Kybernetika

Emel Asici; Radko Mesiar
On the direct product of uninorms on bounded lattices
Kybernetika, Vol. 57 (2021), No. 6, 989-1004

Persistent URL: http://dml.cz/dmlcz/149352

Terms of use:

© Institute of Information Theory and Automation AS CR, 2021

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://dml.cz


http://dml.cz/dmlcz/149352
http://dml.cz

KYBERNETIKA — VOLUME 57 (2021), NUMBER 6, PAGES 989-1004

ON THE DIRECT PRODUCT OF UNINORMS ON BOUNDED

LATTICES

EMEL Asict AND RADKO MESIAR

In this paper, we study on the direct product of uninorms on bounded lattices. Also, we
define an order induced by uninorms which are a direct product of two uninorms on bounded
lattices and properties of introduced order are deeply investigated. Moreover, we obtain some
results concerning orders induced by uninorms acting on the unit interval [0, 1].
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Classification: 03ET72, 03B52

1. INTRODUCTION

Uninorms were introduced by Yager and Rybalov [28]. Uninorms are a special kind
of aggregation functions that generalize both t-norms and t-conorms [8, [I1]. In [20],
two first classes of uninorms were introduced: uninorms in Upin and in Upay, and
representable uninorms. Then, some papers were published dealing with uninorms,
especially from the point of view of their applications. Thus, uninorms have proved
to be useful in a wide range of fields like aggregation of information, expert systems,
neural networks, fuzzy system modeling, pseudo-analysis and measure theory, fuzzy
mathematical morphology, fuzzy sets and fuzzy logic, approximate reasoning and so on.
Since uninorms on [0, 1] are always conjunctive or disjunctive, they have been extensively
studied in the framework of logical connectives and they have been used in fuzzy sets
theory and fuzzy logic [26].

In [I6], direct product of triangular norms on product lattices was introduced and
some of the algebraic properties were investigated.

In particular, Karagal and Mesiar [22] studied uninorms on bounded lattices. They
showed the existence of uninorms with neutral element e for an arbitrary element e €
L\ {0, 1} with underlying t-norms and t-conorms on an arbitrary bounded lattice. Also,
they introduced the smallest and the greatest uninorm on a bounded lattice.

In recent years, the orders induced by uninorms, nullnorms and triangular norms
have been studied widely. In this sense, in [23], T- partial order, denoted =<r, defined
by means of t-norms on a bounded lattice was introduced.
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Based on these previous studies, in [I}, [I8] U-partial order and F-partial order ob-
tained from the uninorm and nullnorm, respectively, were introduced and some proper-
ties of these orders were investigated.

In this paper, we study on the direct product of uninorms on bounded lattices. The
present paper consists of four main parts. Firstly, we give in preliminaries some necessary
definitions we will work with. In Section 3, we define an order induced by uninorms
which are a direct product of two uninorms on bounded lattices. In Section 4, we define
the set of comparable and incomparable elements with respect to the U; x Us-partial
order, denoted <, xv, and we obtain some interesting results related to direct product
of uninorms on [0, 1]2. In Section 5, some concluding remarks are added.

2. PRELIMINARIES

A lattice [9] is a partially ordered set (L, <) in which each two element subset {z,y} has
an infimum, denoted as x Ay, and a supremum, denoted as xVy. A bounded lattice (L, <,
0,1) is a lattice that has the bottom and top elements written as 0 and 1, respectively.
Given a bounded lattice (L,<,0,1) and a,b € L, if a and b are incomparable, in this
case, we use the notation a || b.

Definition 1. (De Baets and Mesiar [16]) Let (L1,<1,01,11) and (L2, <5,02,15) be
bounded lattices. Then, L; x Ly = (L1 X Lo, <,(01,02),(11,15)) is a bounded lattice
with partial order relation <, A and V defined by

< < d <
b —_ —
(CE1 yl) ($2,y2) < T1 S1 T2 an Y1 =2 Y2,

(w1,y1) A (22,92) = (01 A1 T2, Y1 N2 Y2),
(x1,y1) V (@2,y2) = (1 V1 Z2,Y1 V2 Y2).

In this study, for short, we use the L; instead of (L1,<;, 01,1;), Lo instead of
(LQ, SQ, 027 12) and Ll X L2 instead of (L1 X L27 S, /\, \/7 (01,02), (11, 12))
Definition 2. (Asic1 and Karacal [4], Cayh [I3], Saminger [27]) Let L be a bounded
lattice. A triangular norm T (briefly t-norm) is a binary operation on L that is com-
mutative, associative, monotone and has neutral element 1.

Example 1. (Asici and Mesiar [5], Klement et al. [25]) The four basic t-norms T}y,
Tp, Ty, and Tp on [0, 1] are given by:

TM(xa y) = min(gj, y)7

TP('T/‘, y) = x'y’

Ti(z,y) = max(z +y —1,0),

Tp(z,y) =4 (2,9) € [0,1)",
DY) = min(z,y) otherwise.

Definition 3. (Agia [3], Cayh [14], Saminger [27]) Let L be a bounded lattice. A
triangular conorm S (briefly t-conorm) is a binary operation on L that is commutative,
associative, monotone and has neutral element 0.
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Example 2. (Asici and Mesiar [0], Klement et al. [25]) The four basic t-conorms Sy,
Sp, S, and Sp on [0,1] are given by:
SM(xv y) = max(x, y)7
Sp(e,y) = +y- 2.,
Sp(w,y) = min(z +y, 1),
2
Sp(e.5) = {1 (2.y) € (0, 1%,

max(x,y) otherwise.

Extremal t-norms T and Ty are defined on a bounded lattice as follows, respectively:
Th(z,y) =x Ay
r ify=1,
Tw(z,y) =<y ifz=1,
0  otherwise.

Similarly, the t-conorms S\, and Sy can be defined.
Especially we have obtained Ty = Tp and Th = Ty for L =[0,1] C R.

Definition 4. (De Baets and Mesiar [16]) Let L; and Lo be bounded lattices and Ty
and T be t-norms on L; and Lo, respectively. Then, the direct product T} x T of T
and T5, defined by

Ty x Ta((z1,51), (22, 92)) = (T1 (21, 22), Ta(y1, 92))
is a t-norm on the product lattice Ly X Lo.

Definition 5. (Casasnovas and Mayor [12]) A t-norm T on L is divisible if the following
condition holds:

Ve,y € L with x <y there isa z¢& L suchthat z=T(y,z).

Definition 6. (Asicr and Mesiar [7], Calvo et al. [I0], Cayl [14]) Let L be a bounded
lattice. An operation U : L? — L is called a uninorm on L, if it is commutative,
associative, monotone and has a neutral element e € L.

We denote by U(e) the set of all uninorms on L with the neutral element e € L. Also,
we denote by A(e) = L%\ ([0,€e]? U [e,1]?) and I[(U) = {z € L | U(z,x) = z}.

Theorem 1. (Fodor et al. [19]) Let U : [0,1]*> — [0,1] be a uninorm with neutral
element e € (0,1). Then the sections x — U(z,1) and z — U(xz,0) are continuous in
each point except perhaps for e if and only if U is given by one of the following formulas.
(a) If U(0,1) = 0, then

eT(%, %) (xay) € [076]27
Uz,y) = e+ (1 —-e)S(=5,4=5)  (z,y) € [e, 1]%, (1)
min(z, y) (z,y) € A(e),

where T is a t-norm and S is a t-conorm.
(b) If U(0,1) = 1, then the same structure holds, changing minimum by maximum in

A(e).



992 E. ASICI AND R. MESIAR

The class of uninorms as in case (a) will be denoted by Up,in and the class of uninorms
as in case (b) by Umax. We will denote a uninorm U in Up,i, with underlying t-norm T,
underlying t-conorm S and neutral element e by U = (T, ¢, S) and in a similar way,
a uninorm in Unax by U = (T, e, S)

min

max”

Proposition 1. (Kalina [2I]) Let L; and Ly be bounded lattices and U; be a uninorm
on L; with neutral element e; and Us be a uninorm on Lo with neutral element es.
Then the direct product U; x U, of Uy and Us, defined by

Ui x Us((z1,91), (72, 92)) = (U1 (1, 22), Ua(y1,y2))

is a uninorm on the product lattice Ly x Lo with neutral element (eg, es).

Definition 7. (Karagcal and Kesicioglu [23]) Let L be a bounded lattice, T be a t-norm
on L. The order defined as follows is called a T— partial order (triangular order) for
t-norm T

x 37 y:= T y) =z for some ¢ € L.

Definition 8. (Ertugrul et al. [I8]) Let L be a bounded lattice, S be a t-conorm on
L. The order defined as follows is called an S— partial order for t-conorm S:

x <gy:& S x) =1y for some £ € L.

Definition 9. (Ertugrul et al. [I8]) Let L be a bounded lattice and U be a uninorm
with neutral element e on L. Define the following relation, for x,y € L, as

if x,y € [0, €] and there exist k € [0, ] such that U(y, k) = z or,
z 2y y:e (if x,y € [e,1] and there exist £ € [e, 1] such that U(z,¢) =y or, (2)
if (x,y) € L* and = < y,

where I, = {zx € L |z || e} and L* = [0,¢] X [e,1]U[0, €] x I U[e, 1] x I, U[e, 1] x [0, e] U
I, x [0,e] U I, x [e,1]UT, x I.

Proposition 2. (Ertugrul et al. [I8]) The relation <y defined in (2) is a partial order
on L.

Note: The partial order <y in (2) is called U-partial order on L.

3. <u,xu,-PARTIAL ORDER

In this section, we define an order induced by uninorms which are a direct product of
two uninorms on bounded lattices.

Definition 10. Let L; and Lo be bounded lattices, U; be a uninorm on L; with neutral
element e; and Us be a uninorm on Lo with neutral element e; and consider their direct
product Uy x Uz on Ly x Ly. Let <y, and =<y, are partial orders induced by uninorms
U; and U, respectively. Then, the relation =<y, xy, is defined by
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(z,y) 2uixv, (2,1) & 2 =2y, 2 and y <y, t
for all (z,y), (2,t) € L1 x Lo.

Example 3. Consider the lattice (L1 = Ly = {0,a,k,e,b,p,m,1},<,0,1) given in Fig-
ure 1 and the uninorms U; and Us on Ly = Ly defined Table 1 and Table 2, respectively.

Fig. 1. The lattice L1 = Lo.

~3Ixw oo x>0 of &
3 o o™
=== o o O o
[l el el S B S B S B S 2 IS
me= =33 333
el e e ]

—~3I" o0 ™2 oo

—~3IRN ccoocool o
3" o9 2 2 o

Tab. 1. The uninorm U; on L1 = Ls.

Since Uy(a, k) = a and Us(a,k) = a, then we obtain that a =<y, k and a =<y, k.
So, it is obtained (a,a) =<y, xv, (k,k) by Definition Also, we want to show that
(p,p) Auyxv, (m,m). We assume that (p,p) <v,xv, (m,m). Then, it must be p <y,
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~3Is oo > o &
mRF3IRN o o x
—~3I” o0 T2 O
=== oo o O o
RIS
~33S~3 3333
e e ] H

~F3I” ccoocool o
~F3IN oo o o oo

Tab. 2. The uninorm Us on L; = Ls.

m and p =<y, m by Definition Then, there exist elements s,¢ € [e, 1] such that
Ui(p,s) = m and Us(p,£) = m. According to the Table 1, we obtain U (p,s) = m, a
contradiction. Because there does not exist an element s € [e, 1] such that Uy (p, k) = m.
So, it must be p Ay, m. So, it is clear that (p,p) Av, xv, (m,m) by Definition

Proposition 3. Let U; be a uninorm on L; with neutral element e¢; and Us be a
uninorm on Lo with neutral element e; and consider their direct product U; x Us on
Ly x Lo. Then, the relation <y, x7, defined in Definition @ is a partial order on L1 X Ls.

Proof. Since =y, and =<y, are partial orders on L; and Ls, respectively, it is clear
that <y, xv, is a partial order on L X Lo. O

Proposition 4. Let L; and Lo be bounded lattices, U; be a uninorm on L; with neutral
element e; and Us be a uninorm on Lo with neutral element e; and consider their direct
product Uy X Uy on Ly X Ly. Then, L; X Lg is a bounded partially ordered set with
respect to the <y, xu, partial order.

Proof. It is clear that L; x Lo is a partially ordered set with respect to the <y, xv,
partial order. Since 01 =y, x, 02 <y, y and z <y, 11, y <y, 1o, then it is obtained that

(01,02) =ty xv, (x,y) and (z,y) Su,xv, (11, 12) for all (x,y) € Ly X Ly by Deﬁnition
O

Note: From Definition [1], it is clear that <; is a partial order on Uj;.

Remark 1. Let L; and L be bounded lattices, U; be a uninorm on L; with neutral
element e; and Us be a uninorm on Lo with neutral element e; and consider their direct
product U; x Us on Ly X Ly. Then,

(2,y) Sy xu, (z,t) =<y zand y <ot

for all (x,y), (z,t) € Ly X La.
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Lemma 1. Let Ly and Lo be bounded lattices, 77 be a t-norm on L; and T3 be a
t-norm on Ly and consider their direct product 17 x To on L1 X Lo. T7 x T5 is divisible
if and only if 77 and T3 are divisible.

Proof. Let Ty xT5 is divisible t-norm on Ly X Lo. Let x <; y and z <y t for x,y € L,
and z,t € Ly. Then, we have (z, z) < (y,t) from Definition |1} Since T} x T% is divisible,
then we have (z,z) = Ty X Ta((y,t), (k,m)) for (k,m) € Ly x Ly. Then, it is clear that
(x,2) = (T1(y, k), To(t,m)) by Definition 4| Since z = Ti(y, k) and y = Ts(t,m), then
we have that 77 and T3 are divisible t-norms on L; and Lo, respectively. Similarly, if T}
and T5 are divisible, then it can be shown that T7 x T5 is divisible. O

Lemma 2. Let L; and Ly be bounded lattices, S; be a t-conorm on L; and S be a
t-conorm on Lo and consider their direct product Sy x Sy on Ly X Ly. Sy x S5 is divisible
if and only if S; and Sy are divisible.

Proof. It can be proved using similar arguments in the proof of Lemma [T} O

Proposition 5. Let L; and Ly be bounded lattices, U; and Us be uninorms on L,
and Lo with neutral elements e; and es, respectively, 77 and Tz be t-norms on [0, e1]
and [0, es], respectively and S7 and S be t-conorms on [er, 1] and [eq, 1], respectively.
Consider direct products U; x Uy on Ly X Lo, T1 X T on [0, e1] x [0, e2] and S x Sy on
[e1,1] X [e2,1]. Then, T} x Ty and Sy X S are divisible if and only if <y, xp,=<.

Proof. The proof can be obtained from Lemma |I| and Lemma O

Proposition 6. (De Baets and Mesiar [I6]) Let T3 and T3 be t-norms on [0, 1] and
their direct product Ty x Ty on [0,1]2. Ty x Ty is divisible if and only if T} x Ty is
continuous.

Proposition 7. (De Baets and Mesiar [I6]) Let S; and S; be t-conorms on [0, 1] and
their direct product S; x Sy on [0,1]2. S} x S5 is divisible if and only if S; x Sy is
continuous.

Corollary 1. Let U; and Us be uninorms on [0, 1] with neutral elements e; and es,
respectively, T and T, be t-norms on [0, e;] and [0, es], respectively and S; and Ss be t-
conorms on [e1, 1] and [es, 1], respectively. Consider direct products Uy x Uz on Ly X Lo,
Ty x Ty on [0,e1] x [0, €] and Sy x S on [e1,1] X [e2,1]. Then, T} x T3 and S; x S5 are
continuous if and only if <y, xv,=<.

4. SOME INVESTIGATIONS ON THE SET OF COMPARABLE AND
INCOMPARABLE ELEMENTS WITH RESPECT TO THE =y, xu,-PARTIAL
ORDER

In this section, we investigate some properties of direct product of uninorms on bounded
lattices. We define comparable and incomparable elements with respect to the Uy x Us
partial order on bounded lattices. By using these definitions, we obtain some interesting
results for direct product of uninorms on [0, 1]2.
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Definition 11. Let L be a bounded lattice and U be a uninorm L. The set Cy is
defined as follows:

Cy={x€L| there exist y,y' € L\{0,z,1}, z=yy and ¢ =<y x}.

Remark 2. It is clear that {0,1} ¢ Cy. If we take y,y’ € {0,z,1}, then it is trivial
that all elements in L satisfy the condition of Definition So, we have to take y,y’ ¢
{0, 2,1} in Definition

Example 4. Consider the lattice (L = {0, a,e,b,7,p,s,1},<,0,1) which is depicted by
Hasse diagram in Figure 2. and consider any uninorm on L.

1
b Ay
e 14
a r
0

Fig. 2. The lattice L.

Since U(e,a) = a and U(b,e) = b, then it is obtained that ¢ <y e and e <y b. So,
e € Cy. Since p || e, r || e and r < p, then we have r <y p by the definition of <.
Similarly, it is obtained that p <y s. So, p € Cy. Thus, it is obtained that Cy = {e, p}.

Example 5. Consider the uninorm U7% : [0,1]% — [0, 1] with neutral element % defined
by ‘

: 2

min(z,y) (z,y) € [0, %]2,

(z,y) = 41 (z,9) € (3,1],

max(x,y) otherwise.

1
3

Then, C- = (0, %} Now, let us show that this claim. Let z € (0, %] Since @(x, Yy) =1y,
3

then it must be y <z for all y € [0, x]. Since @(m7 y') = y', then it must be z <z ¥/
3 3
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for all y € [%, 1]. So, it is obtained that z € CU—, i.e., (0, é] C Cy. Conversely let

T € C . We want to show that x € (0, 3]. Suppose that = ¢ (0, 3]. Then, it must be

z=0o0rzx¢€ ( 1]. According to the Remark [2| it can not be x = 0. So, it must be

z € (0, 3] Slnce x € CU , there exist elements y,y" € (0,1) \ {z} such that » <z—y
fl

and 3’ <T z. Let x <U y. Then, there exist k € (3,1] such that @(m,k) =y

Since z,k € (3,1, by the definition of U1 it is obtained that @(x,k) =1=uy,
a contradiction. So, it must be x ﬁUl y, e,z ¢ Cgy - Thus, it must be x € (0, %],
1 1

Cu C (0, 3.

Proposition 8. Let L; and Ls be bounded lattices, U; be a uninorm on L; with neutral
element e; and U be a uninorm on Ly with neutral element ey. If <y, C=<y,, then
Cu, C Cu,.

Proof. Let <y, C=y,. We assume that Cy, ¢ Cy,. Then, it must be € Cy, and
x ¢ Cuy,. Since z € Cy,, there exist y,y’ € L\ {0,z,1} such that z <y, y and ' <y, =
Since <y, C<y,, then we obtain that x <y, y and ¢y =<y, x. So, it is obtained that
x € Cy,, a contradiction. Thus, it must be Cy, C Cl,. O

Corollary 2. Let Ly and Ly be bounded lattices, U; be a uninorm on L; with neutral
element e; and U be a uninorm on Lo with neutral element es. If <y, ==y,, then

Cu, = Cu,.

Remark 3. The converse of Corollary[2lmay not be true. Here is an example illustrating
such a case.

Example 6. Consider the uninorm Uy : [0, 1]2 — [0,1] with neutral element  defined
by o
U

1
—2

0 mwemaj
(z,y) = { max(z,y) (z,y) €[},1],
min(z,y) otherwise,

and consider the uninorm U := Upyiy(pnmr g,,,1) ¢ [0, 1]2 — [0,1] with neutral element 3
defined as follows:

0 (awewéimﬂm+y§;
Umln(T”M S, )(1’ y) max($,y) (l',y) € [%7 1} ;
min(z,y) otherwise.
It can be shown that Cyy = [3,1) and Cy, = [1,1). That is, Cy = Cy, . But, it does
_z _z

not need to be Jy==y, .
2

, it must be % <u % On

. Then there exists an element

Now, we will showﬁlat this claim. Since U(

11
34
the other hand 1 ﬁUl +. We suppose that 1 <y

1%

1
2
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k € [0, %] such that Us(

’2

k) = 1. Since k € [0, 1], it must be g(%,k) =

4 ’ 2

1 1 _
3 Z—O,a

)
contradiction. So, % AU, % Consequently, <y#=y, -
2 3

The set Cy allows us to introduce the next equivalence relation on the class of all
uninorms on bounded lattices.

Definition 12. Define a relation 6 on the class of all uninorms on bounded lattices by
U,6Us
U16U2 = CU1 = CUz-

Lemma 3. The relation § given in Definition [12|is an equivalence relation.

Definition 13. For a given uninorm U on bounded lattice L, we denote by U the &
equivalence class linked to U, i.e,

U={U'| UU}.
If we take L = [0, 1], then we obtain the following Proposition |§| and Proposition

Proposition 9. The set [0,1]/6 of all equivalence classes of all uninorms on the unit
interval [0, 1] under ¢, is uncountably infinite.

Proof. Letes, es € (0,1) be arbitrary but fixed two elements and e; # e;. We assume
that eq < es.

Consider the uninorms on the unit interval [0,1] with neutral elements e; and eq,
respectively defined as follows:

O (xay) S [0761)27
%(I,y) = max(m,y) (l’,y) € [617 1]27

min(x,y) otherwise,

and
0 (LL', y) € [07 62)27
Uey(2,y) = { max(z,y)  (2,y) € [e2, 1]°,
min(x,y) otherwise.

It can be shown that Cy, = [e1,1) and Cy,, = [e2,1). Since e; < ez, then we have

that the uninorms U, an@ are not equivalent under the relation §. So, we obtain

that U,, # U,,.
Define the mapping « : (0,1) — [0,1]/d by

a(e) = U.

We showed that a(e1) # a(es) for e; # es. So, « is an injective function, and it is
obtained that |(0,1)] < |[0,1]/4]. So, the set [0, 1]/6 has uncountably infinite cardinality.
|
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Proposition 10. Let e € [0,1]. If U € U(e), then

TU(xay) (xay) S [0’6]27
Ux,y) =1 Su(z,y) (2,y) € e, 1",
D(z,y) (x,y) € Ale),

where Ty is a t-norm on [0,¢], Sy is a t-conorm on [e,1] and D : A(e) — [0,1] is in-
creasing and fulfills

min(z,y) < D(z,y) < max(z,y) for (z,y) € A(e) by [17].

If Ty and Sy are continuous t-norm and t-conorm, respectively, then Cy = (0, 1).

Proof. Let Ty and Sy are continuous t-norm and t-conorm, respectively. Then, it
is obtained that Cp, = (0,€] and Cs, = [e,1) from Corollary So, we have that
Cy = (0,1). O

Example 7. Let e € [0,1]. Consider the uninorms U™ and U™ as unique idempotent
uninorm U™ and UM®*, respectively:

Umin<x7y) — {max(x’y) (Ivy) € [6, 1}25

min(x,y) otherwise,

min(z,y) (z,y) € [0,€]?,

Umax(m7 y) — {

max(x,y) otherwise.
Then, it is obtained that Cpmin = (0,1) and Cpymax = (0,1) .
The next example shows the importance of continuity in Proposition [I0]

Example 8. Consider the uninorm U := Uy, (pnn g,,,1) ¢ [0, 1] — [0,1] with neutral

element % defined in Example @ Since T™M is left continous t-norm, it need not be
Cy = (0,1). Also, it is clear that Cy = [$,1).

Proposition 11. Let L; and Ly be bounded lattices, U; be a uninorm on L; with
neutral element e; and Us be a uninorm on Lo with neutral element e; and consider
their direct product Uy x Us on Ly X Lo. Then,

CU1><U2 = CU1 X CUZ-

Proof. Let (z,y) € Cy,xv,. Then there exist (z,t) and (k,£) in L%\ {(01,02), (z,y),
(14, 13)} such that (z,y) <v,xv, (2,t) and (k, ) <u, xv, (z,y). Then we obtain z <y, z,
y 2p, t and k =y, =, { <y, y by Definition So, we have x <y, 2z, k 2y, =
and y =y, t, { 2y, y. Then, it is obtained that « € Cy, and y € Cy,. Thus,
(z,y) € Cu, x Cu,.
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Conversely, let (z,y) € Cy, x Cy,. Then, it must be € Cy, and y € Cy,. Since
x € Cy,, there exist elements z,2z’ € L\ {01,2,1;} such that z <y, z and 2’ <y, =.
Similarly, since y € Cy,, there exist elements k, k' € L\ {02,y, 15} such that y <y, k
and k¥ <y, y. So, (z,y) Svu,xv, (2, k) and (', k') <u,xv, (z,y). Then, it is obtained
that (z,y) € Cy,xv,. Consequently, we have Cy, xu, = Cy, x Cy,. |

Definition 14. (Kesicioglu et al. [24]) Let L be a bounded lattice, U be a uninorm on
L and let Ky be defined by

Ky ={x € L\{0,1} | for some y € L\ {0,1}, [z <y and = Ay y| or
ly <z andy Ay ] or z || y}.

Proposition 12. Let L; and Ly be bounded lattices, U; be a uninorm on L; with
neutral element e; and Us be a uninorm on Lo with neutral element e, and consider
their direct product Uy x Us on Ly x Ly. Then,

Ky, x Ky, € Ky, xU,-
Proof. Let (z,y) € Ky, X Ky,. It must be x € Ky, and y € Ky,. Then, there exist
elements z,t € L such that [z Ay, z or z Ay, z] and [y Ay, t or t Ay, y]. In this

case, it is obtained that (z,y) Zv,xv, (z,t) or (z,t) Zu,xu, (@, y). So, we have that
(z,y) € Ky, xvu,. Consequently, Ky, X Ky, C Ky, xv,- O

Remark 4. The converse of the Proposition may not be true. Here is an example
illustrating such a case.

Example 9. Consider the greatest uninorm U7% : [0,1]2 — [0, 1] with neutral element %
defined by

min(z, y) (x,y)E[Oa%ﬁ
Uy () =41 (2.y) € (3,11,

max(x,y) otherwise,

and the smallest uninorm Uy : [0, 1]2 — [0, 1] with neutral element % defined in Exam-

ple [0 o
Now, we want to show that it need not to be KU oy C KU1 x Ki—. We will show
2

that (3,3) € K, ,pr and (3,3) ¢ Ky, x Kﬁ. We clalm that 3 2 4y 2. Suppose
2 2 2 2 2

(%71{5) =

, then it is obtained that U1( k) = 2 = 2, a contradiction. If k € (3,1],

then we have that U1( k) = 2 =1, a contradiction. So, it holds 3 il 5. Thus,

<= 2. Then, there exists an element k € [1,1] such that If

(e[S}

1
2

§ = 6
(2,3) ﬁUIXUl (z,2) for all z € [2,1]. So, (3,2) EKleUl On the other side, since
KU% = (O, ) by Asial (see [2]), then we have that 3 ¢ KU%. So, (3,2) ¢ KU% X K@
C(Ksequently,KU xUl C KU1 x Kg— does not hold. o o
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Remark 5. If we take the uninorms U; and U to be equal, then the converse of the
Proposition [12]is true, i.e., equality is satisfied.

Remark 6. The converse of the Proposition [12| may be true for some special uninorms
on the unit interval [0, 1]. Here is an example illustrating such a case.

Example 10. Consider the uninorm U : [0, 1] — [0, 1] with neutral element % defined
as follows:

(z.y) € (0,3 and = +y < § and (z,y) # (3, 1),
(z,y) = (ié%

max(z,y) (z,y) € [%71] ,

min(z,y) otherwise,

= O

Ui(z,y) =

and consider the uninorm U := Uy (pnm s, 1y * [0, 1]2 — [0,1] with neutral element ;

defined in Example @ We know that Ky = (0, 1) by Asic1 (see [2]). Similarly, it can be
shown that Ky, = (0,4). Also, it is clear that Kyxp, = (0,3) x (0,1) = Ky x Ky,
Definition 15. Let L be a bounded lattice, U be a uninorm on L with neutral element
e and Kj; defined by

K} = {z € Ky | for some y,y' € L\ {0,1}, [z <y but z Ay y]
and [y’ < z buty’ Ay 2]}

Proposition 13. Let L; and Ly be bounded lattices, U; be a uninorm on L; with
neutral element e; and Us be a uninorm on Lo with neutral element e, and consider
their direct product Uy x Us on Ly x Ly. Then,

* * *
KUl X KU2 g KU1><U2'

Proof. Let (v,y) € Kf; x Kf;,. Then, we have x € Kf; and y € Kp;,. Then for some
k,k' € L and ¢, f’ eLsuchthat [x<k xﬁUl kand &/ <x K Ay, ] and ly <ty Au, ¢

and ¢/ < y,¢' Ay, y]. Then, we have that [(z,y) < (k,£) but (z,y) Av,xv, (k,?)] and
(K, 0) < (z,y) but k’,E' ﬁUlez (z,y)]. So, it is obtained that (z,y) € Kfy, «p,- O

Remark 7. The converse of the Proposition may not be true. Here is an example
illustrating such a case.

Example 11. Consider the uninorm Uy : [0, 1]2 — [0, 1] with neutral element % defined

in Example [6| and consider the uninorm Uié : [0,1]% — [0,1] with neutral element
defined in Example [0

We want to show that K7, -— ¢ K, x K. We will show that (%, )€ K;]l 7

and (%, %) ¢ K, < K5—. We clalm that i. Suppose that Then7
2

1
—= 2
there exists an element k € [0, 1] such tha

5 %(%,k‘) = £. Since k € [0 ,%] then we
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have g(i,k) = 1 =0, a contradiction. So, 1 ﬁUl 1. So, (3, 1) 7—<U1 —% (1,y) for
some y € [%, 1]. Also we want to show that % £ ; Suppose that % % Then,
there exists an element ¢ € [0, 5] such that U%(% () = %. Since If £ € [0, 3], then we
have g(%,é) = ¢ = 0, a contradiction. So, & ﬁU% 1. So, (3, ﬁUl Sary (1,1) for
some y' € [0,1]. Consequently, we have that (%7%) € Ké Ty On the other side,

since K7— = (3,1) by Agiax (see [2]), we have that & ¢ Ki— _. So, (3,3) ¢ KU x K*
2 2
Consequently, K 2‘]1 T S C K} Uy X Kf does not hold.

2 2

m\»—A

Remark 8. If we take the uninorms U; and U to be equal, then the converse of the
Proposition [T3]is true, i.e., equality is satisfied.

Remark 9. The converse of the Proposition [L3| may be true for some special uninorms
on the unit interval [0, 1]. Here is an example illustrating such a case.

Example 12. Consider the uninorm Uy : [0,1]* — [0, 1] with neutral element % defined
in Example [10| and consider the uninorm U := Upingnm s,,1) ¢ [0, 12 — [0,1] with
neutral element % defined in Example @ We know that K5 = (0, %) by Asici (see
[2]). Similarly, it can be shown that K7, = (0,%). Also, it is clear that Kj ,, =

(0,3) x (0,5) = Ky x K.

5. CONCLUDING REMARKS

We have introduced and studied uninorms on bounded lattices. On one side, we have
developed several new results in the domain of uninorms acting on bounded lattices,
including the direct products of bounded lattices, on the other side, we have introduced
several new results for classical uninorms acting on the real unit interval [0,1]. Among
others, we have studied new partial orderings induced by uninorms on bounded lat-
tices. As already stressed in introduction, uninorms (together with related operations
such as t-norms, t-conorms) have important applications in several domains such as
decision making in fuzzy environment, general measure and integral theory (again with
application in ordinal decision making), image processing, etc.
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