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Abstract. Let A be a finite-dimensional k-algebra and K/k be a finite separable field
extension. We prove that A is derived equivalent to a hereditary algebra if and only if so is
AR, K.
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1. INTRODUCTION

Let A be a finite-dimensional algebra over a field k£ and A-mod be the category
of finitely generated left A-modules. Recall that A is called piecewise hereditary
if there is a hereditary abelian category H such that the bounded derived cate-
gory DP(A-mod) is equivalent to D*(H) as triangulated categories.

Piecewise hereditary algebras are important and well-studied in representation
theory. A homological characteristic via strong global dimensions of piecewise hered-
itary algebras was given by Happel and Zacharia in [5]. Using this characteristic,
Li proved in [8] that the piecewise hereditary property is compatible under certain
skew group algebra extensions. Similarly, we prove that it is also compatible under
finite separable field extensions (see Corollary 3.3), which is a special case of [7],
Proposition 5.1.

According to [4], a connected piecewise hereditary k-algebra is derived equivalent
to either a hereditary k-algebra or a canonical k-algebra. Notice that the homological
characteristic and hence the compatibilities mentioned above do not distinguish these
two situations. In this paper, we look for a refinement. We prove that these two
kinds of piecewise hereditary algebras are closed under certain base field change.
More precisely, we obtain the following result.
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Main Theorem. Let K/k be a finite separable filed extension and A a k-algebra.
Then A is derived equivalent to a hereditary algebra if and only if so is A ®j K.

As a corollary, A is derived equivalent to a canonical algebra if and only if so
is A ®, K. We also prove that A is a tilted algebra if and only if so is A ®; K.

By [3], if an algebra is derived equivalent to a hereditary algebra (or a canonical
algebra), then so is its skew group algebra extension under certain condition. How-
ever, the converse of this statement has not been proved. Our theorem is the field
extension version of this statement with a confirmation of the converse.

Our proof of the main theorem is based on the description of hereditary triangu-
lated categories by directing objects; see [2], Corollary 5.5. We are inspired by the
proof of Theorem 1.1 in [9] saying that tilted algebras are compatible under certain
skew group algebra extensions.

2. DERIVED CATEGORIES AND GALOIS EXTENSIONS

2.1. Derived categories and field extensions. We fix a finite separable field
extension K/k and consider a finite-dimensional k-algebra A and its scale exten-
sion A®y, K. The algebra extension A — A®j K induces an adjoint pair (—®x K, F)
between finitely generated left module categories A-mod and A ®; K-mod, where

—®r K: A-mod > A®; K-mod, M— M QK VM e A-mod
is the scale extension functor and
F: A®, K-mod — A-mod

is the forgetful functor.

Denote by KP(A-proj) the bounded homotopy category of finitely generated pro-
jective left A-modules and D”(A-mod) the bounded derived category. Since — @ K
and F map projective modules to projective modules, they can be extended in
a natural manner to an adjoint pair between KP(A-proj) and KP(A ®;, K-proj).
These two functors are also exact, so they can be extended to an adjoint pair be-
tween DP(A-mod) and DP(A ®; K-mod). We still denote these two adjoint pairs
by (— ®x K, F') for convenience.

Recall from [10] that a functor G: C — D is called separable if for any X, Y in C
there is a map

Hxy: Homp(G(X),G(Y)) - Home(X,Y)

such that Hx y(G(f)) = f for any f € Hom¢(X,Y), and Hx y is natural in X
and Y.
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The functors (— ®y K, F') defined above for module categories, homotopy cate-
gories and derived categories are separable since the field extension K/k is separable,
see [7], Example 3.6. Hence, each object X in A-mod, KP(A-proj) or DP(A-mod)
is a direct summand of F(X ®; K) and each Y in A ®; K-mod, K"(A ®; K-proj)
or DP(A ®; K-mod) is a direct summand of F(Y) ®; K, see [7], [11].

The following lemma due to [13] and [6] will be frequently used.

Lemma 2.1. Given two objects X and Y in DP(A-mod), we have an isomorphism
of vector spaces

Home(A®kK—mOd) (X Rk K, Y Q@ K) ~ Home(A—mod) (X, Y) Rk K.

In particular, we have an isomorphism of K -algebras
Endp s, k-mod) (X @k K) =~ Endpy 4 _md)(X) @k K,
and an isomorphism of vector spaces

rad(A ®; K) ~ (rad A) ®; K.

Recall from [12] that a complex T in D®(A-mod) is called a tilting complez of A
if, viewing DP(A-mod) as K~?(A-proj),
(1) T € KP(A-proj);
(2) Homp, 4-mod,) (T, T[i]) =0 for all i #0;
(3) (T) = KP(A-proj), where (T) is the triangulated category generated by direct
summands of 7.
Notice that the shift functor [1] is commutative with — ®j, K.

Lemma 2.2. If T is a tilting complex of A, then T' ®; K is a tilting complex
of A QR K.

Proof. We check the three conditions of tilting complexes for T'®j; K. The
first one is obvious and the second one is by the isomorphisms

Hom (T Rk K, T ® K[Z]) ~ Home(A®kK—mOd) (T Rk K,T[Z] Rk K)

(T, 7)) & K = 0.

D (A®, K-mod)

=~ Homp, (4_mod)

As for the last condition, for each Y in K (A ®; K-proj), F(Y) € KP(A-proj) can
be generated by direct summands of 7" because T is a tilting complex. Since — ®y K
is an additive functor and maps a triangle in KP(A-proj) into a triangle in
K" (A ®; K-proj), F(Y) ®; K can be generated by direct summands of T ®;, K.
Hence, as a direct summand of F(Y) ®;, K, Y can be generated by direct summands
of T® K. O
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Recall that two algebras A and B are derived equivalent if and only if there is
a tilting complex T in D”(A-mod) such that Endps 4-mod) (T)°P ~ B, see [12].

Lemma 2.3. If A is derived equivalent to B, then A ®j K is derived equivalent
to B ®i K.

Proof. Let T be a tilting complex of A such that EndDb(A-mod) (T)°P ~ B.
By Lemma 2.2, T'®; K is a tilting complex of A ®; K. Then A ®; K is derived
equivalent to B ®j K by the following isomorphisms of algebras:

End

(T ® K)°P ~ End (TP @, K ~ By K.

DP(A®, K-mod) DP(A-mod)

O

Remark 2.4. The converse of the above lemma is not true. For example, take k
as the field of real numbers and K as the field of complex numbers. Let A be k
and B be the quaternion algebra over k. Then A®; K and B ®j K are both derived
equivalent to K, while A and B are not derived equivalent.

2.2. Action of the Galois group. In this subsection we further assume that K/k
is a finite Galois extension. Let G be the Galois group of K/k. For each g in G and A
in K, denote by 9\ the action of g on .

For each g in G and M in A ®; K-mod, define M € A ®; K-mod as follows. As
a set, 9M is identified with M. The action of A ®; K on 9M is given by

(@@ X)) - m=(@®IN\m Yalc Aoy K, meIM.
Then g induces a k-linear (not K-linear) automorphism of A ®; K-mod:
9(=): A®r K-mod - A® K-mod, M — M.
For each homomorphism f: M — N in A®y, K-mod, 9f: 9IM — 9N is given by
(“f)(m) = f(m) Yme M.
So 9(—) is a functor with inverse 9 (—).
The functor 9(—) is exact and can be extended naturally to a k-liner autofunctor

of DP(A® K-mod). We still denote its derived functor by 9(—). The notation X | Y
means that X is a direct summand of Y.
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Lemma 2.5. Keeping the notations above, we have:

(1) For each M € D(A ®; K-mod), F(M) ®; K ~ @ 9M in D’(A ®; K-mod).
geG
(2) For each indecomposable object M € DP(A ®; K-mod) there is an indecom-

posable object X € D(A-mod) such that X | F(M) and M | X ®; K.

(3) For each indecomposable object X € DP(A-mod) there is an indecomposable
object M € DP(A ®; K-mod) such that X | F(M) and M | X ® K. If
there is another indecomposable object N € DP(A ®; K-mod) satisfying that
N | X ®x K, then there is a g € G such that N ~9M.

Proof. (1)Foreach M = (M?* d') € D"(A®; K-mod) we have an isomorphism
of A ®; K-modules for each i € 7:

o' F(M") @, K - @M, moX— (“Nm)gec Vme M, NeK.
geG

Since the following diagram is commutative,

F(MY) @, K —22 p(uit)y o K

lwi l¢i+1

@@ 9(M?) dias(C(@)oea) @y 9 (M)
geG geG

we obtain an isomorphism

Y= (Sﬁi)iezi F(M)®kK§®9M
geqG

in D?(4 ®;, K-mod).
(2) Since the functor F is separable, we have M | F(M)®; K in D?(A®j, K-mod).
Thus, there is an indecomposable direct summand X of F(M) such that M | X ®; K.
(3) Since the functor — ®y, K is separable, we have X | F(X ®;, K) in D?(A-mod).
Thus, there is an indecomposable direct summand M of X ®; K such that X | F(M).
If N € DP’(A® K-mod) is another indecomposable object such that N | X @ K,

then N | F(M) ®, K ~ @ 9M by (1). Since DP(A ®; K-mod) is Krull-Schmidt,
geG
there is a g € G such that N >~ 9M. O

Definition 2.6. Given an indecomposable object X in D”(A-mod) and an in-
decomposable object M in D”(A ®; K-mod), we say that M and X are relative if
X|F(M)and M | X ®; K.
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Lemma 2.7. Let X and Y be two indecomposable objects in DP(A-mod). As-
sume that M and N are indecomposable objects in D(A ®;, K-mod) and relative
with X and Y, respectively. Then for each nonzero nonisomorphism ¢: X — Y there
is a nonzero nonisomorphism »: M — 9N in DP(A ®; K-mod) for some g in G.

Proof. By Lemma 2.5(3), up to isomorphism, each indecomposable direct
summand of X ®; K and Y ®; K belongs to {M | g € G} and {IN | g € G},
respectively. Since

@@Id: X K=Y ®r K

is nonzero, there exist h and ! in G such that my o (¢ ® Id) o incnys # 0, where
inchy: "M — X ®p K is the embedding morphism and miy: X ®r K — !N the
projection morphism.

Let

Pi="""(mpyo(p®Id)oincny): M — "IN,

. -1 . . . .
Since  (—) is an isomorphism, ¢ is nonzero.

We claim that 1 is a nonisomorphism. Recall that in a Krull-Schmidt category,
a morphism between two indecomposable objects is a nonisomorphism if and only if
it belongs to the radical of the category, see [1], A.3 Proposition 3.5. For each

feXe Home(A—mOd)(K X) R K ~ Home(A®kK—mOd)(Y Rk K, X ® K),
f o ¢ is a nonisomorphism, which implies that

(f @A) o (p®Id) € radpyy4_med) (X, X) @r K
= rad(EndDb(A—mOd) (X)) R K
~ rad(EndDb(A(ng—mod) (X @k K)).

According to [1], A.3 Definition 3.3, p ® Id € radp 4, K-mod) (X @ K,Y @ K).
By [1], A.3 Lemma 3.4, we have that

Rt
¥ € radp 4, k-mod) (M,™ *'N).

Therefore 1) is a nonisomorphism. (I
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3. PIECEWISE HEREDITARY ALGEBRAS UNDER FIELD EXTENSIONS

3.1. Piecewise hereditary algebras. In this section, we recall some knowledge
about piecewise hereditary algebras and investigate related properties under base
field extension.

According to [5], the strong global dimension of a k-algebra A is defined by

s.gl.dim A = sup{l(P) | 0 # P € K”(A-proj) indecomposable},

where
I(P=(P',d)) =max{b—a| P®#0, P*" #0}

is the length of P # 0.

Lemma 3.1. Let A be a k-algebra and K /k be a finite separable field extension.
Then
s.gl.dim A = s.gl. dim A ®;, K.

Proof. First, we prove that
s.gl.dim A < s.gl.dim A ®; K.

Indeed, for each indecomposable P in K" (A-proj), since F is separable, P is a direct
summand of F(P®;K) in K(A-proj). The length of each direct summand of P®j, K
in KP(A®y, K-proj) is not larger than s.gl. dim A®, K. As [(F(P®,K)) = [(P®1L K)
and each indecomposable direct summand does not have larger length, we have that
I(P) < s.gl.dimA® K.

Dually, we can prove that

s.gl.dim A > s.gl.dim A ®; K.

So our statement holds. O

Recall again that a finite-dimensional k-algebra A is called piecewise hereditary
of type H if it is derived equivalent to a hereditary abelian k-category H; A is
called quasi-tilted if there is ablelian k-category H with tilting object T' such that
A~ Endgy (T)°P, see [5].

The following homological description is due to [4].

Lemma 3.2. Let A be a k-algebra.
(1) A is piecewise hereditary if and only if s.gl. dim A < oo.
(2) A is quasi-tilted if and only if s.gl. dim A < 2.
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The above lemma and Lemma 3.1 immediately imply the following result.

Corollary 3.3. Let A be a k-algebra and K /k be a finite separable field extension.
(1) The algebra A is piecewise hereditary if and only if so is A ®y K.
(2) The algebra A is quasi-tilted if and only if so is A ®, K.

3.2. Directing objects and Galois extensions. In this subsection, we prove
our main theorem by using directing objects.

Let X and Y be two indecomposable objects in a triangulated category C. Recall
from [2] that a proper path from X to Y with length n is defined as a sequence of inde-
composable objects X = Xy, X1,...,X,, =Y in C, such that for eachi € {1,...,n},
either X; = X;_1[1] or there is a nonzero nonisomorphism in Hom¢(X;_1, X;). An
indecomposable object X in C is called directing if there is no proper paths from X
to X with length larger than zero.

The following theorem due to [2] is the main tool we used.

Theorem 3.4 (2], Corollary 5.5). Let A be a connected finite-dimensional
k-algebra. Then A is derived equivalent to a hereditary algebra if and only if
DP(A-mod) contains a directing object.

Proposition 3.5. Let K/k be a finite Galois extension and A a connected
k-algebra. If A ®; K is derived equivalent to a hereditary algebra, then so is A.

Proof. We take a connected component of A ®; K. By Theorem 3.4, let M be
a directing object in DP(A®) K-mod). By Lemma 2.5 (2), there is an indecomposable
object X € DP(A-mod) such that M and X are relative.

We claim that X is a directing object in D?(A-mod), so our statement holds by
Theorem 3.4. If not, there is a proper path X = Xg, X1,..., X,, = X in D’(A-mod).
By Lemma 2.5 (3), for each 4, let M; be an indecomposable object in DP(A®; K-mod)
which is relative with Xj.

For each nonzero nonisomorphism in Homp, (a-mod) (Xi-1,X;), Lemma 2.7 im-
plies that there is some g; € G (the Galois group) such that there is a nonzero
nonisomorphism in
M, 9 N).

Hompy, 4, k-mod) (

Since 9(—) is an isomorphism for each g € G, there is also a nonzero nonisomor-
phism in

Home(A®kK—m0d) (9M,99:N).
If X; = X;_1[1], we can assume that M; = M;_1[1] = ¢(M;_1[1]), where g; = e is
the unit of G.
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So in D(A ®; K-mod) there is a proper path

M = My, M| = 9* My, My =929 My, ..., M ="M

?

where h = ¢g,gn—1...91 € G. Since G is a finite group, there is a positive integer ¢
such that h' = e. So from M to M, there is a proper path

2 t
M, M{, M}, ..., M}, M =9"Mq,...,My, =""M,.... M/, ="M=M,
which contradicts that M is a directing object. O

Theorem 3.6. Let K/k be a finite separable field extension and A a k-algebra.
Then A is derived equivalent to a hereditary algebra if and only if so is A ®j K.

Proof. If Aisderived equivalent to a hereditary algebra B, then by Lemma 2.3,
A is equivalent to B ® K, which is also a hereditary algebra.

Conversely, there is a finite separable field extension L/K such that L/k is a Ga-
lois extension. If A ®; K is derived equivalent to a hereditary algebra B, then by
Lemma 2.3, A ® L is derived equivalent to a hereditary algebra B ®x L. Hence,
(each connected component of) A is derived equivalent to a hereditary algebra by
Proposition 3.5. U

According to [4], a connected piecewise hereditary k-algebra is derived equivalent
to either a hereditary k-algebra or a canonical k-algebra. Hence, Corollary 3.3 and
the above theorem imply the following.

Corollary 3.7. Let K/k be a finite separable field extension and A a k-algebra.
Then A is derived equivalent to a canonical algebra if and only if so is A ®j K.

Recall that a k-algebra A is called tilted if there is a hereditary algebra B and
a tilting B-module T such that A ~ Endg(7T)°P. The following result is the field
extension version compared to the skew group algebra extension version proved in [9].

Corollary 3.8. Let K/k be a finite separable field extension and A a k-algebra.
Then A is tilted if and only if so is A @, K.

Proof. Assume that A is tilted. Let T be a tilting module of a hereditary
k-algebra B such that Endg(T)°? ~ A. Then T ®; K is a tilting B ®; K-module
and Endpg, k(T ®; K)°P ~ A® K. Since B ®j, K is also hereditary, A ® K is
a tilted algebra.

Conversely, assume that A®y K is tilted, so it is quasi-tilted and derived equivalent
to a hereditary algebra. By Corollary 3.3, A is quasi-tilted and derived equivalent
to a hereditary abelian category H. By Theorem 3.6, A is derived equivalent to
a hereditary algebra. Hence, H is a module category of a hereditary algebra and A
is tilted. ]
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