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Abstract. In this paper, we consider an initial boundary value problem for the two-
dimensional primitive equations of large scale oceanic dynamics. Assuming that the depth
of the ocean is a positive constant, we establish rigorous a priori bounds of the solution to
problem. With the aid of these a priori bounds, the continuous dependence of the solution
on changes in the boundary terms is obtained.
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1. INTRODUCTION

The primitive equations are very useful models which often are used to study
climate and weather prediction. In the 1990s, Lions, Temam and Wang (see [16]-
[19]) first started mathematical study of the primitive equations of the atmosphere,
the ocean and the coupled atmosphere-ocean. Assuming that all unknown functions
are independent of the latitude y, Petcu et al. [23] obtained the two-dimensional
primitive equations of the ocean from the three-dimensional primitive equations. The
existence and uniqueness of strong solutions of the primitive equations were derived.
In the following paper, Huang and Guo [9] considered the two-dimensional primitive
equations of large scale oceanic motion. They obtained the existence and uniqueness
of global strong solutions. Huang et al. [11] studied the two-dimensional primitive
equations of large scale ocean in geophysics driven by degenerate noise. They proved
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the asymptotically strong Feller property of the probability transition semigroups.
Due to the importance of primitive equations, there are many papers to study the
problems; see, e.g., [8], [27], [12], [4], [26], [25], [5] and the references therein.

Recently, the structural stability of large-scale primitive equations has started to
be considered. Li [14] obtained continuous dependence on the viscosity coefficient of
the solution of three-dimensional viscous primitive equations of the ocean. By using
the energy analysis methods, Li [13] proved that primitive equations of the coupled
atmosphere-ocean are continuously dependent on the boundary parameters. The
inspiration for the study came from the fluid equations. There are a lot of articles
in the literature to study the stability of fluid equations (for example, see [20], [21],
[24], [15], [6], [1], [2], [3]). In this paper we consider the following two-dimensional
large-scale primitive equations (for details, see [9]):
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The domain is defined as
Q= (Oa 1) X (—h,O),

where h is a positive constant. In (1.1) the unknown functions (u,v), w, o, p, and T
are the horizontal velocity field, and the vertical velocity, the density, the pressure,
and the temperature, respectively, ¢’ is the Rossby number and v; > 0 (i = 1,2, 3)
are the viscosity coefficients, oref, Trer are the reference values of the density and
temperature, O is the expansion coefficient (constant), A = 8%1 + 8%2. We observe
that in the case of ocean dynamics one has to add the diffusion-transport equation
of the salinity to the system (1.1). The salinity equation is not present in (1.1), but
it would raise little the additional difficulty to take into account the salinity.
The boundary of 2 is denoted by 992 and can be partitioned into

To={(z1,72) €Q: 0 <1 <1, 29 =0},
I p={(r1,20) €Q: 0< 21 <1, 23 = —h},
Iy ={(z1,22) €Q: 21 =0, or vy =1, —h < 22 <0}.
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The system (1.1) also has the following boundary conditions:

T
(12) £5 = a101(0,0), g = aagalin,0), w =0, S= = fr(an,t) onTo,
ou ov oT
8x2 8x2 » W ’ 8x2 on ho
oT
u=v=w=0, =0 only,

oy

where g1(x1,t), g2(z1,t) are the wind stresses on the ocean surface, oy, aq, [ are
positive constants, and 7(z1,t) is the typical temperature distribution of the top
surface of the ocean. The functions g1(x1,t), g2(21,t), and 7(x1,t) also satisfy the
compatibility boundary conditions

(13) gl(Ovt) = gZ(Oat) = T(Oat) = gl(]-at) = gZ(Iat) = T(lvt) =0.
In addition, the initial conditions can be written as

(1.4) u(x1, x2,0) = ug(z1,22), v(x1,22,0) =v0(27,22),
T(z1,22,0) = To(x1,22) in Q.

The aim of this paper is to show the continuous dependence of the solutions on
changes in the boundary conditions of the problem (1.1)—(1.4). It is very important
to know whether a small change in the equation can cause a large change in the
solutions. While we take the advantage of mathematical analysis to study these
equations, it is helpful for us to know their applicability in physics. Since some
inevitable errors will appear in reality, the study of continuous dependence or con-
vergence result becomes more and more significant. It is worth stressing that the
ideas developed in this paper are helpful to study other type primitive equations
with other kinds of boundary conditions.

The plan of the paper is the following. In the next section we give some prelimi-
naries of the problem and some well-known inequalities which are used in the whole
paper. We establish rigorous a priori bounds of the solutions in Section 3. Finally,
we show how one may derive continuous dependence on the boundary conditions of
our problem in Section 4.
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2. PRELIMINARIES OF THE PROBLEM

We formulate the equations (1.1)—(1.4). Realizing the boundary conditions (1.2),
we integrate the equation (1.1)4 from —h to x2 to obtain

(2.1) w(a1, w0, t) = w(zs, —h,t) — /x 9 @, C 1) dC = _a% / w(zy, ¢, 1) dC
—h

_p 021

and

0 B B 0
(22) /—h 8—1‘11‘(‘%1; Cvt) dC = _8—.131 h u(xlv Cat) dC =0.

By integrating (1.1)3 and using (1.1)s we have

0
(23) p(xh T2, t) = Ps + Qref/ (1 - /BT(T(xh C; t) ref)) d(:7

x2

where p, = p(x1,0,t) is the pressure on the surface of the ocean.
Inserting (2.1)—(2.3) into (1.1)—(1.4) and letting p = grefS7, our problem can be
rewritten as

(2.4) 8 </ —u (x1,¢, )d§>%—§v

1 Ips
/8.131 - _</ —T (z1,C, t)dC) = 11Au,
ov v

1
n +Ua—$1 - (/ a—lu(xlaCJ)dC)— +u= Y2Av,

orT
E_‘_ (/ 81 $17Ct)dc>——’YBAT

8 0
a—m/_hu(fcl,QﬂdC:O

with the initial-boundary conditions

ou ov

2.5 gu) o _ oo v .
( ) 81‘2 20—0 Oélgl(xla )7 8.1?2 P Oéggg(xl, )7
8’(1, 81)
o =3 =0 =0
axQ To=—h 5‘%2 ro=—h ’ ('U,, U) s )
oT oT or
il _ n 9 _ T _,
02 lz2=0 Br(1,t), O0x9 lza=—n T Oxylr ’
(2.6) (u, v, T)|1=0 = (uo, vo, Tp).
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In this paper, we also use some well-known inequalities. Now we list them here.
(1) If w(x1) € C(0,1) and w(0) = w(1) = 0, then

! ow
2
(2.7) /0 wdz; < / (8x1) dxy.

(2) If w(wz) € C*(—h,0) and w(—h) = w(0) = 0, then

0 h2 dw
2
(2.8) [hw dzs < (8x2) dzs.

For proofs of this inequalities see [7], [22].

(3) If w(zy,x9,t) is a sufficiently smooth function in Q@ = (0,1) x (—h,0) and

w(0,22,t) = w(l,z2,t) = 0, then

o () el (forw) ()
+</Qw2dA> (/QIWIQdA> ]

1/2
(2.10) (/ w4dA) <c[/ deA+(5/ |Vw|2dA},
Q Q Q

where V = (04,,0,,), C is a positive computable constant and ¢ is an arbitrary

positive constant.

Proofof (3). By the Hélder inequality we write

0 1 1/2 1 1/2
(2.11) /w4 dA < / (/ Wl dx1> (/ w? dx1> dzs.
Q —n \Jo 0

Since w(0, x2,t) = w(1,x2,t) = 0, we have

T 1
(212) w3:3/ wz(g,xQ,t)w dgz _3/ w2(§,x2,t)8w(€’x2’t) d§
0 e o ¢
Therefore
1
(2.13) wl® < §/ wQ(xl,xz,t)‘M‘d .
2 Jo o

Then we have

1 . 1/2 3 1
(2.14) (/0 w da:1> < 3 (/ 8x1 ‘ dx1>
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Inserting (2.14) into (2.11), we get

A 3 0 1 ) 1/2
2.1 dA < = d d d
a1 furaasd [ ([ |em) (] ) o
3 1 1/2
<2 2 :
) _5232{@{ (/o Y (@)dxl) }/ ‘c%l’dA

Obviously, we have

(2.16) w? = 2/_h w(xl,g,t)%f’t) d¢ + w?(@1, —h, t)
0
= =2 [l 2D a2, 0,0,
SO
0 1
(2.17) w2</ |w|‘ ‘dx2+2[ 2(21,0,8) + w2 (21, —h, )].

To bound the last term of (2.17) we define a new known function f(x2) satisfying
(2.18)  f(0) >0, f(=h) <O, |f'(z2)| <ma, |f(z2)] <ma for —h <2y <0,

where my,my are positive constants. For example, f(z2) = %ml(mg + %h),
mih < 4mg, satisfies all the conditions in (2.18). Using the above estimates and
employing, the divergence theorem allow us to write

(2.19)  min{f(0), — f(=h)}w?(z1,0,) + (1, —h,1)]
< f(O) 2(.131,0 t) - f(_h)w (mla h t)

/ fw Ydze = / f( Zo)w dmg—l—Z/ fw—datg
8x2

0 0
<m1/ dexg—l—ng/ |w|‘ ‘dl‘g
—h

Inserting (2.19) into (2.17), we have

0 0

0

(2.20) w? < m3/ w?day + m4/ |w|‘—w‘ dzo,

—h —h 8x2
where
(2.21) ms = " my=1+ 2

min{f(0), —f(=h)}

Therefore,

1 1/2 Ow 1/2
(2.22) max {(/ w2dx1) }< (mg/ w dA+m4/ |w|‘ ‘dA) .
—h<2<0 0 Q Oz
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Thus, from (2.15) and (2.22), by the Holder inequality we have

oo [aneifo e [ (|2 ]
(L) (o

We have after simplification

o (o] eel (o) ()"
() ()

3. A PRIORI ESTIMATES
Now we derive some a priori estimates for the solutions of (2.4)—(2.6).

3.1. Estimates for |T||3 and ||VT||3. Taking the inner product of the equa-
tion (2.4)3 with T in L%(Q), we have

(3.1)
Ld [ 12d4+ /lVT|2dA
2dt g
oT oT 29 oT
”3/0 bz 00n = [ Lug = ([ 5 wtncac) g ran
We put
OH  B(za+h)
(3.2) T (1, 1).
Therefore,
(3.3)

T(l‘l, 0, t) dl‘l

[
73 0 81'2 x2=0
1
OH 0 (0H

—73/9(%272 )dA+%/(g—Zg—i)dA
< %73/(1(%27[;)2(1144—%’yg/ﬂTQdA-i—%’y:g/Q(g—Z)sz—i—%73/9(3—3:;)2(1/1.
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Integrating by parts we have

(3.4) _/ [ g—z— (/Z ail (21, ¢, t)d() 8T}TdA_O

By the above results we have

(3.5) ;t/TQdA+'yg/ |VT|2dA<73/QT2dA+a1(t),
where

O*H OH \2
(3.6) al(t)zfyg/(a 2) dA ”3/(0_@) dA.

Using the inequality (3.5) and the Gronwall inequality, we get

t
(3.7) /TQdAg/ngA-e%tJr/ a1 (n)e = dn = ay(t).
Q Q 0

Moreover, we have

(3.8) /Ot/Q|VT|2dAdn<F1(t),
where
(3.9) Fl(t)z/ot[%al(n)mz(n)} dn+%/ﬂT02dA.

3.2. Estimates for ||ul|3 and ||v||3. Taking the inner product of the equa-
tion (2.4); with u in L?(Q), we have

1d

(310) 5o

u dA—l—’yl/ |Vu|? dA

ou 1
= — - — A
71/0 D2 u(x1,0,t) day 7 /qud
ou 29 ou
a2
98m1UdA+e’ Q( 5 8x1T(x1,C,t)dC udA.

We define a function Sy (z1, z2,t) as

CEQO

051 o ({EQ + h)

(3.11) Er — 5 9i(@n).
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Obviously, S; fulfills the same boundary conditions as u. Therefore,
(3.12)

/1 Ou
m 0 8152
Las, 9 105
= — 0,t)dx; = — (==
71/0 8x2 ;162:071(1:17 ’ ) 1 71/9 8x2 (ail,'g

8251 851 ou
771‘/QWUCIA+’YI 8—1,‘28—.132dA

<;%/(<‘§%) 44+ 7l/u dAg%/(gj;) aA+ 1/(5_;)%/1.

An integration leads to

o1 [ o2 ([ Latencnae) 2uan o

Integrating by parts and realizing (2.2), we get

5‘ps aps
(3.14) 33?1 udA = E//0 pe </ udx2> dxzq
1 0
_ L. / N ey ) day = 0.
El 0 _h 8331

By the Cauchy-Schwarz inequality we have

L 0 ) hM 1/2
(3.15) g/ﬂ(/zza—mT(ml,C,t)dC>ud { 8x1 } [ udA]

or hu 9
< [ OT £ .
S 9 Q(axl) dAJFQe//Qu da

u(z1,0,t) dzy

i) =0

u) dA

By the above results we get
d
(3.16) o / u dA+71/ |Vu|? dA
h
< — —// wvdA + (71 + —IIL) /QquA
orT %5, 051\2
v (axl) e | (G 023 ) aas e [ () 04

Similarly, we can have from (2.4),

d
(3.17) E/UQdA-f—’YQ/ Vo2 dA
Q Q

2 9285\2 059\2
<= dA 2dA —=2) dA —=) d4
5’/qu +72,/Qv +72/Q<8x§) +72/Q<8a:2) '
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where

832 a1 (1‘2 + h)
-1 _— - e .
(3.18) s T g2(21,1)

Combing (3.16) and (3.17), we obtain

(3.19) i(/ u2dA+/v2dA> +71/ |Vu|2dA+'yg/ Vo2 dA
dt Q Q Q
oT
< 244 dA
m1</ﬂu +/Qv > /(3331) dA + as(t),
where

%8 08
(3.20) a3(t)=71/(a ;) dA + 71/(3 ;) dA
025, oS
J”Q/(a‘z)dA 72/(62)“
By the Gronwall inequality and (3.8) we get

(3.21) /quA+/v2dA<F2(t),
Q Q

where

hp 4 ! ma (t—n) t 2 2
(3.22) F(t)=—€eFi(t)+ [ az(m)e™ " Pdn+e ugdA+ [ v5dA).

0 Q Q
Moreover, we have
¢ ¢

(3.23) o [ [vuandy s [ [ [wuaddn < Fao),

0o Jo 0o Jo
where

t h,U t
(3.24) F3(t) = ml/ Fy(n)dn+ ?Fl(t) —l—/ as(n) dn —l—/ uddA —l—/ va dA.
0 0 Q Q
3.3. Estimate for |T'|. We multiply (2.4)3 by T?~! and integrate by parts to find
1d

3.25) —— P22 dA
62) o | [ 9T

Lor or 29 oT
_ —= 7p-1 _ - . p—1
Y3 | om dxy / [uaxl (/h axlu(xl,g ,1) dC) D2g ]T dA.

112



After integrating by parts the second term of (3.25) and realizing the boundary
condition (2.5), we get

o (] o) T an-

By the Holder inequality and the Cauchy-Schwarz inequality we have
(3.27)

oH 0 (0H
= mp—1 _ " p—1 p—1
78 / 0z mde= / 0x2 " de = / Oxo (83:2 r ) A

0’H oTr
— p—1 _ p—2
73/98 TP=1dA + (p 173/ e, T g, 44
73 O*H \p (p —1)73/
<= dA + ——= TP dA
Q((‘)m%) D Q

8(p—1) OH \P 4p—1)(p—2) )
4 8 73/( )dA D D 73/QTdA

p? Oy p?
+ (p - 1)73 / |VTp/2|2 dA.
p Q

Therefore, we have from (3.25)—(3.27)

dt Jo P Q

_ 3 2
L8 pl)%/@ii) dA + L(%Tg)p“

By the Gronwall inequality we have

/TpdA< /ngA.e(pfl)(Spr)vst/p
Q Q
t
+ / (=) (5p—8)15 (1) /p
0
8(10—1)73/ OH \p / 2 H\p
dA + — ) dA]| dn.
- [ p <8$2) T (83:% ) 4

Therefore,

1/p t
(3.29) (/ TpdA) < {/ ngA,e(p—l)wp—S)%t/p_,_/ e(P=1)(5p—=8)y3(t—n)/p
Q Q 0

x {W%m/(gi) dA + 34(%)%4 dn}l/p.
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Letting now p — oo in (3.29) we obtain
(3.30) sup|T| < T,
Q

where
T, = sgp{I\TIIW 170l o0 }-

3.4. Estimate for ||VOu/dxs|3. By (2.4); we have

8u ou 29
(3.31) / / 81'2{ 8x1 (/_h a—xlu(xl,c ,t) dC) D3

1 Ops 1 o9 ou _

€ g dxy € )

Integrating by parts, we have
(3.32)

/(83:2 dA+%//‘v8m2‘ dAdn
ou 0%u Oug
_“// 912 023 53 d 0+ 5 /<5‘x2) dA
ou
— A

//[axm (/ uxl,cmdc) 2]8x2d dy
R VPR T

Oxs O Oz Oz

Similarly, by (2.4),

(3.33) %A(S—;)Qdfwvg/ ‘vﬁrdAdn

ov 0%v
= dxy d
= / / o 83:2 LT

1 ov Ou Ovg
83:283:2 dAdn+3 /(83:2) dA

0% 20 v
- —— — Adn.
/Q [uaxlm (/h axlu(xl,c ,t) dC) 2] D2g dAdn

Upon integrating by parts, we get

) )
(3.34) //{ axm (/_h a—mu(xl,g,n)dc> axg}a dAdn = 0.
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By (3.8), (3.23) and the Holder inequality we have
(3.35)

oT du 1 1/2 1/2
/ 8$18$2dAdn E_<// 8371 dAdn) (// 83?2 dAdn)

Fy(t)F5(t)
Y1 .

m\h:

By (3.11) and using the divergence theorem,

ou 0%u
(3.36) 'yl/ / 83:2 83:2 dzy dn
0 85’1 9%u
= A
%/ / 8x2 8x2 8x2)d dn

8251 82 831 8 u
= dAd dAd
n / 8x2 8x2 Tt / 8x2 8x2 g

// 8823;5;1 ) dddn+ // (%2 “dAdy
(500 gqy [ [ A Dy

E ] By

//gi{ ai@_(/xzaiwhc, )d<> }dAdn

2 2
Q/ %a—TdAdn—k'yl// 075 O dAd.
0

Q 8])2 8331 83311)2 83311)2

By the Cauchy-Schwarz inequality we get
(3.37) , o
Z—i%mg/(g—i) dA + - /(8952) dA,
/ 8x2 8—x2dAd / / 8x2 dAdn+ / / 8x2 dAdn7
//%%; <q [ f () anane g [ [ () aaan
L)) [ s aae 2//3520“*01”+ //amdﬁm
2 2 2
vl/o‘ézgxfmlg 8?61332 l// ga:ilg dddn +’h// 83:13:2 dAdn
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and by (2.10) with § = 1 we arrive at
(3.38)

[Tt I
<[ o] [ o) (520 e "
en [ [ Gy anan] [ [ (o] an) ([ ar) " aa]
_max{/‘asl‘ dA}/ (/QquA—F/QIVuPdA) dy

71// 33:13:2 “aady N
conm{ (22 an) [ [ [ (G5) asad]

L (fJRefans f|2efaas | \am\ )]
Sl (e [
el o) "N Lo

UL Chlfoae izt os)o] :
w2l [ dAH/ LG amn] o3 [ [ | aam

Inserting the above bounds into (3.32) and using the inequalities (3.21) and (3.23),
we write (3.32) after simplification as

(3.40) /( o dA—i—'yl//‘VaxQ‘ dAdn //(%28332 dAdn + ay(t),

where a4(t) is a positive computable function. In a similar way we can write
from (3.33)

(3.41)/ xQ dA+72//‘V ‘dAdn\——/ /8—xza—xszdn+a5()
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Combining (3.39) and (3.40), we have

(3.42) /(5;) dA + /(a” dA+71/ / ‘Vam‘ dAdy

+72/ / }vam} dAdy < Fs(t).
Using (2.10) with 6 = 1, we have

(3.43) // dAdn<C<// (%2 dA+‘Vaa—u }dAdn>2

< C(/O Fs(n)dn + €F5(t)>2 = Fs(1).

4. CONTINUOUS DEPENDENCE ON THE BOUNDARY CONDITIONS

Suppose that (u*,v*,T*,p%) also are the solutions of (2.4)—(2.6) with different
boundary conditions g7, g5 and 7*. Let

(4.1) azu—u*, ﬁ:U—U*, j:’:T_T* Ws:ps_pzv
glzgl_gra 92292_‘9;; %:T_T’

then (u, v, m,) satisfies

on
(42) E +u 81‘1 </ 8 T xvaa )dC)

ot 29
+ua—x1_< o 1u (xlvgat)dg>a—

1. 1omy puf[° 0 ~ y
Rl (/2 By L @16, 1) dC) = A

g’ g’

05
ot Y 8x1 (/ o xl’“)dg)

. 00 20 81} 1. .
+u pr (/_h 8—x1u *(x1, ¢, t)d() s — =1 = 72 AD,

or _oT g oT
W+U8—a:1_</h 8—xlu($1,C t)dC) Jjg

oT ®2 9 oT ~
* _ — u* — = AT
+u oz (/_h oz ($17C,t)dC> 02y~ AT

8 0
a—m/_ha(xl,c,t)dczo

117



with the initial-boundary conditions

ou ov ou ov
43 _— = q s R — a , _ - — O7
(4.3) 0x2 lzs=0 191 0xo lzs=0 @292 0x2 lza=—h  O0x2 lza=—h
oT oT oT

~7 v = 07 a9 = ~7 a9 =Y, a9 =0

(u U) T 8x2 x2=0 T 8x2 zro=—h 8x1 T
and the initial conditions
(4.4) (i1, 9, T)|4=o = (0,0,0).

We have the following theorem.
Theorem 4.1. If Ty, ug,vo € L3(), g1,92 € H*(Q), 7 € L>(S2), then

(uvvaaps) - (U*,U*,T*,p:) as (91;92;7—) - (QfaggaT*)-

Furthermore, the inequality

(4.5) /u dA+/v dA+9/T2dA+ //|Vu|2dAdn
Q Q
+72/ /|Vf)|2dAdn+9'yg/ / VT[> dAdy
0 JQ 0 JQ

t s 1
gbﬁ(t)/ efs"w(ﬁ)dn/ / [13? + angs + 0872 doy dnds
0 0 0
t 1
+ / / (137 + @635 + B7%] day dn,
0 0

where 0 is a positive constant and bg(t) is a positive function, holds.

Proof. Now taking the inner product of the equation (4.2); with @, we have
(4.6)

%/QﬂQdA—kvl/Ot/QWﬂFdAdn
a2 | o
[ f St ([ oo
[ - “’C”)‘K)a }“d“‘d”
-J Ll (g mac) gy faan
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After integrating by parts, we obtain

Tz 9 o
(4.7) //[ - </h 8—mu*(x1,<,n)d¢>%}udmno
on,

O
:—_// 3;(/ (2, )d$2>dx1dn:0.

By the Holder inequality, (2.7), (3.23), (3.42) and the A-G mean inequality, we have

[ L ([ )
<[[ [ Gyl [ fmasa]”
LT s aa]
[f LG ] [ aan]”

<\ Bl franansa ] foaeae
] ]

[ [ ] fieas]

1t>AtAa2dAdn+bz<t>61 /Ot/QIV@IQdAdn

for computable functions by (t), b2(t) and a positive arbitrary constant d;.

By the Cauchy-Schwarz inequality again

(4.10) —/ / (/ —T xl,gn)dc>udAdn
//o‘m@maﬁﬂm
:;;//TQdAdnJr // 8:c1 dAdn
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and

(4.11) ’71/ / —ud$1 dn = 71041/ / g1(z1,m)u(z1,0,m)drydny
« ~
< 7121/ / gi (1,m) dz1 dy
o Jo
Using a similar method in (2.20), we have

t el
’71041/ / ﬂz(xl,(),n)dxldn.
2 Jo Jo
(4.12)

t 1 t
71// —udxld %al/ / éf(mm)dxldnﬂLmagml/ /ﬂQdAdn
0 JQ
m‘mal/ /I I\ ’dAdn
1041/ / G? dxy dn + 4710[16 / /|Vu|2dAd77

2m3+m4§ 'ylal// 244 dy.

Inserting (4.7)—(4.12) into (4.6) and choosing 01 = ~y1/(4b2(t) + may1011), we have
L[ 1 ¢ .
(4.13) = [ @*dA+ -m |[Va|*dAdn
2 Ja 27 Jo Ja
1t ar [Pt
<—,/ /uvdAdn—i—Py1 1/ / Gi(w1,t) day dny
h2 2
/ /TQdAdn—i—bg / /u dAdn,
’716

(2m3 + mady Hyon
1 )

Now taking the inner product of the equation (4.2)s with © in L?(Q2), we have

(4:19) %L@QdA+72/t/|V@|2dAdn
//uvdAdnerg// 20 ey an
//[axl ([ o xvaWdC>a—}udAdn
([ o) s

where

(4.14) bs(t) = b (t) +
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In the same way as before we arrive at
(4.16)

1
2/ 2dA + ’Yz/ /|Vv|2dAd77
__/ /ﬁ@dAd —1—720‘2/ / g2 x1,m) dzy dn + ba(t //v dAdn

for a computable positive function by(t). A combination of (4.13) and (4.16) leads to

(4.17) /u dA+/v dA+71/ /|Vu|2dAd77+'yg/ / |Vo|2dAdn
Q
h2 2
’ye //TQdAd’I]—l-b5 (/ /u dAd77+/ /v dAdn)
1
+71041/ / ﬁ%(xl,n)dwldn-F’YzOéz/ / 3(x1,n) day dn,
0 0 0 0

where bs(t) = 2(b3(t) + ba(t)). We take the inner product of the equation (4.2)3
with T" to obtain

1 [ ~ t ~
(4.18) §/T2dA+'yg/ /|VT|2dAd77
Q 0 JQ
t 1 T
—%/ a—TTdfcl dn
Do

//[ﬂaxl (/ o (1, G, ﬁ)dC>ax2leAdn
//{ Dy </ 7 (G )dC>8mJTdAdn.

Similarly to the computations in (4.11) and (4.12) we have

t 1
(4.19) 73/ g—Tdeld 736/ / 72 dz dn
o Jo
t
1 (st mady ) / / T2dAdy
0o Ja

1
t
+m4—%552/ / VT2 dAdy
4 0 Q

for an arbitrary positive constant J». Integrating by parts, we obtain

(4.20) //{ a_xl_(/_ta%“ (xl,gn)dg) f}TdAdn_O
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By integration by parts, the Holder inequality, (3.30), (2.7)—(2.8), we get for 63 > 0

(4.21) //{ua—xl—</ —uml,C, )d§> ]TdAdn
//uTa—xldAdn //(/ —uxl,cn)dC>T8—dAdn
</ JGEY aaan) ([ f Gy aan)
([ (2 dAdny”(/ [ dAdn)“
- 63Tm/0 /Q|Vf|2dAd +—T // dAdn.

Inserting (4.19)—(4.21) into (4.18) and choosing d2 = 1/(m4f3), d5 = 5’}/3(Tm(1 + h)),
we get

t
(4.22) /T2dA+'yg/ / |VT|*dAdn
Q 0 JQ

t 1
h
<’Y35//( )? day dn + —— + // 8 dAd??
0 Jo 1

| (@ma 4 mady " )1ap / / T2 dAdy.
2 o Ja

Combining (4.17) and (4.22), we have for a positive constant 6 = $d3my1 (14 h)Trn),
(4.23)

t
/a2dA+/@2dA+9/T2dA+ﬂ/ /|Vﬂ|2dAd77
Q Q Q 2 Jo Ja
t t
+’yg/ /|V5|2dAd77+973/ /|VT|2dAd77
0 Q 0 Q
t t t o
t)(/ /fﬁdAdn+/ /ﬁQdAdn+9/ /TQdAdn>
0 JQ 0 JQ 0 JQ
t 1 t 1 t 1
+’Y1Oé1/ / ﬁdxldﬂﬂ-’maz/ / dix1dn+973ﬂ/ / ?Qdmdn,
0 0 0 0 0 0

where bg(t) is a positive computable function. Applying the Gronwall inequality
o0 (4.23), we get

t t t
(4.24) / /a2dAdn+/ /62dAdn+6/ /TQdAdn
0 JQ 0 JQ 0 JQ

t s 1
< / efs be(m)dn / / [Y101G7 + Y2eda + 0v3372] day dnds.
0 0o Jo

Finally, if we insert (4.24) into (4.23), the proof of Theorem 4.1 is completed. O
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Conclusions. In this paper, we have obtained the continuous dependence of

the two-dimensional large-scale primitive equations in oceanic dynamics, where the

depth of the ocean is assumed to be a positive constant. When the depth of the ocean

is positive but not always constant, Huang and Guo [10] have obtained the existence

and uniqueness of global strong solution for the problem. The study of the continuous

dependence of the primitive equations in this case may be more interesting.
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