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Abstract. We obtain several fuzzy differential subordinations by using a linear operator
&)
IS f(z) =2+ k22(1 + (k= 1))"m®(m + k)~ “az". Using the linear operator I%, we
also introduce a class of univalent analytic functions for which we give some properties.
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1. INTRODUCTION

Let D C C, H(D) be the class of holomorphic functions on D and denote by H., (D)
the class of holomorphic and univalent functions on D. In this paper, we denote by
H(U) the class of holomorphic functions in the open unit disk U= {z € C: |z| < 1}
with OU = {z € C: |z| = 1} the boundary of the unit disc. For a € C and k € N, we
denote

Hla, k] = {f e H(U): f(2) =a+arz" +ap12" ™ +..., 2 € U},
A ={f € H(U): f(2) =2+ ap1 2" + ..., 2 € U} with A; = A,

and
S ={f € A: fis a univalent function in U}.

Denote by »
z2f"(z
f'(z)

IC:{fEA:S?(l—f— )>0,z€EU}

the class of convex functions in U.
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Definition 1.1 (7] and [13]). Let f and g be analytic functions in U. We say
that f is subordinate to g, written f < g, if there exists a Schwarz function w,
which is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that
f(z) = g(w(z)). Furthermore, if the function ¢ is univalent in U, then we have the
following equivalence:

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).

In order to introduce the notion of fuzzy differential subordination, we use the
following definitions and propositions:

Definition 1.2 ([10]). Assume that ) be a nonempty set. An application F:
Y —0,1] is called fuzzy subset. A pair (B, Fp), where Fp: Y —[0, 1] and

(1.1) B={xe€Y: 0< Fp(x) <1} =sup(B,Fg),

is called fuzzy set. The function Fp is called membership function of the fuzzy set

(B, Fg).

Proposition 1.1 ([14]).
(i) If (B,FB) = (U, Fu), then we have B = U, where B = sup(B, Fp) and U =
sup(U, Fu).
(ii) If (B, Fg) C (U, Fu), then we have B C U, where B = sup(B, Fi) and U =
sup(U, Fuy).

Let f,g € H(D). We denote

(1.2) f(D) ={f(2): 0 < Fspyf(2) <1, 2 € D} = sup(f(D), Fsp))

and
(1.3) 9(D) ={g(2): 0 < Fypyg(2) < 1, 2 € D} =sup(g(D), Fy(p))-

Definition 1.3 ([14]). Let zp € D and f,g € H(D). The function f is said to be
fuzzy subordinate to g, written f <z g or f(z) <r g(z), when following conditions
are satisfied:

(i) f(z0) = g(20),
(i) Fryf(2) < Fypy9(2), 2 € D.

Proposition 1.2 ([14]). Assume that zo € D and f,g € H(D). If f(z) < g(z),
z € D, then
(i) f(20) = 9(20),
(ii) f(D) € g(D), Frpyf(2) < Fypyg(2), 2 € D, where f(D) and g(D) are defined
by (1.2) and (1.3), respectively.
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Definition 1.4 ([16]). Assume that ®: C*xU — C and h € S with ®(a,0,0;0) =
h(0) = a. If p is analytic in U with p(0) = a and satisfies the second order fuzzy
differential subordination

(1.4) Faesxuy®(p(2), 20/ (2), 2%p" (2); 2) < Frayh(2),
ie. ®(p(2),2p(2),2°p"(2);2) <F h(z), z€U,

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent
function q is called a fuzzy dominant of the fuzzy solutions for the fuzzy differential
subordination if

Fpuyp(2) < Fquya(z), ie. p(z) <7 q(z), z€ U
for all p satisfying (1.4). A fuzzy dominant ¢ that satisfies
Fiyd(z) < Fquya(z), ie. q(z) <rq(z), z€ U
for all fuzzy dominants ¢ of (1.4) is said to be the fuzzy best dominant of (1.4).

The integral operator K¢, : A — A is defined for & > 0 and m > —1 as follows
(see Komatu [12] with p = 1):

Knf(2) = f(2) = 24+ D apya 2™
k=1

and
(m+1)a /Z 1 z a—1
1. o = —— tm log — t) dt.
(15) K5 (2) = Frager |, 1" (g 7))
It can be easily verified that
_ m+1 \» ka1
(16) Z+Z( +k+1) Q412 .

El-Ashwah et al. (see [9] with p = 1) introduced the linear multiplier operator I},
A — A given as:

I f(2) = f(2),
%, (Z):Iﬁmf( z)=(1- )/C“f( ) +72(K5 f(2)

(6%
_ 1 k ( ) kJrl7
=z+4 E + v +k+ 1 Ak+1%2
Zne (Z)=I£Z,W(I$J§ (2))

= m+1 \@
_ Zl k2( ) k1
Z+k_1( k) m+k+1 Aht12
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in general,

m+1 )a k+1

(LT) T8 F() = Ty (Do F@) = 2+ D (1+ k)" (0= ) a2
k=1

az0,m>-1,v>0,n¢eNp.

It is easily verified from (1.7) that

(1.8) 2T f(2) = (m+ DI f(z) —mIye f(2)
and
(1.9) VTS f(2)) = T f(2) — (1= 9)T55 f(2).

By specializing the parameters m,~y, a and n, we obtain the following operators:

TO0f(2) = K2, f(2) (see [11]);

To% f(2) = LEf(2)  (see [4] and [5));
Ii”g‘ (2) =P&f(z)  (see[12] and [17]);
Ti0f(2) = Lef(2)  (see [6]);

IUsf(z) =T°f(2)  (see [8]);
00 f(2) = DI f(z)  (see [1]);
N f(2) =D f(2)  (see [18]).

Also, we note that

> 1 \7/ m+1 \«@
1.10 I,me f(z) = ( ) ( ) b1
(1.10) iy (2) Z+; T+%) Unxkr1) @2

From (1.7) and (1.10) we observe that the operator Z;% f(z) is well defined from
nez=1{0,+1,+2, ...}

By using the linear operator Z;% f(z) defined by (1.7), we will derive several fuzzy
diferential subordintions for this class.

Definition 1.5. A function f € A belongs to the class Mgw(n,a,n) for all
n€0,1),n € Ng, m > —1,v >0 and a > 0 if it satisfies the inequality

Faapepywy(In5 f(2)) >n, z€l.
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2. PRELIMINARY

To prove our results, we need the following lemmas.

Lemma 2.1 ([13]). Let ¢y € A and G(2) = 27" [J ¥(t)dt, z € U. If

1
R+ 20"(2)/0'(2) > =5, z€l,
then G € K.

Lemma 2.2 ([15], Theorem 2.6). Assume that h is a convex function with
h(0) = @ and v € C* = C\ {0} with R(v) > 0. If p € H|a,n] with p(0) = aq,
P: C? x U—C, (p(2),2p'(2);2) = p(z) + v~ 12p'(2) is analytic function in U and

1, . 1,

Fa(c2xu) (P(Z) +52p (Z)) SFryhlz), e p(z) + —2p'(2) <7 h(z), 2 € U,

then
Fouyp(2) < Fquya(z) < Franh(z), ie p(z) <7 q(z), z €U,
where

v z
=—— [ ht)t/mat U.
o) = = [ h ;e

The function q is convex and it is the fuzzy best dominant.

Lemma 2.3 ([15], Theorem 2.7). Let g be a convex function in U and let ¢(z) =
g(z) + nvzg'(z), where z € U, n € N and v > 0. If

p(2) = g(0) + ppz" + pnrz™ T+
is holomorphic in U and

Fow)((2) + 720 (2)) < Fypay¥(z), ie p(z)+vzp'(2) <r ¥(2), z € U,

then
Fp)(p(2)) < Fouyg(z), ie p(z) <F g(2), z € U;

this result is sharp.

For the general theory of fuzzy differential subordination and its applications, we
refer the reader to [2], [12]-[14], [16].

The objective of the present section is to obtain several fuzzy differential subor-
dinations associated with the integral operator Z;:% by using the method of fuzzy
differential subordination.
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3. MAIN RESULTS

Assume that n € [0,1), n € Ng, m > 0, @,y > 0 and z € U are mentioned through
this paper:

Theorem 3.1. Let k be a convex function in U and suppose that h(z) = k(z) +
2K (2)/(A+2). If f € ME _(n,a,n) and

(3.1) 6() =) =St [ Proa

then
(32) Fope iy @ms f(2)) < Fruyh(z),  Le (I35 f(2)) <7 h(2),
implies that

Fizrecyu)(TmaG(2) < Fyuk(z), ie (I5G(2)) <7 k(2);

this result is sharp.

Proof. Since

AHG() = (A4 2) / TP fdt,

0

by differentiating, we obtain
A+ 1)G(2) +2G'(2) = (A +2)f(2)
and
(3.3) A+ DIR0G(2) + 2(Z5,5G(2) = (A +2)T% f(2),

and also by differentiating (3.3) we obtain

n,o / 1 (T P "o_ n,Q £ /
(3.9 TS CEN + gy THa GG = T G-

By using (3.4), the fuzzy differential subordination (3.2) becomes

n,o 1 N,
(35) Fas pyo (TS GE) + gy @i G

< Fh(U)<k(2) + ﬁ«z’f'(z))
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We denote
(3.6) q(z) = (I;;5G(2)) — q € H[L,n].

From (3.6) in (3.5) we have

1
(3.7) Fizrme ry ) <(J(Z) + m«qu(z)) < Fh) (k‘(«z) +

by applying Lemma 2.3, we have
Fawa(2) < Fryk(2),  ie. Fige ey w)(@msG(2)) < Fuuk(2),

then (Z},%G(2))" <r k(2), k is the fuzzy best dominant. O

Theorem 3.2. Consider h(z) = (1+ (2n—1)2)/(1+2), n € [0,1), A > 0 and I*
is given by (3.1). Then

(3.8) My, (s a,m)) € My, (0, 05C),
where

1 42
(3.9) §:2n—1+(A+2)(2—2n)/0 7t

Proof. The function h is convex and using the same technique as in the proof
of Theorem 3.1, we obtain from the hypothesis of Theorem 3.2 that

Fyu (q(z) + ﬁzq’(z)) < Fuyh(z),

where ¢(z) is defined in (3.6). By using Lemma 2.2, we obtain that

Fyya(z) < Fruyk(z) < Frayh(z)

implies that
Firnaoyw) (Tm5G(2)) < Fruk(2) < Fayh(z),

e
where

A2 [P+ @2 -1t A+2)(2—2n) [* M

Since k is convex and k(U) is symmetric with respect to the real axis, we conclude

m,y

(310) F(I":a G)/(M)(I;LL’S;G(Z))I = ‘I,ZI‘ll:Ille(M)k(Z) = Fk([U)k(]-)ﬂ

and ( = k(1) =2n—1+(A\+2)(2—27n) fol tA*2/(t 4 1) dt. From (3.10), we conclude
that we have the inclusion in relation (3.8) and hence the proof of the theorem is
complete. O
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Theorem 3.3. Assume that k is a convex function in U, k(0) = 1, and let h(z) =
k(z) + zK'(2). If f € A and satisfies the fuzzy differential subordination

(311) F(I;Z’f;f)/([U)(I;LL’,(');f(Z))/ S }’—‘}L([U)IZ(ZJ)7 ie. (I,;LL’?; (Z))/ <F h(Z),
then

Iy f(2) . Insf(z)
(312) FI:Q’,‘;f([U)L < ka)k(z), Le. % <F k(z),

and this result is sharp.

Proof. By denoting

) = ST () = 1( SY k- 1))”(%)aakzk)

k=2
o0 m P

n k—1
we obtain that ¢(2) + 2¢'(2) = (Z};% f(2))". Then

Fane pywy @ f(z ) < Fryh(2)
= Fy)(4(2) + 24 (2)) < Fuh(2) = Fyy (k(2) + 2/ (2)).

Applying Lemma 2.3, we have

Fyya(2) < Fyuyk(z) — FI’;(;f(uJ)M < Frwyk(2),
we get
AT ks,
and this result is sharp. ’ O

Theorem 3.4. For h € H(U), h(0) = 1, which satisfies R(1+zh"(z)/h'(z)) > —1
if f € A and verifies the fuzzy differential subordination

(3.13) Fape pywyTms f(2)) < Fruyh(z), e (In5f(2)) <F h(2),
then
o f(z) . IR f(2)

(314) FI’;L(;f([U)’Yi < Fk([U)k(Z), 1.e. % <F ]{)(Z),
where

1 z

_1 / h(t) dt.
ZzJo

The function k is convex and it is the fuzzy best dominant.
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Proof. Let

In,a 0 a
o) = <1 S 0 (G e g mi

where R(1 + zh”(2)/h/(z)) > —5. From Lemma 2.1, we have that

k(z) = 1/02 h(t) dt

z
is a convex function which satisfies the fuzzy differential subordination (3.13). Since
k(z) + zk'(2) = h(z)
is the fuzzy best dominant, we have q(2) +2¢'(z) = (Z;% f(2))’, then (3.13) becomes

Fyy(q(2) + 2¢'(2)) < Fruyh(z2).
By applying Lemma 2.3, we have

7 o f(2)
a(1)4(2) < Fruyk(z) = F T I() R Fryk(2),

and we obtain that
<F k(z)

Putting h(z) = (14 (28 —1)z)/(1 4 z) in Theorem 3.4, we obtain the following
corollary:

Corollary 3.1. Let h = (1+ (28 —1)z)/(1 + z) be a convex function in U with
h(0)=1,0< B < 1. If f € A and verifies the fuzzy differential subordination
Fizre iy Tms f(2)) < Fyuyh(2),  ie (T35 f(2)) <7 h(z),

then

k(z):2,8—1+72(1z_/8)

and the function k is convex and it is the fuzzy best dominant.

In(1 + z),

4. CONCLUSION

All the above results give us information about fuzzy differential subordinations
for a linear operator Z;%. We give some properties for the class ./\/lfnw(n7 a,n) of
univalent analytic functions.
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