w € M, f1 € SC¥(I) and fy €
—SC¥(I). Suppose that fi < fo. Then there exists a continuous f: I — R such
that f1 < f < f2 and f lint 1€ Cl’w(int I)

PRrROOF: By Theorem 4.3 there exists f € SC*(I) N (—=SC¥(I)) such that f; <
f < fa. Then f is continuous by Proposition 4.1 (i) and f [in 7€ CH¥(int I) by
Proposition 4.1 (ii). O
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