Czechoslovak Mathematical Journal

Ji-Cai Liu; He-Xia Ni
On two supercongruences involving Almkvist-Zudilin sequences
Czechoslovak Mathematical Journal, Vol. 71 (2021), No. 4, 1211-1219

Persistent URL: http://dml.cz/dmlcz/149250

Terms of use:

© Institute of Mathematics AS CR, 2021

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/149250
http://dml.cz

Czechoslovak Mathematical Journal, 71 (146) (2021), 1211-1219

ON TWO SUPERCONGRUENCES INVOLVING
ALMKVIST-ZUDILIN SEQUENCES

J1-CA1 Liu, Wenzhou, HE-XIA N1, Nanjing

Received September 8, 2020. Published online April 14, 2021.

Abstract. We prove two supercongruences involving Almkvist-Zudilin sequences, which
were originally conjectured by Z.-H. Sun (2020).
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1. INTRODUCTION

In 1979, Apéry (see [3]) in his ingenious proof of the irrationality of ((2) and ¢(3)
introduced the following two kinds of numbers:

=2 () (1) e -2 () ()

These numbers are now known as the famous Apéry numbers. It is well-known that
the Apéry numbers satisfy the following recurrences (see [5]):

(n+1)2A,1 = 2n+1)(17n(n+1) +5)A, —n*A, 1,

and
(n+1)%4,,, = (1ln(n+ 1)+ 3) A, + n*A]_,.
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For integers a, b and ¢ # 0, the Apéry-like numbers of the first kind {u,} satisfy
up=1, ur=>b, (n+1)3u,r1=2n+1(an(n+1)+Dbu, — cnu,_ 1,
and the Apéry-like numbers of the second kind {u],} satisfy the recurrence (see [33]):
uy=1, up=>b, (n+1)%u ;= (an(n+1)+b)ul, —cn’ul,_,.

In 2006, Almkvist and Zudilin in [1] introduced many interesting Apéry-like num-

a2 () (i)

%72 ok 3%3@!@) (n;-k)

bers such as

and

Note that the numbers ~, and G, are Apéry-like numbers of the first kind with
(a,b,¢) = (—7,-3,81) and Apéry-like numbers of the second kind with (a,b,c) =
(32,12,256), respectively. We remark that the numbers ~,, are also called Almkvist-
Zudilin numbers.

A supercongruence is a p-adic congruence which happens to hold not just modulo
a prime p as predicted by formal group laws or other considerations but a higher
power of p. Since the appearance of the Apéry numbers and Apéry-like numbers,
some interesting supercongruences for these numbers have been gradually discovered
(see, for instance, [2], [4], [5], [6], [8], [10], [12], [13], [19], [20], [22], [23], [25], [29]).
A typical example is

Appr = Appr—1 (mod p*")

for any prime p > 5, which was proved by Coster (see [7]) in a more general form.
Another example due to Amdeberhan and Tauraso (see [2]) is the beautiful super-
congruence
Ynp = Yn (mod pg)

for any prime p > 5. It is worth mentioning that Sun in [27], Conjecture 2.5 conjec-
tured a similar supercongruence for G,

Grpr = Gppr—1 (mod p*")

for positive integers n, r, and an odd prime p.

The motivation of this paper is to prove the following two supercongruences in-
volving the Almkvist-Zudilin sequence {G,}, which were originally conjectured by
Sun, see [27], Conjectures 2.1 and 2.2.
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Theorem 1.1. For any prime p > 5 we have

(1.1) Gp1 = (—1)P~D/2256P71 L 3p2E, 5 (mod p?).
Here the Euler numbers are defined as
2 = x”
—_— = E,—.
er +e 7 7;) " n!
Theorem 1.2. For any prime p > 5 we have

(1.2) ,,z_: %’; = p?(4(=1)P=Y/2 _3) (mod p?).
k=0

For Theorem 1.1, that would be comparatively easy from the definition as all the
terms in the sum for G,_; are divisible by p except for the central term. Hence, the
expected congruence is

3

-1

Gp_1 = (lf 3 1)> 4r=1/2 = (_1)P=D/2956P71 (mod p).
2 \P

For Theorem 1.2 we can easily deduce from (3.11) that

1
Gr _
OF =0 (mod p).

i

E
Il

However, Theorems 1.1 and 1.2 prove that they not only hold modulo a higher
power p?, but also refine them further modulo p3.

In the next section, we first recall some auxiliary results. We shall prove Theo-
rems 1.1 and 1.2 in the final section.

2. AUXILIARY RESULTS

Let
|
H) — -
b ; 7

denote the nth generalized harmonic number of order r with the convention that
H, = HY(LI). The Fermat quotient of an integer a with respect to an odd prime p is
given by q,(a) = (a?P~! —1)/p.

In order to prove Theorems 1.1 and 1.2, we need the following identities.
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Lemma 2.1. For any non-negative integer n and positive integer r we have

L L Ol

+=0 k=0
o RO
(2.3) an—nk (Z) (n ;CL k‘> H? = 2(—1)" (2[{3 i zn: (—klz)k>’

Proof. Identities (2.1)-(2.4) have already been proved by Sun in [27], The-
orem 2.1, Mortenson in [21], Lemma 3.1, Wang in [31], Lemma 2.2, and the first
author in [16], Lemma 2.2, respectively.

In fact, all of these identities can be proved by the symbolic summation pack-
age Sigma developed by Schneider, see [26]. By using Sigma, we find that both
sides of (2.1)—(2.4) satisfy the same recurrences. More specifically, we list out these

recurrences:
(2.1): 256(n + 1)2S,, — 4(8n* + 24n 4+ 19)S, 11 + (n +2)2S,12 = 0,
(2.2): (r—=m—=1S,+(n+r+1)S,11 =0,
(2.3): (2n +5)(n +1)2S, + (2n + 3)(3n® + 12n + 11)S,,44
+ (2n +5)(3n% 4+ 12n + 11)S, 12 + (2n + 3)(n + 3)?S, 43
_4(@2n+3)(2n +5)
o n+2 ’
2

It is trivial to verify that both sides of (2.1)—(2.4) are equal for initial values. One can
also refer to [9], [14], [15], [17], [18], [24] for the computerized approach to proving
such identities. O

We also require some known congruences.

Lemma 2.2. For any prime p > 5 we have

(2.5)  Hp—1y/2 = —2¢p(2) (mod p),
(p—1)/2 (_1)k
@8 Y T = o) E, s (modp),
k=1
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(p—1)/2 1
(2.7) Z <k) = (-1)*"V2 4 p’E, 5 (mod p®),

16+
k=0
(2-8) ( ) = —2p’E, 3 (mod p*),
k= (p+1)/2
(r— 1)/2
(2.9) Tok ( ) (—1) P72 (—4q,(2) + 2pg,(2)%) (mod p?),
k 0

(r—1)/2
(2.10) ( ) H(2 —4FE,_3 (mod p).
k=0

Proof. See[11], (30), (45), [28], (1.7), (1.9), Lemma 2.4 and [30], (4.8), (4.9).
O

3. PROOF OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. By (2.1), we have

(3.1) Gp1 = pi(—l)k <p; 1) (2kk>2161’1k.

k=0

Now we split the sum on the right-hand side of (3.1) into two pieces:

(3.2) Sy = (p_zl:)/z(_l)k <p ; 1) (2:) 216”*1*’“,

k=0
and
p—1 2
-1 2
(33) Sp= ) <_1ﬁ(pk )(ﬁ) 1o
k=(p+1)/2

We first evaluate S; modulo p®. Note that

(3.4) (p;1> = (-1)* (1—ka+ 5 (Hk H<2>)) (mod p?).

It follows from (3.2) and (3.4) that

(p—1)/2

1 (2
(35)  Si=16"1 Y W(k) ( —pHy+ 2 . (H,c H<2>)) (mod p3).
k=0
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Letting n = 1(p — 1) in (2.3) and noting that

(3.6) (1) (%(pk— 1)) (%(p —kl) + k) 1(15k (2:) (mod ).

we obtain
(p—1)/2 1 /9k\2 (p—1)/2 (—1)k
k=0 k=1

Applying (2.5) and (2.6) to the right-hand side of (3.7) gives
(b-1/2

(3.8) T

2k
( ) H} = 16(=1)"/2q,(2)2 +4E, 5 (mod p).
k=0

Furthermore, substituting (2.7), (2.9), (2.10) and (3.8) into the right-hand side
of (3.5), we arrive at

(3.9) 81 = (—1)PV/216P71 (1 + 4pg,(2) + 6p°gp(2)?) + 5p° Ep—s (mod p?).

Next, we evaluate Sy modulo p®. For %(p +1) <k <p-—1 we have

() =0 oty (71) = 1)t o

and so
p—1 2 p—1 2
2k i 1 [/2k
(3.10) Sy = Z <k) 16717k = Z Tok < k;) = —2p*E, 3 (mod p?),
k=(p+1)/2 k=(p+1)/2

where we have used Fermat’s little theorem in the second step and (2.8) in the last
step. Then the proof of (1.1) follows from (3.9) and (3.10). O

Proof of Theorem 1.2. Using (2.1) and exchanging the summation order, we
directly deduce that

(3.11) Zi:;fé’z ) ( ')2(j —Z; 1)

_]0
X0 23V p 1 [/2p—2\°
= 16)](]‘) (j+1>+16p1(p—1>
(p—1)/2 2 2 p—1
=3, =) (7))
1

2p—2 3
+16p 1(p—1) (mod p°),
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where we have used the fact that (2]])2/(] +1)=0 (mod p?) for 1(p—1) <j<p-2
in the last step.
On one hand, by Fermat’s little theorem and Wolstenholme’s theorem (see [32]),

we have
2 2 2
1 (2p—2 p 2p—1 2 3
12 = = d .
(3.12) 16”‘1<p—1> 16”‘1(2p—1)2<p—1> 7" (mod )
On the other hand, by using (3.4), we have
(p—1)/2 N
1 2]> <p—1>
3.13 — | . .
(349 2 ) ()
(p—1)/2 N\ 2
1 2j 2
= —_ 1—pH; d .
> o () 0t (mod ?)

In view of (3.6), we obtain
(r=1)/2 N 2
1 27
3.14 —_—
S 16J(j+1><.7>

_ (Z)/ 1y (%@j— ) <%<p 1) 0 (o )

where we have used the case r = 1 of identity (2.2) in the last step.
Furthermore, letting n = 3(p — 1) in (2.4) and using (3.6), we obtain

(p—1)/2 1 2\ 2
3.15 — Hyp =4(1 — (=1)p=1/2 d p).
s1) % i () He =10 (007 (mod )
Finally, combining (3.11)—(3.15), we reach the desired result (1.2). O
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