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Abstract. Let x be a nonprincipal Dirichlet character modulo a prime number p > 3 and
let ay := 5(1 — x(—1)). Define the mean value

Mp(=s,0) = —— 3 L @)L(=s5,xB) (0 :=Rs > 0).

¥ (mod p)

Y(-1)=-1

We give an identity for My (—s, x) which, in particular, shows that
Mp(*SaX) = L(]- - S, X) + aXZPSL(la X)C(is) + 0(1) (p — OO)

for fixed 0 < 0 < % and |t := Ss| = o(p(l_Q")/(3+2”)).
Keywords: Dirichlet L-function; mean value; Dirichlet character

MSC 2020: 11MO06, 11140

1. INTRODUCTION

The Riemann zeta-function
=1
()= — (o:=Rs>1)

and Dirichlet L-functions

L(s,0):= Y LA R

associated with a nonprincipal Dirichlet character ¥ modulo ¢ > 3 play important
roles in number theory. We refer the reader to [1] and [9] for basic knowledge about

DOI: 10.21136/CMJ.2021.0189-20 1035

© Institute of Mathematics, Czech Academy of Sciences 2021.


http://dx.doi.org/10.21136/CMJ.2021.0189-20

these functions such as the functional equations

(i(1-s
(1) (o) =i -
and
() 5y TG = s +a0))
(1.2) L(s, W) = iuwﬁ(E) ;(%(Sﬂw) L(1— s, )

for primitive Dirichlet characters ¥ modulo ¢, where

LR ISY
aw '_{1 if W(—1)

o
| \'b—‘
—

1<b<g—1

and I'(-) is the Gamma function.
A part of the theory of Dirichlet L-functions is devoted to the mean values

(1.4) Mgw,5,6%) = — S L(w,$)L(s,xP),
QO(Q) 1 (mod q)
P(—=1)=¢

where € € {£1}, ¢ is the Euler totient function, y is a Dirichlet character modulo ¢
and w, s € C except possibly the only pole of the right-hand side of (1.4) at 1, if exists.
As some examples of such studies, we refer the reader to [7] for M(q,n,n,e;x,),
to [4] and [5] for M(q, m,n,e;x,), where m,n > 1 are some natural numbers and x,
denotes the principal Dirichlet character modulo ¢q. For a similar mean value with
complex arguments w and s but again with x = x,, one may see [8] and [10]. The
only related work that we were able to spot in the literature for x # x,, is [12], in
which the authors consider the mean value M(p,n,1,1;y,), where p > 5 is a prime
number, n > 2 is an even natural number and y, is the nonprincipal Dirichlet
character modulo 4.
In this work, we are interested in the mean value

2 —
(15) MP(_SaX) ::M(p517_85_1;x): 1 E L(law)L(_‘g?X’lp)a
p ¥ (mod p)
B(-1)=-1
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where x is a nonprincipal Dirichlet character modulo a prime number p > 3 and
o = Rs > 0. The reason for considering M, (—s, x) rather than M,(s,x) for ¢ > 0
is the following. For M, (s, x) with sufficiently large o > 0, one can effectively use
the partial sums of the Dirichlet series of the functions involved and observe that the
resulting main term, for large p and bounded [s|, is L(1+s, x) when x(—1) = 1. Here
we are curious about whether such a behaviour occurs for M, (—s, x) with ¢ > 0,
that is, whether M, (—s, x) with ¢ > 0 approximates to L(1 — s, x).

Our main result below gives an identity for M,(—s, x) in a larger region, where
o > —1 and it shows that the behaviour explained above is still valid if 0 < o < % is
fixed and |t := S| = o(p(t=20)/(3+20)) a5 p — co. Moreover, by differentiation, our
main result gives information about the derivatives Mz(,k)(—s, X) in o > —1 as well.

Theorem 1.1. Let x be a nonprincipal Dirichlet character modulo a prime num-
ber p > 3. Then for s = o + it with o > —1,t € R, we have

(1.6) Mp(=s,x) = L(1 — s5,x) + a,2p°L(1, x)¢{(—s) + Ep(s, x),
where
iRy TG ha) (e ek DS
Eplsx) = =5 (%) T st ay) “)/1 ) d
and

1<n<Le

For —1 < 0 <1 we have

oo 1/2( 1y 04 1— (p'/logp)~?
Ey(s,x) < 7 2(17 2 4 1= (o = a2 ( (0(0—1—1)) )

In particular, if 0 < o < % is fixed and |t| = o(p1=29)/(3+29)) " then (1.6) holds with
E,(s,x) =o0(1) as p — oo.

1037



2. A KEY PROPOSITION

In the proof of Theorem 1.1, we use the functional equations of the factors
L(—s,x¥) in (1.5). Note that for general moduli, the product of two nonconjugate
characters is not necessarily primitive even if both of them are primitive. However,
the assumption that the modulus p is a prime number guarantees the fact that
a nonprincipal Dirichlet character modulo p is primitive and thus, one can use the
functional equations corresponding to such characters. This brings us to the problem
of understanding the mean value of L(1,%)7(x%)L(s + 1,%%) over the characters
1 # x with ¢(—1) = —1. In Proposition 2.1 below, we relate such a mean value to
the function

(2.1) S(s,x) ==Y _ Sﬁéjf) (o0 >1),
N=1
where
Sx(N) = x(n)

—

<n<N
By the Pélya-Vinogradov inequality, |5y (N)| < ,/plog p and hence, the series in (2.1)
is absolutely convergent for o > 1.

Proposition 2.1. Let x be a nonprincipal Dirichlet character modulo a prime
number p > 3.
(a) For any s € C\ {1} we have

b

(2.2) S(s,x) = e =1)

> L $)T(P)L(s, x¥)
1 (mod p)
Y(-1)=-1

PFEX
)@ —1)
Tips—H(p — 1)L

(b) For o >0 and s # 1 we have

Loot) , Lo, ™ (el =24 DS

L(s,x)

+ ay 5

(1, x)¢(s) +

(2.3) S(s,x) = + porem) dz.

s—1 2
Moreover, identities (2.2) and (2.3) hold for s =1 if x(—1) = 1.

Remark 2.1. Part (a) of the proposition above shows that the function S(s, x)
is analytic everywhere on C if x(—1) = 1; otherwise, the only pole of S(s,x) is
at s = 1, which is a simple pole with residue 7(x)/(ni)L(1, x).
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3. LEMMATA
We start with a general result due to Louboutin in [6].

Lemma 3.1 ([6], Proposition 1). Let 1) be a Dirichlet character modulo ¢ > 3
such that ¥(—1) = —1. Then

(3.1) Q—KqL(Lw) = 3w cot(%b).

1<b<g—1

Lemma 3.2. Let ¢ > 3 and a € N with (a,q) = 1. Then we have

(3.2) cot(%a): 29 S Ua)LL,9).

TE(,O((]) 1 (mod q)
Y(=1)=-1

Proof. Let ¢ be a Dirichlet character modulo ¢ with ¢)(—1) = —1 and (a, q) = 1.
We multiply both sides of (3.1) by (a) and sum over such characters. Then the
left-hand side of (3.1) becomes

2q —
(3.3) = ) Y@L).
¥ (mod gq)
Y(=1)=-1

The right-hand side of (3.1) turns into

o XY Fawme(D)= 3 w(D) Bayi(h)
¥ (mod ¢q) 1<b<g—1 1<b<g—-1 ¥ (mod q)
b(=1)=-1 b(=1)=-1

) () 00 (2
=<p(q)cot(ﬂ—)

by the orthogonality relation (see [6])

£ iy~ 4 (mod g),

2
S Tawt) ={ e@ ., _
i 5 if b= —a (mod q),
ViD=t 0 otherwise
for (a,q) = 1. Comparing (3.3) and (3.4) finishes the proof. O
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Now, we give a closed formula for the partial sums

Sy(N)= Y x(n)

1<n<N

of a nonprincipal Dirichlet character y modulo a prime number p > 3, which is
proved in [2] by the author. Here, we include its proof for the sake of completeness.

Lemma 3.3. Let x be a nonprincipal Dirichlet character modulo a prime num-
ber p > 3. Then for any natural number N > 1 we have

_ () oo
(3.5) Sy (N) = OG- (;:d § L(1,¢)r(x¥)v(N)
Y(~1)=-1

o ",y ) + A0,

where x, denotes the principal Dirichlet character modulo p.

Proof. Since both sides of (3.5) are zero if p | N, we assume that p f N. We
start with the expansion, see [1], Section 9

1 an

(3.6) X = K(gj_;w(;) (n€N),

where the Gauss sum 7(Y) associated with x is defined by (1.3) and it satisfies
IT(x)| = /p- Then, on summing both sides of (3.6) over n € {1,2,..., N} and
interchanging the order of summations on the resulting right-hand side of (3.6), the

% (%) = (o) ),

inner sum becomes

1<n<N
Since
e(a/p) _ e(a/p) 1 _ cos(ra/p) + isin(na/p)
ela/p) =1 e(a/2p) e(a/2p) — e(—a/2p) 2isin(na/p)
_ cot(ma/p) _'_1
2i 2’

we have

1 _ cot(na/p) 1 aN
Gn SN = KQZ@IX(")(T 3)(e(5) 1)



By (3.6), the contribution of the term 1 on the right-hand side of (3.7) is

59 g 3 () )= kg X () <10

27(x
1<agsp—1 (X 1<agsp—1 p

By (3.7) and (3.8), we have

69 S =g 3 (e
xX(V)

2

N N
- L Y 1) ot (22) - X
2r(X) | 2y p P

=T06N)+T0) + =5~

2
where
(3.10) T(x,N):= ! Z )‘((a)e(ﬂ) cot(n—a)
2m(x) = p p
and
1 _ Ta p -
3.11 T(x) = — ——— x(a)cot| — | = —a,——L(1,x
(3.11) (0=~ 5 2 T (5) =~ b
) ;1 o
= L(1
aX TEi ( aX)
on combining the terms a and p — a if x(—1) = 1, and using Lemma 3.1 and
T(X) = =700 if x(=1) = -1,

Now, we consider T'(x, N). By Lemma 3.2, we have

B1) TN == 3 ()t X Ly

27(x), =) p/nlp-1) =
Y(—1)=—

__ . Ny

mrioe—1) ¥ (go:d p) ) 1<¢§>1X(a)w(a)e< D )
P(=1)=-1
Note that
— N L
1<agp—1 p

by (3.6) if x% is nonprincipal, and if x1) = xo, then (3.13) holds since we assumed
that p{ N and both sides of (3.13) are —1. By (3.12) and (3.13), we have

px(N)

3.14 T(x,N) = — 2"+ L1, ) (x)(N).
(314) M) = G, X, Hr )
mod p)
P(-1)=-1
By (3.9), (3.11) and (3.14), the desired result follows. O
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4. PROOF OF PROPOSITION 2.1

Let o > 1. Dividing both sides of (3.5) by N* and summing over N > 1 give

— # ) _ S
(4.1) S(s,x) = mr(Y)(p —1) . (g;d ) L(1L, ) (X)L (s, x1)
Y(-1)=-1
+ aXTSf)L(LX)C(s)@ _ pi) . L(; v

If x(—1) = —1, then the term in the sum above with 1) = ¥ contributes to

i (x) . 1
L30T 06)L(s: x0) = ﬁL(LXK(S)(l - E)'

p
(4.2) mir(x)(p—1 mi(p—1

By (4.1) and (4.2), we have

= 719 T Y S
S(S7X) - TEI’T()_()(p _ 1) . (;:d p) L(Lw) (X’Lp)L( an)
P(=1)=-1
Y#X
+ ax%L(lj)C(s)(l - pi) (1+ pi -) + L(SQ’X),

which gives the first assertion of Proposition 2.1 by analytic continuation.
For the second assertion of Proposition 2.1, we start with

S (N) 1 1
(4.3) >IN T = ) Y
N<pk N<pk n<N n<pk n<N<pk
for some k € N and o > 1. Since
1 1 1 1
Z s F + Z Ns N Z Ns’
n<N<pk N<pk N<n
we have
1 1 1 1
(A DX > FE= x|t X XA
N n N N
n<pk n<N<pk n<pk N<pk N<n
_ x(n) _
S OE LD SRTID S
n<pk n<pk N<£n
where

1042



It is known, [11], Equation 3.5.3, that

*|z]—z+3 nl—s 1
/n s+l dx+s—1 2ns (o> 0),

n<pk
1 x(n) Pzl -2+ g 1 x(n)
- s—1 nsfl - Z X(n)/ s+1 d + 5 ns
n<pk n<pk n n<pk
and
n 1 n
(@5) si—s= Y M Lo
n<pk <pk
© || —z+ 1 x(n)
+SZX(n)/ — 2d - = .
n<pk n n<pk
1 X ©|z)]—x+3
- s—1 Z Z / s+l dz
n<pk n<pk n<pk
Note that
© x| —z+1i ®|z]—x+ 3
n<pk n 1 n<<pk
n<x

By (4.3)—(4.6) and letting k — oo for o > 1, we obtain

S(s,x) = iL(s —1,x) + %L(s, X) + s /1“’ (lz] - :i;:lg)sx(x) .

Since Sy (z) <, 1, the integral above is convergent for o > 0 and hence the desired
result follows.
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5. PROOF OF THEOREM 1.1

Replacing s by s + 1 in Proposition 2.1 and equating the expressions in (2.2)
and (2.3), we have

o0 _pal
(5.1) T+ T+ T3 =(s+ 1)/ ) z;f)SX(x) dz
1
for 0 > —1, where
/I — L XO)L
e (mZOd § (L) () L(s +1,x0),
Y(—1)=—
Y#X
Tt -1
T = GXWL(LX)C(S +1),
T3 = - M

S

Now, we consider T7. Note that if ¢)(—1) = —1 and ¢ # ¥, we have
Oy = 1 —ay

and
()T (x¥) = x¢ (=) (x¥)T(x®) = —x(=1)p.

Thus, for such characters x and i we have

(52)  T(XP)L(s + L xv) = 7(x¥)

L(_SaW)

T(xv) (E)SHF(%(—S +1-ay))
o/ T(L(s+2—ay))
__x(=Dp ()SHF(%( s+1-ay)

e Vi) TG +2-ay)

L(_SaW)

by the functional equation (1.2). By (5.2), we have

_ x(=1p sHT(3(=s+ 1 —ay)) —
= me-n > L) ( ) P12 ay) S5

jl—ay
TUT % (mod p) ! \/_
B(—1)="1
VX
i7(x) (m\e T3 —s—ay) 1 —
= = L(1,¢)L(—s, x¢
7 G) Terzmani L ML)
B(—1)=—1
VEX
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Recall that

P04 (mod )
Y(-1)=-1
Since
1 — M, (—s,x B 1—p
L P FC vy B L G Y S Vo e
p—1 2 p—1
% (mod p)
Y(-1)=-1
P#EX
T, can be written as
i7(x) /m SF(%(l 5—ay)) B
. T = — _
ir(x) (mys T(=35) p°—1 _
- L(1 —S).
LY (p) T((s+1) p—1 (1,3)¢(=s)

For Ty, we use the functional equation (1.1) of {(s) and write

)@t - 1)

5.4 To=a -
(5.4) 2T N rips(p — 1)

For T3 we have

(5.5) Ty = ——-

tr(y) oy D0 =5~ ay)
T1+T2+T3 = Zﬁ (5) F(%(S“‘Z_ax)) ;D(_S’X)
. s —lS
R e
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which is equivalent to

(5.6) T +Ty+ 15 =

1 7(x) (n) F(A(1-s+ay))

sivym\p/  T(h(s+ay)
P DG(=s—ay) sTGGs+a)) o o
[ LG T2oa)) IR0 —s o) 7Y

dtay I‘(—%s) sf(%(s—f—ax))
Y TG(s+ 1)) T((1 - s +ay)

P L(1,X)¢(=s) = L(1 = 5,X)|-

Since sI'(s) = I'(s + 1), we have

i20x D(5(1— s — ay)) sT(5(s + o))
(5.7) 2 ré(s+2—ax)) F(%(f—erax)) -
and
tay _T(38)  sT(5(s+ay)) —30(=59) _
(5:8) o™ TG+ D IR0 —s+a))  TEE-s)

By (5.6)—(5.8) and (5.1), we have

(59) Mp(_sv>_<) - aXQPGL(]-v)_()C(_S) - L(]- - S, X)

_ i“*ﬁ(g)s sT(5(s + ay)) (S+1)/1°° (lz] — =+ 3)Sx(x)

~ 700 W TR0 st a) FECEE

for ¢ > —1. This finishes the proof of the first statement in Theorem 1.1 by replac-
ing x by x and reorganizing the terms in (5.9).
Let

dx

By(s.x) = iwﬁ(g)S sT(L(s +ay)) (8+1)/1°°(m—x+§)sx(x)

7(X) \n/ T(3(1—s+ay)) o2

for —1 < 0 < 1. By the Pdlya-Vinogradov inequality, we have

[eS) S A 00
/ (lo] 2+ 3)S() <</ x’”’ldx+p1/210gp/ " 2 dy
1 1 A

€+2

log A + p'/?(log p) A" if o =0,
= —o—1

1 A
g —1y i
U( ) +p'/*(logp) p

if o #0.

Taking A = p'/2logp and noting that 111%(1 — A79) /o =log A, we see that
ag—r

dzr <

l<o<1),
€+2 ( +1) ( <o )

/ (lz] —z + $)Sx(x) 1— (p*/?logp)
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where the right-hand side above is to be interpreted as the limit 0 — 0 if ¢ = 0. By
Stirling’s formula (see [3], Equation A.34), we know that

1

T — (2 1/2(410—1/2 —x|t]|/2 1
ID()| = (@) 2epe =272 (1 + 0o

)) (~l<o<1,|f>1),

where the implied constant is absolute. Thus,

s(s+ 1)I‘(%(s +ay))
Fi(1-s+ay))

L[t (m1<o <, |t = 1).

Now we consider the remaining case where |¢| < 1. Since I'(s) is never zero and it
has simple poles at nonpositive integers, we have

s(s+ D(3(s+ay)  [s(s+1)(1 —s+ay)
(L1 -s+ay) s + ay|

(—-l<o<1, [t <.

Thus,

1— (p'/? logp)"’>

Ey(s0 <0 207 (0 41— 0 (1~ 0+ a)) (g

for —1 <o <1 and t € R, which finishes the proof of Theorem 1.1.
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