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Bihyperbolic numbers of the Fibonacci

type and their idempotent representation

DOROTA BROD, ANETTA SZYNAL-LIANA, IWONA WLOCH

Abstract. In this paper we introduce bihyperbolic numbers of the Fibonacci type.
We present some of their properties using matrix generators and idempotent
representations.
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1. Introduction

Let H be the set of hyperbolic numbers z+yh, where x,y € R, with the unipo-
tent element h such that h # +1 and h? = 1. Let H, be the set of bihyperbolic
numbers ¢ of the form

¢ =0+ j121 + J2T2 + Jaws,

where xg,21,22,23 € R and j1, jo, js ¢ R are operators such that

(1) ji =73 =45=1, Jjuja=Jjoj1 =Js, Jijs=Jjsj1 =Ja. Jajz = Jsja = j1.
If ¢ =0+ j121 + jewz + jsws and w = yo + j1y1 + Jay2 + jsys are any two

bihyperbolic numbers then the equality, the addition, the subtraction and the

multiplication by scalar are defined in the natural way.

Equality: ¢ =w only if o = yo, 21 = Y1, T2 = Y2, T3 = y3;

addition: ¢ +w = (zo + yo) + ji(x1 + y1) + j2(2 + y2) + ja(@3 + y3);

subtraction: ¢ —w = (o — yo) + j1(z1 — y1) + Ja (@2 — y2) + ja(xs — y3);

multiplication by scalar s € R: s¢ = sxg + j1sT1 + j2sx2 + j3szs.

Multiplication of bihyperbolic numbers can be made analogously as multiplica-

tions of algebraic expressions using the rules (1).

The addition and multiplication on Hs are commutative and associative. More-
over, (Hg, +, ) is a commutative ring.
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Properties of hyperbolic numbers we can find among others in [10], [11]. For
the algebraic properties of bihyperbolic numbers, see [2], [9].

Let n > 0 be an integer. The nth Fibonacci number F,, is defined by Fy = 0,
Fir=1and F, = F,,_1 + F,,_o for n > 2. There are many numbers given by the
second order linear recurrence relations. The nth Pell number P, is defined by
P, = 2P, 1 + P,_5 for n > 2 with the initial conditions Py = 0, P, = 1. The
nth Jacobsthal number J, is defined by J, = J,—1 +2J,—2 for n > 2 and Jy = 0,
Jp =1.

The Pell numbers and Jacobsthal numbers are well-known numbers in the
number theory. They belong to the wide class of numbers of the Fibonacci type.
These numbers have applications also in the theory of hypercomplex numbers,
see [15], in particular complex numbers, see [6], quaternions, see [4], [5], [6], [7],
[12], [13], bicomplex numbers, see [1], [8], hybrid numbers, see [14], [16], [17] etc.

In this paper we introduce bihyperbolic numbers of the Fibonacci type.

Let n > 0 be an integer. The nth bihyperbolic Fibonacci number BhF,,, the
nth bihyperbolic Pell number BhP, and the nth bihyperbolic Jacobsthal number
Bh.J, are defined as

Bth - Fn +j1Fn+1 +j2Fn+2 +j3Fn+37
Bth - Pn +j1Pn+1 +j2Pn+2 +j3Pn+37

BhJ, = J, +j1Jn+1 +j2Jn+2 +j3Jn+35
respectively.

Using well-known identities for numbers of the Fibonacci type, we can get iden-
tities for bihyperbolic numbers of the Fibonacci type. In this paper we will focus
on using matrix representations (matrix generators) and idempotent representa-
tion of bihyperbolic numbers to prove some properties of bihyperbolic numbers
of the Fibonacci type. Some combinatorial properties of bihyperbolic numbers of
the Fibonacci type we can find in [3].

2. Matrix generators for bihyperbolic numbers of the Fibonacci type

Matrix methods are very important for sequences defined recursively. Matrix
generators are useful tools for obtaining identities and algebraic representation. In
this paper we introduce the matrix generator for bihyperbolic Fibonacci numbers,

bihyperbolic Pell numbers and bihyperbolic Jacobsthal numbers.

BLEF, BREF, o . . .
Let BF(n) = BLE 1 BAE, | be a matrix with entries being bihyper-

bolic Fibonacci numbers.
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Theorem 1. Let n > 1 be an integer. Then

-1

2) [ BhF,1 BhF, } _ [ BhF, BhFy } . { 11 r

BLF, BhF,_1 BhF, BhF 1 0

PRrROOF: If n = 1 then by simple calculations the result immediately follows.
Assume that the equality is true for all integers 1,2,...,n. We shall prove that

the equality is true for integer n + 1. Using the induction hypothesis we have
BhF, BhF 11" 711
BhFy BhF 1 0 1 0

[ BhF,y1 BhF, 11
~ | BhF,  BhF,_, 10

[ BhFuy1 + BhF, BhF,
~ | BhE, + BhF,_; BhF,

From the definition of bihyperbolic Fibonacci numbers and Fibonacci numbers
we have

BhF, (1 + BhF,
= Fot1+ 12+ JoFnss + Jsbnya + Fn + 1Fng + joFuso + jsFays
= Fpy1 + Fo + j1(Fpz + Fag) + Jo(Fags + Fui2) + J3(Fuva + Fogs)
= Foto + j1Fngs + jeFouva + jsFnys = Bhly .

In the same way we can prove that BhF, + BhF,_1 = BhF,;;, which ends the
proof. (I

Matrix generator for bihyperbolic Fibonacci numbers immediately gives the
Cassini formula for these numbers.

Corollary 2. Let n > 1 be an integer. Then
BhF, 1 - BhF,_y — BhF: = (BhF, - BhEy — BhFY) - (—=1)* !
= (241 +3j3) - (=)™

PRrROOF: Multiplication of bihyperbolic numbers is commutative, so we can use
determinant properties to obtain the first equality. Calculating the determinants
in (2) and putting BhFo =0 +]1 +]2 + 2j3, BhFl =1 +j1 + 2]2 + 3j3, BhFQ =
1+ 2j1 + 3j2 + 53, we have

BhF; - BhFy — BhF? = —2j; — 353

which ends the proof. O
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In the same way we can obtain the matrix generator and the Cassini formula
for bihyperbolic Pell numbers and bihyperbolic Jacobsthal numbers.

Let BP(n) = [ BhFniy Bhb,

BhP, BhP, . } be a matrix with entries being bihyper-

bolic Pell numbers.

Theorem 3. Let n > 1 be an integer. Then

-1

{BthH BhP, }

BhP, BhP, 2 11"
BhP,  BhP, ,

BhP, BhP, 10
Corollary 4. Let n > 1 be an integer. Then
BhP, 1 - BhP,_1 — BhP? = (—4j; — 1243) - (=1)" 1.

BhJ,y1 BhJ,
BhJ, BhJ,_1
bolic Jacobsthal numbers.

Let BJ(n) = [ ] be a matrix with entries being bihyper-

Theorem 5. Let n > 1 be an integer. Then
BhJnyn BhJ, 1 [ BhJy BhJ 127"
BhJ,  BhJ,—1 | | BhJi BhJy 10 '

Corollary 6. Let n > 1 be an integer. Then

BhJpi1 - BhJ,_1 — BhJ2 = (5 — 551 + 5ja — 5j3) - (—2)" L.

3. Idempotent representation of bihyperbolic numbers of the Fibo-
nacci type

Let consider bihyperbolic numbers

1+71+7J2+7J3 ; _ 1=t —Js
4 ) 2 4 )

L+j1—J2—J3 PO Sl s el Rl
4 ’ * 4 '

11

i3
Then i1, 9, i3 and i4 satisfy the following identities
i1 +io +iz+ig =1,
i? =i, for s=1,2,3,4,
igip, =0 for s,k=1,2,3,4, and s # k.
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For any bihyperbolic number ( = x¢ + jix1 + jox2 + j3xs putting

Z1 = %9+ 21 + T2 + X3, Z2 = To — X1 + T2 — 3,
23 = X9 + 1 — T2 — X3, 24 =X — T — T2+ T3
we have
(3) C = Zlil + Zgig + Zgig + Z4i4.

The formula (3) is called the idempotent representation of the bihyperbolic num-
ber (. The addition and multiplication of bihyperbolic numbers can be re-
alized “term-by-term” in their idempotent representations. More precisely, if
< = Zlil + Zgig + 237:3 + 2,’47:4 and w = w1i1 + w2i2 + ’LU3i3 + w4i4 are two blhy—
perbolic numbers, then

< +w = (Zl —+ wl)il —+ (ZQ —+ ’w2)i2 —+ (23 —+ ’wg)ig —+ (2’4 —+ w4)i4,

C W = (Zl . ’Ll}l)il + (ZQ . U}Q)?:Q —+ (23 . ’wg)ig —+ (24 . w4)i4.

We will write bihyperbolic numbers of the Fibonacci type using their idempotent
representations. For nth bihyperbolic Fibonacci number BhF,, we have

Bth - Fn +j1Fn+1 +j2Fn+2 +j3Fn+3
- (Fn + Fn—i—l + Fn+2 + Fn+3)i1 + (Fn - Fn+1 + Fn+2 - Fn+3)i2
+ (Fn + Fn—i—l - Fn+2 - Fn+3)i3 + (Fn - Fn—i—l - Fn+2 + Fn+3)i4-

Using the recurrence relations for Fibonacci numbers, F, 12 = F,4+1 + F,, and
Fot3=F,2+ F,41, we obtain

Fy+Fop + Fopo+ Fouys = 3F, +4F,41,
Fp—Fop1+ Fopo — Foys = Fy — 2F, 4,
Fo+ Fop1 — Fopo — Foys = —F, — 2Fh 41,
Frn = Fnpr — Foyo + Frys = F.

Thus the idempotent representation of the nth bihyperbolic Fibonacci number
BhF,, has the form

(5)  BRhE, = (3F, + 4Fs1)i1 + (Fy — 2F,41)ia + (—=F, — 2F, 41 )i + Fyia.

In the same way, using recurrence relations for Pell and Jacobsthal numbers we
obtain the idempotent representation of the nth bihyperbolic Pell number Bh P,

(6) BhP, = (AP, +8Py11)i1 — 4Ppyriz + (—2P, — 6Py i1)is + (2P, + 2P0 41 )i4
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and the idempotent representation of the nth bihyperbolic Jacobsthal number
BhJ,

(7) BhJ,, = (5Jn+5jn+1)i1+(Jn*3Jn+1)2‘2+(*31]”*3Jn+1)i3+(l]n+l]n+1)i4

Theorem 7 (Cassini identity for bihyperbolic Fibonacci numbers). Let n > 1
be an integer. Then

(8) BhF, 1 - BhF, 1 — BhF? = (5iy — 5ig — iz 4 144) - (—1)™.
PRrROOF: Using (4) and (5) we have

BhF, 1 - BhF, 1 — BhF?

= [(3Fnt1 +4Fn42)(3F,—1 + 4F,) — (3F, 4+ 4F,11)*]iy
+ [(Fag1 = 2Fn42)(Fao1 — 2F,) — (Fa — 2Fp41)°]d2
+ [(=Fuy1 — 2F042)(—Fooy — 2F,) — (—F, — 2Fy41)%]is
+ [Fag1Fao1 — F2lia

= [9(Fuy1Fo1 — F2) +16(Foi2F, — F2 )
+12(Fyi2Fn-1 — FyFpy))in + [(Fag1 Foe1 — F2) + 4(FoyoFy — F2 )
— 2(FpqoFy1 — FuFoy)lia + [(Fpp1 Fpo1 — F2) + A(Fog2Fn — F24 )
+2(FpioFn1 — FoFni1))iz + [Fny1 Fno1 — F2ig.

Using idempotent representations of bihyperbolic Fibonacci numbers, Cassini
identity for Fibonacci numbers F,11F,_1 — F2 = (—1)" and Vajda’s identity
for Fibonacci numbers F,,4oF, 1 — F, F,,+1 = (—1)" we obtain that

BhF, 1 -BhF,_ 1 — BhF? = [9(=1)" 4 16(—1)"T! + 12(=1)"]4,
+ [(=1)" + 4(=1)"F' = 2(=1)"]i2
+ (=)™ +4(=1)" 4 2(=1)"iz + (—1)"ia

and (8) is proved. O

In the same way, using Cassini identity for Pell numbers P,1P,_1 — P2 =
(—1)™, Vajda’s type identity for Pell numbers P,y2P,_1 — P, Ppi1 = 2(—1)",
Cassini identity for Jacobsthal numbers Jy,4+1J5,—1 — J; 2 — = (=1)"2"~ I and Vajda’s
type identity for Jacobsthal numbers J,, 1 2J, 1 — Jpdni1 = (—1)"2"~! we obtain

next theorems.



Bihyperbolic numbers of the Fibonacci type and their idempotent representation 415

Theorem 8 (Cassini identity for bihyperbolic Pell numbers). Let n > 1 be an
integer. Then

BhP, - BhP,_y — BhP? = (16, — 16y — 8i3 + 8i4) - (—1)".

Theorem 9 (Cassini identity for bihyperbolic Jacobsthal numbers). Let n > 1
be an integer. Then

BhJyy1 - BhJ,_1 — BhJ? = 20iq - (—2)" 1.

Note that Cassini identities obtained in Theorems 7, 8, 9 are idempotent ver-
sions of Cassini identities obtained in Corollaries 2, 4, 6.
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