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Conservative algebras of 2-dimensional algebras, 111

Farhodjon Arzikulov, Nodirbek Umrzaqov

Abstract. In the present paper we prove that every local and 2-local deriva-
tion on conservative algebras of 2-dimensional algebras are derivations.
Also, we prove that every local and 2-local automorphism on conservative
algebras of 2-dimensional algebras are automorphisms.

1 Introduction

The present paper is devoted to the study of conservative algebras. In 1972 Kan-
tor [12] introduced conservative algebras as a generalization of Jordan algebras
(also, see a good written survey about the study of conservative algebras [25]).

In 1990 Kantor [14] defined the multiplication - on the set of all algebras (i.e. all
multiplications) on the n-dimensional vector space V;, over a field F of characteristic
zero as follows: A- B = [L2, B], where A and B are multiplications and e € V,,
is some fixed vector. If n > 1, then the algebra W(n) does not belong to any
well-known class of algebras (such as associative, Lie, Jordan, or Leibniz algebras).
The algebra W (n) is a conservative algebra [12].

In [12] Kantor classified all conservative 2-dimensional algebras and defined the
class of terminal algebras as algebras satisfying some certain identity. He proved
that every terminal algebra is a conservative algebra and classified all simple finite-
dimensional terminal algebras with left quasi-unit over an algebraically closed field
of characteristic zero [13]. Terminal algebras were also studied in [18], [19].

In 2017 Kaygorodov and Volkov [16] described automorphisms, one-sided ideals,
and idempotents of W (2). Also a similar problem is solved for the algebra W5 of
all commutative algebras on the 2-dimensional vector space and for the algebra
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S5 of all commutative algebras with zero multiplication trace on the 2-dimensional
vector space. The papers [15], [17] are also devoted to the study of conservative
algebras and superalgebras.

Let A be an algebra. A linear operator V on A is called a local derivation
if for every x € A there exists a derivation ¢, of A, depending on x, such that
V(xz) = ¢(x). The history of local derivations had begun from the paper of
Kadison [11]. Kadison introduced the concept of local derivation and proved that
each continuous local derivation from a von Neumann algebra into its dual Banach
bimodule is a derivation.

A similar notion, which characterizes nonlinear generalizations of derivations,
was introduced by Semrl as 2-local derivations. In his paper [26] was proved that
a 2-local derivation of the algebra B(H) of all bounded linear operators on the
infinite-dimensional separable Hilbert space H is a derivation. After his works, ap-
pear numerous new results related to the description of local and 2-local derivations
of associative algebras (see, for example, [1], [3], [4], [20], [21], [23]).

The study of local and 2-local derivations of non-associative algebras was initi-
ated in some papers of Ayupov and Kudaybergenov (for the case of Lie algebras,
see [5], [6]). In particular, they proved that there are no non-trivial local and 2-
local derivations on semisimple finite-dimensional Lie algebras. In [8] examples of
2-local derivations on nilpotent Lie algebras which are not derivations, were also
given. Later, the study of local and 2-local derivations was continued for Leibniz
algebras [7], Malcev algebras and Jordan algebras [2]. Local automorphisms and
2-local automorphisms, also were studied in many cases, for example, they were
studied on Lie algebras [5], [10].

Now, a linear operator V on A is called a local automorphism if for every
x € A there exists an automorphism ¢, of A, depending on z, such that V(z) =
¢ (x). The concept of local automorphism was introduced by Larson and Sourour
[22] in 1990. They proved that, invertible local automorphisms of the algebra
of all bounded linear operators on an infinite-dimensional Banach space X are
automorphisms.

A similar notion, which characterizes non-linear generalizations of automor-
phisms, was introduced by Semrl in [26] as 2-local automorphisms. Namely, a map
A: A — A (not necessarily linear) is called a 2-local automorphism, if for every
z,y € A there exists an automorphism ¢, ,: A — A such that A(z) = ¢, ()
and A(y) = ¢, (y). After the work of Semrl, it appeared numerous new results
related to the description of local and 2-local automorphisms of algebras (see, for
example, [5], [7], [9], [10], [21]).

In the present paper, we continue the study of derivations, local and 2-local
derivations of conservative algebras of 2-dimensional algebras. We prove that every
local and 2-local derivation of the conservative algebras of 2-dimensional algebras
are derivations. In the present paper, we continue the study of automorphisms, lo-
cal and 2-local automorphisms in the case of conservative algebras of 2-dimensional
algebras. We prove that every local and 2-local automorphism of the conservative
algebras of 2-dimensional algebras are automorphisms.
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2 Preliminaries

Throughout this paper F is some fixed field of characteristic zero. A multiplication
on 2-dimensional vector space is defined by a 2 x 2 x 2 matrix. Their classification
was given in many papers (see, for example, [24]). Let consider the space W (2) of
all multiplications on the 2-dimensional space V5 with a basis v, v2. The definition
of the multiplication - on the algebra W (2) is defined as follows: we fix the vector
v1 € V5 and define

(A ’ B)(l‘,y) = A(vlvB(‘Tvy)) - B(A(’Ul,l‘),y) - B(sz(Ulvy))

for z, y € Vo and A, B € W(2). The algebra W(2) is conservative [14]. Let
consider the multiplications af,j (i, 7, k = 1,2) on V, defined by the formula
of (v, v1) = 6ubjv for all ¢, 1 € {1,2}. Tt is easy to see that {af ;|i,j,k = 1,2}
is a basis of the algebra W(2). The multiplication table of W (2) in this basis is
given in [15]. In this work we use another basis for the algebra W (2) (from [16]).
Let introduce the notation

1 2 2 _ 2 _ 2 1 1 _ 1 o1 2, 2
€1 = o —Qiy—Q5p, €2 = Ay, €3 = Qg —Qjp—0g1, €4 = Qag, €5 = 2071+ +05,

52 1 1 _ 1 1 _ 2 2
€6 = 2039 + Qg + a1, €7 =y — Gy, €5 = Oy — (3.

It is easy to see that the multiplication table of W (2) in the basis ey, ..., eg is the
following.

€1 €9 €3 €q €5 €g (&rd (£33
€1 —e€1 7362 €3 364 —€5 €6 (C1rd —€g
€9 362 0 261 es 0 —e€5 €g 0
€3 7263 —€1 7364 0 €g 0 0 —€7
e4 0 0 0 0 0 0 0 0
€5 7261 7362 —€3 0 7265 —€g —e7 7268
[ 263 €1 364 0 —€g 0 0 €7
er 2es el 3eq 0 —eg 0 0 er
€g 0 €9 —€3 —264 0 —€g —er 0
The subalgebra generated by the elements eq,...,eq is the conservative (and,
moreover, terminal) algebra W5 of commutative 2-dimensional algebras. The sub-
algebra generated by the elements eq,...,e4 is the conservative (and, moreover,

terminal) algebra Sy of all commutative 2-dimensional algebras with zero multipli-
cation trace [15].

Let A be an algebra. A linear map D: A — A is called a derivation, if D(xy) =
D(z)y + xD(y) for any two elements z, y € A.

Our main tool for study of local and 2-local derivations of the algebras Ss, W5
and W (2) is the following lemma [15, Theorem 6], where the matrix of a derivation
is calculated in the new basis eq,...,es.



258 Farhodjon Arzikulov, Nodirbek Umrzaqov

Lemma 1. A linear map D: W(2) — W (2) is a derivation if and only if the matrix
of D has the following matrix form:

0 a«a 0 0 0 00 0
0O -8 0 0 0 0 0 0

220 0 B 0 0 0 0 0

0 0 3¢ 23 0 0 0 0 W
0O 0 0 0 0 00 0f°

0 0 0 0 —a B8 0 0

0 0 0 0 0 0 B8 «a

0O 0 0 0 0 00 0

where «, 3 are elements in F.

Now, we give a characterization of automorphisms on conservative algebras of
2-dimensional algebras.

Let A be an algebra. A bijective linear map ¢: A — A is called an automor-
phism, if ¢(zy) = ¢(x)@(y) for any elements z, y € A.

Our principal tool for study of local and 2-local automorphisms of the algebras
Sz, Wy and W(2) is the following lemma, which was proved in [16, Theorem 11].

Lemma 2. A linear map ¢: W(2) — W(2) is an automorphism if and only if the
matrix of ¢ has the following matrix form:

1 a 0 0 0 00 0
0 1 0O 0 0 00 0

2ab agb b 0 0 0 0 0

3a2b?  a?b?  3ab® b2 0 0 0 O 9
0 0 o 0 1 00 0] (2)
0 0 0 0 —ab b 0 0
0 0 0 0 0 0 b ab
0 0 0O 0 0 0 0 1

where a, b are elements in F and b # 0.

3 Local derivations of conservative algebras of 2-dimensional al-
gebras

In this section we give a characterization of derivations on conservative algebras of
2-dimensional algebras.

Let A be an algebra. A linear map V: A — A is called a local derivation, if for
any element = € A there exists a derivation D,: A — A such that V(z) = D, (z).

Theorem 1. Every local derivation of the algebra W (2) is a derivation.
Proof. Let V be an arbitrary local derivation of W(2) and write

V(x) = Bz,x € W(2),
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where B = (bi7j)§7j:1, T = (21, 22,23, T4, Ts5, T, L7, 2g) is the vector corresponding
to z. Then for every x € W(2) there exist elements a,, b, in F such that

0 a 0 0 0 0 0 0\ [z

0 b, 0 0 0 0 0 0]

2 0 b, 0 0 0 0 0]

) 0 0 3a, 2o, 0 0 0 0]/
Br=1'f69 o 0o 0 0 0 0 0]
0 0 0 0 —a, by 0 0|

0 0 0 0 0 0 by ap| |z

O 0 0 0 0 0 0/ \us

In other words

b1,171 + b1,272 + b1 373 + b1,4w4 + b1 575 + b16T6 + b1,7w7 + b18T8 = azT2;

ba, 171 + b2 22 + b2 373 + bg 44 + ba 525 + b 6T6 + ba7 w7 + ba g = —byxa;

b3 171 + b3.0T2 4 b3 323 + b3 aa + b3 525 + b3 6T6 + b3,7T7 + b3 gTs = 2a,21 + byx3;
b4,1$1 + b4,2$2 + b4,3l‘3 + b4741‘4 + b4751‘5 + b4,61'6 + b477$7 + b4,8178 = 3a,r3 + 2b,14;
bs, 171 + bs2T2 + b5 373 + b5 44 + b5 525 + bs 676 + b5 777 + bs g8 = 0;

be,171 + b2 + bs 373 + be a4 + bg 525 + b 6T + be, 777 + b g8 = —azT5 + byTs;
br11 + bro2 + b7 323 + b7 axa + by 525 + by 66 + by 727 + b7 328 = by + azTs;
bg, 171 + bgoT2 + bg 323 + bg axa + bg 525 + bg 6T + bg 77 4 bg gxrg = 0.

Taking = (1,0,0,0,0,0,0,0), x = (0,0,1,0,0,0,0,0), z = (0,0,0,1,0,0,0,0), etc,
from this it follows that

bip=biz=bia=bis=big=b7=b1g=

=by1=bys=baa=0bas=Dbag=Dba7=1Dog
=bgo="0b34="0b35="bsz6 =037 ="Dss
=by1 =bso=bss=0bss=0ba7=0bsg
=bs1=bs2=b53=bs4=0b55=056="57="bs53
=bg1 = beo =bs3 =bsa =bs7=bs3s
=br1=bro=br3=bra=brs="0brp
=0bg1 =bgo=0bg3="0gs="Dbgs=bge=bgr=0bgs=0.
Then for every x € W (2) there exist elements a,, b, in F such that
51,2I2 = QzX2;
52,2182 = —byx;
b3, 171 + b3 373 = 20,21 + byx3;
ba373 + baas = 3azx3 + 20,24
b 525 + be,6T6 = —a.T5 + by T6;
bz727 + b7 88 = b7 + ayTs.
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Using 1-th and 3-th equalities of system (3) we get

2b1,271%2 = 20,71 %2;
b3,1$1l'2 + b373$2$3 = QGEIL‘L’EQ + bz$2$3.
and
(b3,1 — 2b1 2)x179 + b3 323 = byxoxs.
Hence, b3 1 = 2b;1 o. Similarly, using equalities of (3) we get
bs3 = 3b1,2,b22 = —b33,b44 = —2b3 5.

Using 1-th and 5-th equalities of system (3) we get

b1,2T225 = apT2Ts5;
bs 5572 + be,6T6T2 = —AzT5T2 + bypTeTa.
and
(b,5 + b1,2)T2ws5 + bs 6622 = brxexa.

Hence, b675 = 71)172.
Using 2-th and 5-th equalities of system (3) we get

b2 272w = —brT2Ts;
be,5T522 + be 6T6T2 = —GzT5T2 + by Tea.
and
be 52522 + (be,6 + D2,2)T6T2 = —azT5T2.

Hence, bﬁ,ﬁ = —bgﬁz.
Using 1-th and 6-th equalities of system (3) we get

bl,zzzl’s = Qg T2Tg,
by 7272 + by 882 = brw7x2 + azTsT2.

and
bz 7w729 + (b7g — b12)T8T2 = byr7T2.
Hence, by g = b1 2.
Using 2-th and 6-th equalities of system (3) we get
ba 2wy = —bywax7;
br 7729 + b7 87872 = by T7T2 + Az T3T2.

and
(br,7 4+ ba2)x70 + b7 8T8T2 = Gz T8 T2
Hence, b7)7 = —b272.
These equalities show that the matrix of the linear map V is of the form (1).
Therefore, by lemma 1 V is a derivation. This completes the proof. O

Since a derivation on W (2) is invariant on the subalgebras S and Ws, we have
the following corollary.

Corollary 1. Every local derivation of the algebras So and Ws is a derivation.
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4 2-Local derivations of conservative algebras of 2-dimensional
algebras
In this section we give another characterization of derivations on conservative al-
gebras of 2-dimensional algebras.
A (not necessary linear) map A: A — A is called a 2-local derivation, if for any
elements x, y € A there exists a derivation D, ,: A — Asuch that A(z) = Dy (),

A(y) = Dy y(y)-

Theorem 2. Every 2-local derivation of the algebras Sa, Wo and W (2) is a deriva-
tion.

Proof. We will prove that every 2-local derivation of W (2) is a derivation.
Let A be an arbitrary 2-local derivation of W (2). T hen, by the definition, for
every element a € W(2), there exists a derivation D, ., of W (2) such that

Afa) = Dg.e, (a), Ale2) = Da.e, (e2).

By lemma 1, the matrix A*®* of the derivation D, ., has the following matrix
form:

0 Qa,eq 0 0 0 0 0 0
0 _/80,62 0 0 0 0 0 0
204(1762 O /80“,62 O 0 0 0 O
Amez _ 0 0 3aa.e, 2Baes 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 —0lg e, Ba,eg 0 0
0 0 0 0 0 0 ﬂa,ez Qg ey
0 0 0 0 0 0 0 0

Let v be an arbitrary element in W (2). Then there exists a derivation D, ., of
W (2) such that
A(v) = Dy e, (v), Ale2) = Dy, (e2).

By lemma 1, the matrix A"®* of the derivation D, ., has the following matrix
form:

0 Qoo 0 0 0 0 0 0
0  —Boew O 0 0 0 0 0
20, 0 Boe, O 0 0 0 0
Avez — 0 0 30[11,@2 261),62 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0  —ue, Boes O 0
0 0 0 0 0 0 Boer Qe
0 0 0 0 0 0 0 0

Since A(eg) = Dy e,(€2) = Dy e, (e2), we have

Qg ey = aU,@Q?Ba,CZ = 51),@”
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that it
Dv,ez = D(L,eg-

Therefore, for any element a of the algebra W (2)
A(a) = Duy.e,(a),

that it D, ., does not depend on a. Hence, A is a derivation by lemma 1.
The cases of the algebras S; and W5 are also similarly proved. This ends the
proof. O

5 2-Local automorphisms of conservative algebras of 2-dimensional
algebras

A (not necessary linear) map A: A — A is called a 2-local automorphism, if for
any elements x, y € A there exists an automorphism ¢, ,: A — A such that

A(@) = bz y(7), Aly) = by (y)-

Theorem 3. Every 2-local automorphism of the algebras So, Wy and W(2) is an
automorphism.

Proof. We prove that every 2-local automorphism of W (2) is an automorphism.
Let A be an arbitrary 2-local automorphism of W (2). Then, by the definition,
for every element x € W (2),

T = x1€1 + 262 + Tze3 + Taeq + Tses + Teee + Tre7 + Tges,

there exist elements az c,, bz, such that

AI,SQ
1 . 0 0 0 0 0 0
0 e 0 0 0 0 0 0
T,eq
20/17,62 bz,ez a?c,eg bz-,ez bI,EQ 0 0 0 0 0
— 30‘33,62 bi,eg ai,eg bi,eg 30‘50732 bi,ez bivEZ 0 0 0 0
0 0 0 0 1 0 0 0 ’
0 0 0 0 _az,ezbz,eg bI,Ez 0 0
0 0 0 0 0 0 bzen  Gz,exbz,eq
0 0 0 0 0 0 0 1

A(z) = Ay e, T, where T = (21, %2, T3, T4, Ts5, Tg, T7, Tg) is the vector corresponding
to x, and

1
a2 byey,al b2, .0,0,0,0).

T, eq T,eq x,e2’

A(eQ) - Aa:,egeQ = (aCE,€27

b:E762
Since the element x was chosen arbitrarily, we have

1
’aiyezbafvewa?’ b2 0,0,0,0)

xT,es "x,eq?

Ale) = (aw,627

bm,(ig
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1

— 2 3 2

- (a’y,ez’ b ’ay,egby,ezaay,egby,eyoaovoﬂo)v
Y,e2

for each pair z, y of elements in W (2). Hence, ag ¢, = Gy,cy, ba,e, = by c,. Therefore
Alz) = Ay,

for any « € W(2) and the matrix A, ., does not depend on x. Thus, by lemma 2
A is an automorphism.

The cases of the algebras So and W5 are also similarly proved. The proof is
complete. O

6 Local automorphisms of conservative algebras of 2-dimensional
algebras

Let A be an algebra. A linear map V: A — A is called a local automorphism,
if for any element x € A there exists an automorphism ¢,: A — A such that

V(z) = ¢u().

Theorem 4. Every local automorphism of the algebras So, Wy and W (2) is an
automorphism.

Proof. We prove that every local automorphism of W (2) is an automorphism.
Let V be an arbitrary local automorphism of W (2) and B be its matrix, i.e.,

V(z) = Bz,x € W(2),

where Z is the vector corresponding to x. Then, by the definition, for every element
r e W(2),

T = ZT1€e1 + To€ + T3€3 + Tg€q4 + Ts€5 + Tgeg + Tre7 + Tyesy,

there exist elements a,, b, such that

1 ag 0 0 0 0 0 0
0 é 0 0 0 0 0 0
2a.b, aZb, by 0 0 0 0 0
A - 3a2b2  a3b?  3ayb2: b2 0 0 O 0
e 0 0 0 0 1 0 0 0
0 0 0 0 —azby by 0 0

0 0 0 0 0 0 by ayby
0 0 0 0 0 0 1

and
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Using these equalities and by choosing subsequently x = ey, z =es, ..., x = eg we
get
1 Ge, 0 0 0 0 0 0
0 s 0 0 0 0 0 0
20, be, aﬁz be, be. 0 0 0 0 0
B— 3a2 b2, ad b2 3ae,bZ, b2, 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 —aebey; bey O 0
0 0 0 0 0 0 be, Gegbes
0 0 0 0 0 0 0 1

Since V(eg + e7) = V(eg) + V(er), we have

b66+€7 = b€67 b66+€7 = b€7'

Hence,
bey = be,.

Similarly to this equality we get b, = b, and b, = b, # 0. Hence,
be, = bey = beg = be,- (4)
Since V(es + eg) = V(es) + V(es), we have
Qestesbestes = Qesbess QestesDestes = Qegbes-

From this it follows that
Gesbey = Qegbeg-

Similarly to this equality we get ae,be, = @egbe,. Hence,
Geybey = Qesbes = Qegbey. ()

Since V(eq + €) = V(eq) + V(eg), we have

2 2 2 2
b€4+€6 = b€4’ b64+€6 = bee'
From this it follows that
b2 =0
ey eg "’
Hence, by (4), we get
2 2
b2, =b2,. (6)

Since V(ea + eg) = V(e2) + V(eg), we have

. 2 _ 2 _
e, = Qeytes) angregbeeres - a€2b92’ a€2+€8b€2+€8 - aesbes'

Hence,
begtes = beyy Gegtesbestes = Aeybe,
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and, therefore,
Aeybey = Gegbeg - (M)

Similarly, since V(ez + e3) = V(e2) + V(e3), we have
—1 -1 3 2 2 312 2
ey = Qeptes) bez = b€2+63’ a62+€3b€2+€3 + 3a62+€3beg+63 = a€2b62 + 3a€3b63'
Hence,
bez = b62+€3
and by (4) and ae, = Geyte, We get

3 _ 3
Ay, +3ac, = a,, + 3ac;.

Therefore, a., = a., and

2
a€2 bez

= aeB bgg . (8)
Finally, since V(e; + es) = V(e1) + V(es), we have

ey tegbetes = Geybeys Geytegbes+es = Qegbes-

Hence,

Qe bey = Qegbeg -

By (7), from the last equalities it follows that

ey be; = Geybey, a?ﬁi = (a61b61)2 = (ae2b32)2 = aigbiz' (9)

By (4), (5), (6), (7), (8), (9) the matrix B has the following matrix form

1 Qe 0 0 0 0 0 0
0 b; 0 0 0 0 0 0
2ac,be, a2, be, be, 0 0 0 0 0
B— 3a§2b52 a§2b§2 3ae2b§2 bzz 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 —aebe, be, O 0
0 0 0 0 0 0 be, Geybe,
0 0 0 0 0 0 0 1

Hence, by lemma 2, the local automorphism V is an automorphism.

The cases of the algebras So and W5 are also similarly proved. This ends the
proof. O

The authors thank professor Ivan Kaygorodov for detailed reading of this work
and for suggestions which improved the paper.
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