Mathematica Bohemica

Gangadharan Murugusundaramoorthy; Sibel Yalcin

Uniformly starlike functions and uniformly convex functions related to the Pascal
distribution

Mathematica Bohemica, Vol. 146 (2021), No. 4, 419-428

Persistent URL: http://dml.cz/dmlcz/149258

Terms of use:

© Institute of Mathematics AS CR, 2021

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/149258
http://dml.cz

146 (2021) MATHEMATICA BOHEMICA No. 4, 419-428

UNIFORMLY STARLIKE FUNCTIONS AND UNIFORMLY CONVEX
FUNCTIONS RELATED TO THE PASCAL DISTRIBUTION

GANGADHARAN MURUGUSUNDARAMOORTHY, Vellore,
SIBEL YALGIN, Bursa

Received March 9, 2020. Published online November 30, 2020.
Communicated by Grigore Salagean

Abstract. In this article, we aim to find sufficient conditions for a convolution of analytic
univalent functions and the Pascal distribution series to belong to the families of uniformly
starlike functions and uniformly convex functions in the open unit disk U. We also state
corollaries of our main results.
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1. INTRODUCTION AND DEFINITIONS

Let A be the class of functions f(z) of the form

(1.1) f(=) zz—l—Zanz",
n=2

which are analytic in the open unit disk
U={z€eC: |z| <1}

As usual, we denote by S the subclass of A consisting of functions which are also
univalent in U. Moreover, for functions f € A given by (1.1) and g € A given by

g(z)=z+ Z b 2™,
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the convolution of f and g is defined by

f(z)xg(2) = (f*g)(z)zz+zanbnz”, z e U.

It is well known that special functions play an important role in Geometric Func-
tion Theory, particularly in the proof given by de Branges (see [5]) for the famous
Bieberbach conjecture. The surprising use of special functions (hypergeometric func-
tions) has prompted renewed interest in function theory in recent years. There is a
widespread literature dealing with geometric properties of various types of special
functions, especially for the generalized Gaussian hypergeometric functions (see [4],
[7], [10], [16], [17] and references cited therein).

A variable y is said to have Pascal distribution if it takes the values 0,1,2,3, ...
with probabilities

gn(l—¢)™  ¢mm+1)(1-¢)™ ¢mm+1)(m+2)(1—q™
o 2! ’ 3!

(1 - q)m,
respectively, where ¢ and m are called parameters, and thus

k+m—1
m—1

P(X:k):( )qk(l_Q)ma k=0,1,2,3,...

Recently, El-Deeb (see [6]) and Cakmak et al. (see [3]) introduced a power series
whose coeflicients are probabilities of the Pascal distribution

m = n+m—2 n— m_n
(1.2) <I>q(z)—z+2( o 1 >q 1—q)m2", z€U
n=2

where m > 1; 0 < ¢ < 1 and we note that, by ratio test, the radius of convergence
of the above series is infinity.

We consider the linear operator
' A= A

defined by the convolution
7 f(z) =7 (2)  f(z) =2+ )
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For our convenience throughout this paper, we use the following formulas:
n+m-—1\ 1
m-1 )8 T g™
n+m-—2\ 1
m-2 ) T a—gm1

n+my , 1
m )T T A=

n+m+1\ , 1
=——— 0<¢g<1.
( m+1 )q (1 —gq)mt2 9

WK

(1.3)

M2 102 10 1

n=0

Here, in our present research, we consider the following subclasses which were studied
earlier by Rosy et al. (see [15]) and Subramanian et al. (see [18]).

Definition 1.1 (see [15]). For § > 0, a function f € A of the form (1.1) is said
to be in the subclass USD(SB) of the normalized univalent function class of S if it
satisfies the following inequality:

R(f'(2)) = Blzf"(2)l, z€U.

Definition 1.2 (see [18]). For > 0, a function f € A of the form (1.1) is said
to be in the subclass USN (B) if it satisfies the following inequality:

%(f(Z)—f(C)

(Z—C)f’(z)) >6; (Z,(:)E[UX[U.

Motivated by several earlier results on connections between various subclasses
of analytic and univalent functions by using hypergeometric functions (see [4], [7],
[16], [17]) and by recent investigations on Poisson distribution series (see [1], [2], [8],
[9], [12], [13], [11], [14]), in the present paper we determine sufficient conditions for
the function W, () given by

L /
(14)  W,(2) = (1= p) @ (2) + p2(27'(2))

> n—+m-—2
=2+ (I+nup—p)

T )q”‘l(l—q)“”Z", 0<p<1
n=2

to belong to the above-defined classes USD(S) and USN ().
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2. MAIN RESULTS AND THEIR CONSEQUENCES

To prove the main results in our present investigation, we shall need the following
lemmas.

Lemma 2.1 (see [15]). A function f of the form (1.1) is in the class USD(p) if

o0

(2.1) (n(1 = B) +n?B)lan| < 1.

n=2

Lemma 2.2 (see [18]). A function f of the form (1.1) is in the class USN (B) if

o0

(2:2) D (B —=8)=2)an <1-4.

n=2

Our first main result is asserted by Theorem 2.3 below.

Theorem 2.3. Let m > 1 and 0 < ¢ < 1. Then \I/Z?M(z) e USD(P) if

3 2
@) TS g aun )
+(1+2u+2ﬂ+2u5)$<1.
Proof. Let



By simple calculation we have the following:

e (e = (e

n=2 n=0
(2.) gm (" e - qmi (” e
(2.7) i(n—l)(n—m("ﬂf)q” m(m + 1) i(”:jﬁl) 7

n=0

3
I|
N

28) Y. (n—1)(n—2)n—3) <” ;Tf | 2) ¢!

= ¢*m(m + 1>(m+2)§: ("+m+2>q”-

= m—+ 2

Since ", (2) € USD(B), by Lemma 2.1 it suffices to show that
(2.9) i(l Fap— (-8 +n28) (" T T - g <1
o m—1
We now let

n=2

so that

S(n, A B,a) = uf Z (n e 2) 1 - g™

= n+m-—2
+( +6_2/8 n2 n—=1c1 _ )m
0 u); (m—l )q (1-q
> n+m-—2 _
+A=p=B+pus) ) n - )™
7 7 nz::z ( o )q (1-¢
Writing
nd=mn-1)n-2)(n-3)+6(n—1)(n—-2)+7(n—1)+1,
n*=Mn-1)(n-2)+3n-1)+1
and

423



we get

S(nvAaﬂaa) :Mﬂ(l _(J)m

[e )

xS ((n—1)(n—2)(n—3) +6(n—1)(n—2) +7(n—1)+1) (" jn”: 2)(1”_1

(et B = 2B)(1 =)™ D (0 = 1)(n —2) +3(n— 1)+ 1)(” o 2) !

=20 -0 (== (")
s ()

o0

#p s —om (-0 ("))t (M%)

From (2.5), (2.6), (2.7) and (2.8), we get

~—

S(n,/\,ﬁ,a) = /-1’6(1 _q)m

3 = /n+m+2 n 9 = (n+m+1 n
1 2 6 1
<(atmme e 3 (") s oatmm s 3 (M )

+7qm§_°:0(n;m>qn+§;(n;nj;1)q"—l)
(B 2uB)(1 >m(q2m<m+1>n§< m
+3qm2( +m>q +Z(n+nj11)q"—1)

oo

+(1—p—B+uB)(1— )<qm§(n;m>q”+g}(n;njgl>q"—1>.
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Now by using (1.3), we have

(n7)\aﬁa ):M/B(l_q)
@m (m+2)  6¢*m(m+1) Tqm 1
. ( 1 —q) m+3 (=g O—gm  (—gm 1)

¢*m(m+1) 3gm 1
g g g )

+ (n+ 6 —2uB)(1 —q)m(

By simple computation,

ém(m+1)(m+ 2) ?m(m+1)
(1-gq)? (1-4q)?
+(1+2u+26+2u6)fq+1—(1—q)m

S(n7>\’/85a):/’l'/3

+ (u+ B +4uB)

But this last expression is bounded above by 1 if (2.3) holds. Thus the proof of
Theorem 2.3 is completed. |

Theorem 2.4. Let m > 1 and 0 < ¢ < 1. Then ®}(z) € USD(B) if

g>m(m + 1) qm

(2'10) 6 (1 _ q)m+2 + (25 + UW < 1

Proof. According to Lemma 2.1, it suffices to show that

oo

Z(n(l — 8) +n28) (n+m 1 2>qn—1(1 <l

n=2

We note that
\I/Z'?’()(z) = fb;”’(z).

Hence, by taking p = 0 in (2.9), we get the above inequality. Therefore, by setting
=0 in Theorem 2.3, we get the desired result given in (2.10). O

Corollary 2.5. Let m > 1 and 0 < ¢ < 1. Then ®}'(z) € USD(0) if and only if

.

(2.11) W <
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Theorem 2.6. Let m > 1 and 0 < g <1. Then V7" (2

(2) € USN(B) if

(m—l—l) qm <1-8

(2.12) (3 - 5)( — e (3—ﬂ+4u—26u)m\

Proof. By virtue of Lemma 2.2, it suffices to show that

oo

S+ m= (- pn-2 (")t gm <1

n=2

We now let

S\ By e) = (1+np—p)((3— ﬂ)n—2)<n;nj12)qnl(l—fﬁm,
n=2
that is,
S(n, A, B,a) = p(3 - an2<n+m 2)(1”1(1—(1)’”
n=2
+(3—6—3u—2u+6u)2n<";”_1;2>q"—1(1_q)m
n=2
= -2
SEURI0D DY (A PR

n=2

which, upon writing n? = (n — 1)(n —2) +3(n — 1)+ 1 and n = (n — 1) + 1, yields

oo

St 8,0) = (3= ) Y (0= 2= (" T T

n=2

+@-pan-20 > 000" 1) -0

= m—1
) M QNN PR TR
n=2

From (2.5), (2.6) and (2.7), we get

n+m+1\ ,
m+1 )1

S(n.0,8,0) = (3 = A1 - " Pmlm + )Y (

n=0

+(B—B+4p—28u)(1—q)"gm Yy (n+m>q”

2\
F(1-p) —q)m(g) ("o ),
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Again by using (1.3) we get

2

g‘m(m +1 qm
(. 8.0) = 3= G (3 g4 =25+ (1= B - (1-0)").
But this last expression is bounded above by 1— 3 if the condition (2.12) holds. Thus
the proof of Theorem 2.6 is completed. O

By taking p = 0 in Theorem 2.6, we can easily deduce the following corollary.

Corollary 2.7. Let m > 1 and 0 < ¢ < 1. Then ®}'(2) € USN () if

(3 —B)gm
2.1 ——— L 1-5.
Furthermore, ®7'(z) € USN(0) if
3qgm
———— < 1.
(]_ _ q)m+1
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