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Abstract. In this paper, we present several sufficient conditions for the existence of
nonoscillatory solutions to the following third order neutral type difference equation

AB(xn +anx,_; + bnanrm) +PnTp—k — nTntr =0, n =ng

via Banach contraction principle. Examples are provided to illustrate the main results. The
results obtained in this paper extend and complement some of the existing results.

Keywords: third order; nonoscillation; delay and advanced arguments; neutral difference
equation
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1. INTRODUCTION

This paper deals with the existence of nonoscillatory solutions of third order neu-
tral type difference equations of the form

(1-1) A3(xn + anTp—1 + bnxn+m) + PnTn—k — @nTuir =0, N =ng

where ng, a nonnegative integer, is subject to the following conditions:
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(Hy) {an} and {b,} are real sequences;
(Hz) {pn} and {g.} are non-negative real sequences;
(H3) 1 and m are positive integers and k and r are non-negative integers.

Let # = max{l, k}. By a solution of equation (1.1), we mean a real sequence {z,,}
defined for all n > ng—#6, and satisfying the equation (1.1) for all n > ng. A nontrivial
solution of equation (1.1) is said to be nonoscillatory if it is either eventually positive
or eventually negative, and oscillatory otherwise.

Recently, many researchers have been interested in investigating the existence of
nonoscillatory solutions of neutral type difference equations; see for example [4]-[7],
[9], [10], [13], [15], [16], and the references cited therein.

In [10], the authors discussed the existence of nonoscillatory solutions for the
equation

Ag(xn + PnTn—k) + g f(Tn_1) = hn.

They established sufficient conditions for the existence of nonoscillatory solutions
depending on the different ranges of {p,}.

In [7], the authors discussed the existence of nonoscillatory solutions of the third
order difference equation

A(anA(bnA(xn +pmn—m))) +pnf(xn—k) - qnf(xn—l) =0,

when p > 0 or p < 0.
In [16], the existence of nonoscillatory solutions of a higher order nonlinear neutral
difference equation

A™(z(n) + p(n)x(7(n))) + fi(n, z(01(n))) — fa(n, 2(02(n))) = 0

was studied.

On the other hand, there has been great interest in studying the oscillatory be-
havior of third and higher order neutral type difference equations with delay and
advanced terms; see for example [1], [2], [3], [8], [11], [12], [14], and the references
cited therein. To the best of our knowledge, only a few results are available for third
order nonlinear difference equations with delay and advanced terms. This is due
mainly to the technical difficulties arising in their analysis.

In view of the above observation, in this paper we obtain some new sufficient
conditions for the existence of nonoscillatory solutions for the equation (1.1) using
the Banach fixed point theorem. Examples are provided to illustrate the main results.
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2. EXISTENCE OF NONOSCILLATORY SOLUTIONS

In this section, we present some sufficient conditions for the existence of nonoscil-
latory solutions of equation (1.1) using the Banach contraction principle. For conve-
nance we use the following notation:

(n)™ =n(n—1)...(n—m+1) for any positive integer m.
We begin with the following theorem.

Theorem 2.1 (Banach’s contraction mapping principle). A contraction mapping
on a complete metric space has a unique fixed point.

Theorem 2.2. Assume that 0 < a, < a < 1l,and 0 < b, < b<1-—a for all
n > ng. If

(2.1) Z (n+2)?p, < oo, and Z (n +2)2%g, < oo,
n=no n=no

then equation (1.1) has a bounded nonoscillatory solution.

Proof. From condition (2.1), one can choose an integer N > ng so that
(22) N >ng+06

sufficiently large such that

M>; — «
2 2
(2.3) ;(Hz) ps < T n> N,
and

> Oé—(Cl—ﬁ-b)Mg—Ml
2.4 s+ 2)%q, < ., n>=N,
(24) (42", i

where M; and M, are positive constants such that
(a+b)Ms+ My < My, and «a € ((a+b)Ms+ My, Ms).
Let B be the set of all bounded real sequences {x,} defined for all n > ny with

supremum norm ||z|| = sup |z|. Clearly B is a Banach space. Set
n>=ngo

S={xeB: My <z, < M2, n>=np}.
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It is clear that S is a bounded, closed and convex subset of B. Define an operator
T: S — B as follows:

O — QpTp—] — bnxn+m
00
s—n+42)3
(Tx)n = + Z %(psxsfk - QSxSJrT)v nz Nv
(Tx)n, no <n < N.

Clearly Tz is continuous. For n > N and x € S, we have

2 (s—n+2)@
Ta<ar 3 CTm3D0

Since x,,_i € B, we have x,,_ < Ms and s —n < s for all s > n, and (s + 2)(2) <
(s 4+ 2)? and using these inequalities, we obtain

(Tx)n<a+MQZ(s+2)2 <a+ My —a< M,
and
[ee]
s—n+2)®
(Tx)n 2 O — ApTp—| — bnanrm - Z: %quSﬁﬂ"
oo
> o —aMy —bMy — My » (s +2)%q. > M,

where we have used (2.3) and (2.4). Thus T'S C S.
Next, we show that T is a contraction mapping on S. Let z,y € S, and n > N.
Then

|(T£L')n - (Ty)n| < an|xn7l - ynfl| + bn|xn+m - yn+m|

oo

s+ 2)2
+Z( D) ) (pqlxs k_ys—k|+qs|x3+r_ys+r|)

<=yl a+b+2 (5200 + 0

- —(a+b)M; — M
<o —yll(atbt 22 a+a @t M, 1)

(o i,
(F

<z -yl ) Az =y,
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where Ay = (1 — M;/Ms). This implies that ||Tx — Ty|| < A1l — y||. Since A\ =
(1—M;/Ms) < 1, T is a contraction mapping on S. By Theorem 2.1, T has a unique
fixed point, that is T'(z,) = x,. Now for n > ng,

oo
s—n+2)?
Tn = Q& = GnTn—] — bnxn+m + Z ( D) ) (psxs—k - q.sxs+r);
s=n
then
oo
A(xn +anTn_; + bnanrm) = - Z(s —-n+ 1)(}75255,1@ - QstJrr)a
s=n
and
oo
A2(xn +apTn_; + bnanrm) - Z(psxsfk - QstJrr);
s=n
and hence

AB (xn + anTp—; + bnanrm) +pnxn7k — nTn+r = 0.
Thus {x,} is a positive and bounded solution of equation (1.1). The proof is now
completed. (I
Theorem 2.3. Assume that 0 < a, <a<1l,a—1<b<b, <0 foralln > nyg.

If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory solution.

Proof. In view of condition (2.1), we can choose an integer N > ng sufficiently
large satisfying (2.2) such that

> 1—|—b)M4—Oé
2.5 2)? eg(—7 = N,
(25) ;(S+ )7 L n
and
o0
2 a—aM4—M3
(2:6) S (a2 < S s

where M3 and M, are positive constants such that
M3—|—CLM4 < (1—|—b)M4, and « € (M3+CLM4,(1+b)M4)
Let B be the Banach space as defined in Theorem 2.2. Set

S={xeB: Ms<x, <My n=ne}
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It is clear that S is a bounded, closed and convex subset of B. Define an operator
T: S — B as follows:

O — QpTp—] — bnxn+m
00
s—n+2)3
(Tx)n = + Z %(psxs—k - q:;xs—i-r)v n = N,
(Tx)Nv ng<n < N.

Clearly Tz is continuous. For n > N and z € S, we have from (2.5) and (2.6)

o0

(T2)n < a—bMy+ My Y (5 +2)*ps < My,

s=n

and

(Tl‘)n 2 o — aM4 — M4 Z(S + 2)2% 2 M3.

s=n

This proves that T'S C S.
Next we show that T is a contraction mapping. Let x,y € S and n > N. Then

(T} — (Ty)al < |x—y||<a—b+ S (s + 2%, +qs)> < allz —

where Ay = (1 — M3/M,). This implies that |Ta — Ty|| < Azljz — y||. Since A2 < 1,
T is a contraction mapping on S. Hence by Theorem 2.1, T" has a unique fixed point
which is a positive and bounded solution of equation (1.1). This completes the proof.

O

Theorem 2.4. Assume that 1 < a < a, <d<oo,and0<b, <b<a—1 for all

n = ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.

Proof. In view of condition (2.1), one can choose an integer N > ng so that
(27) N+Il>2no+k
sufficiently large such that
(2.8) S (s +2)%ps € ——

268



and

> —dMs — (1 M,
(2.9) Y (s+2)% < 2 d 5M( TOMs s N,
6

S=n

where M5 and Mg are positive constants such that
dMs + (1+b)Mg < aMs, and « € (dMs + (1 + b) Mg, aMs).
Let B be the Banach space as defined in Theorem 2.2. Set
S={xeB: Ms<x, <M n=ng}

Obviously S is a bounded, closed and convex subset of B. Define a mapping T':
S — B as follows:

1
O = Tyl — bnTnyitm
Ap+1]
— = (s+2-n—-01)®
(Tx)n + Z ( 2 ) (psxsfk - QstJrr) ) n 2 N;
s=n-+l1
(Tx)n, ng <n<N.

Clearly, Tz is continuous. For n > N and x € S, we have from (2.8), and (2.9),
respectively, that

1 oo
(Tx), < <a + Mg Z(s —+ 2)2p5) < M,
An 41 —n
and
o0
Tx), > a — Mg — bMg — M, s+225>2M.
(Tx) an+l< 6 6 6;( )°q 5

Thus T'S C S. Next we show that T is a contraction mapping on S. If z,y € S and
n > N, then

1 oo
() = Tl < glle =l (1454 X5+ 2700 + ) ) < dalle =
where A3 = (1 — dM5/Ms). This implies that [|Tz — Ty|| < Ag|lx — y||. Since A3 < 1,
T is a contraction mapping on S. Therefore by Theorem 2.1, T has a unique fixed
point which is a positive and bounded solution of equation (1.1). The proof is now
completed. O
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Theorem 2.5. Assume that 1 < a < a, < d< o0, 1—a <b<b, <0 for all
n = ng. If condition (2.1) holds then equation (1.1) has a bounded nonoscillatory
solution.

Proof. Inview of condition (2.1), one can choose an integer N > ng sufficiently
large satisfying (2.7) such that

[e )

5 (a+b)Msg — «
(2.10) Z;L(S +2)%p,s < —n " N,
and
> a —dMy; — M.
(2.11) > (s+2)%. < + n> N,
s=n 8

where M, and Mg are positive constants such that
dM7 + Mg < (a+b)Ms, and « € (dM7+ Mg, (a+ b)Ms).
Let B be the Banach space as defined in Theorem 2.2. Set
S={zxeB: My <ax, <Ms,n=ng}.

Clearly S is a bounded, closed and convex subset of B. Define a mapping T': S — B

as follows:

1

P & — T4l — bn+lmn+l+m
n+

0o
= s—n—1+2)®
(Tx)n + Z ( 2 ) (psxsfk - QstJrr) ) n 2 N;
s=n-+I1
(Tz)N, no <n < N.

It is clearly that Tx is continuous. For n > N and x € S, we have from (2.10)
and (2.11), respectively, that

1 [ee]
(Tx), < - (a — bMg + Mg Z:(s + 2)2ps> < Mg,
and
1 o0
(T:L‘)n > E (Oé — Mg — Mg Z(S + 2)2qs> > My.
s=n
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This implies that T'S C S. Further, if x,y € S and n > N, then

1 o0
() = Tl < glle =l (1= 0+ X5+ 270 + ) ) = alle = .
sS=n
where Ay = (1 — dM7/Mg). This implies that [|Tz — Ty|| < A|lx — y||. Since Ay < 1,
T is a contraction mapping on S. By Theorem 2.1, T" has a unique fixed point, that
is T(xy,) = x,. Now for n > ny,

1 = (s—n—-1+2)®

T = {04 — Tp4l — anrlanrler + Z ( ) (psxsfk - QstJrr)}a
Gn+l s=n-+l1 2
or
00
s—n—1+2)®
Ap41Tpn = O — T4l — bn+lxn+l+m + Z ( 9 ) (psxs—k - q.sms+r);
s=n-+l
and by replacing n by n — [, we have
s—n+2)?

)
Tn + @nTp—1 + bnanrm =a+ Z (

s=n

9 (psxsfk - QstJrr);

then arguing as in the proof of Theorem 2.2, we obtain
AP (l‘n + anTp—1 + bnxn+m) + PnTn—k — GnTntr = 0.

Thus, {z,} is a positive and bounded solution of equation (1.1). The proof is now
completed. Il

Theorem 2.6. Assume that —1 <a < a, <0,0<0b, <b<1+a foralln > ng.
If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory solution.

Proof. Inview of condition (2.1), one can choose an integer N > ng sufficiently
large satisfying (2.2) such that

> 1 My —
(2.12) S (s 2y, < LEM0 =0 s
s—n 10
and
> a — bMyo — My
2.13 s+2)%q < , >N,
(2.13) ;( )°q Mo
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where My and M, are positive constants such that
My 4+ bMyg < (1+a)Myp, and o € (My+ bMig, (1 + a)Mip).
Let B be the Banach space as defined in Theorem 2.1. Set
S={zxeB: My < x, <M, n=no}.

Clearly S is a bounded, closed and convex subset of B. Define a mapping T: S — B

as follows:
o — ApTp—] — bpTrim
[ee]
s—n+2)@
(Tx), = + Z % (PsTs—k — gsTs4r), n =N,
s=n
(Tz)n, no <n < N.

Obviously, Tz is continuous. For n > N and x € S, from (2.12) and (2.13) it follows
that

(Tz)n < o — aMig + Mg Z (s +2)%ps < Mo,
s=n
and
(TJ)) Oé—le()—Ml()Z S—|—2 Mg.
s=n

Thus, T'S C S. Next we show that 7' is a contraction mapping on S. If z,y € S,
and n > N, then

(), = (To)al < o =l (=0 36+ 270 + ) ) = sl = i,
sS=n
where A5 = (1 — My/Mip). This implies that | 7@ — Ty|| < As||z — y||. Since A5 < 1,
T is a contraction mapping on S. By Theorem 2.1, T" has a unique fixed point which
is a positive and bounded solution of equation (1.1). The proof is now completed. O

Theorem 2.7. Assume that —1 < a < a, <0, -1 —a < b < b, <0 for all
n = ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.

Proof. Inview of condition (2.1), one can choose an integer N > ng sufficiently
large satisfying (2.2) such that

> (1+a+b)M12—a

2.14 s+ 2 s XX ’ n>N;
@.1) > s +2)%p, < LHED)

s=n
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and

o0

(2.15) D (s+2)%q <

s=n

Oé—Mll

7 , n=>N
12

)

where My, and M5 are positive constants such that
My < (14+a+b)Mys, and o€ (Miy,(1+ a+b)Mis).
Let B be the Banach space as defined in Theorem 2.1. Set
S={xe€B: M1 <xp <Mz, n=no}.

It is clear that S is a bounded, closed and convex subset of B. Define an operator
T: S — B as follows:

O — AnTp—i — bpTpntm
o0
s—n+2)®
(Tx)n = + Z %(psxsfk - QstJrr)a n 2 Na
(Tx)n, ng <n < N.

Clearly Tz is continuous. For n > N and x € S, from (2.14) and (2.15), it follows
that
o0
(Tz)n < a—aMig — bMia + Mo Z(s +2)%p, < Mo,
and o
(T2)n > o — Miz Y (s +2)%qs > M.

This implies that TS C S. If z,y € S and n > N, then we have

|(T2)n — (Ty)n| <lz -yl <—a b+ (s+2)(ps + qs)) = Asllz —yll,
sS=n
where A\¢ = (1 — My1/M;2). This implies that || Tz — Ty|| < ||z — y||. Since \g < 1,
T is a contraction mapping on S. By Theorem 2.1, T has a unique fixed point which
is a positive and bounded solution of equation (1.1). This completes the proof. O

Theorem 2.8. Assume that —co <d<a, <a<-1,0<b, <b< —a—1 forall
n = ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.
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Proof. Inview of condition (2.1), one can choose an integer N > ng sufficiently
large satisfying (2.7) such that

o0

dMi3 + «
2.16 s+2)%p, < —————, n>=N,
(2.16) ;( )P Mo
and
> (—a—l—b)M14—a
2.17 s+ 2)%qs < , n>=N,
(2.17) ;( )°q s

where M3 and M4 are positive constants such that
—dMis < (—a—1—="0)Mys, and « € (—dMisz,(—a—1—>b)My4).
Let B be the Banach space as defined in Theorem 2.2. Set
S={xe€B: Mis<xp <M, n=no}.

Clearly S is a bounded, closed and convex subset of B. Define a mapping T: S — B

as follows:
1
- o+ Tpqr + bn+lmn+l+m
Ap+1]
= = (s—n—1+2)®
(Tx)n -y ( . ) (Putn & — gezair) b n > N,
s=n-+l1
(Tz)n, ng <n < N.

Clearly Tz is continuous. For n > N and « € S, from (2.16) and (2.17) we see that

1 oo
(Tx)n < - (04 + Mg+ bMyy — My Z(S + 2)2]03) < Mg,

s=n
and

o0
(Tx)p > — (04 + My Z(S + 2)2(]3) > M;s.

S=n

Thus T'S C S. If x,y € S and n > N, then we have

SIS

()= (To)al < ~3le =l (1454 (6422040 ) =delle

S=n

where A7 = (1 — M;3/M4). This implies that || Tz — Ty|| < A7|lx — y||. Since A7 < 1,
T is a contraction mapping on S. By Theorem 2.1, T" has a unique fixed point which
is a positive and bounded solution of equation (1.1). This completes the proof. [
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Theorem 2.9. Assume that —co <d<ap <a<-1,a+1<b<b, <0 for all
n = ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.

Proof. Inview of condition (2.1), one can choose an integer N > ng sufficiently
large satisfying (2.7) such that

o0
dM bM
(2.18) S(s+2)%p, < TR sy,
s—n 16
and
> —a—1)Myg —
(2.19) S (s 422 < Tem DMz oy

p—t Mis

where M5 and Mg are positive constants such that
—dMy5 — bM1g < (—a — ].)Mw, and « € (—dM15 — leg, (—a — ].)Mw).

Let B be the Banach space as defined in Theorem 2.2. Set

S:{J)EB: M15<xn<M16,n>n0}.

It is clear that S is a bounded, closed and convex subset of B. Define a mapping
T: S — B as follows:

1
- o+ Tpqr + anrlanrler
An+1
= = (s—n—1+2)@
(Tx)n - Z ( 2 ) (psxnfk - QstJrr) ) n 2 N7
s=n+l
(Tx)n, no <n < N.

Clearly Tz is continuous. For n > N and x € S, we have from (2.18) and (2.19) that

1 oo
(Ta)n < - (a + Mg — Mig Y (s+ 2)2p5) < My,

s=n
and

1 o0
(Tz)n = — (04 + bMs + Mis Z(S + 2)2qs> > M;s.

s=n

This implies that TS C S. If z,y € S and n > N, then

() = )l < =l =yl (1= 0+ 3054220+ 0) ) = Mo =,

s=n
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where A\g = (1 —dMj5/Mie). This implies that | Tx —Ty|| < As|jz—y||. Since A\g < 1,
T is a contraction mapping on S. By Theorem 2.1, T" has a unique fixed point which
is a positive and bounded solution of equation (1.1). This completes the proof. O

3. EXAMPLES

In this section, we present some examples to illustrate the main results.
Example 3.1. Consider the neutral difference equation of the form

In+3
Y(n+2)(n+3)

(3.1) A7 (fﬂn + %xnfl * %x"“) i (nQ(n +1

(3n2 4+ 21n +38)(n — 1) B
nn+2)(n+3)2(n+4)(n+ 5))$n71 - manrQ =0, n>1.

Here a,, = %, bn, = %,

In+3 N (3n2 +21n +38)(n — 1) 1
n2(n+1)(n+2)(n+3) nn+2)(n+3)2n+4)(n+5)’ = (n+3)%

Pn =

One can easily verify that all conditions of Theorem 2.2 are satisfied, and hence
equation (3.1) has a bounded nonoscillatory solution. In fact, {z,} = {(n +1)/n}
is one such solution of equation (3.1).

Example 3.2. Consider a neutral difference equation of the form

1 3 1 36 1 28 1
(3.2) A3 (a:n + 7%n-3 (Z - 3—n)xn+2) + 37 3n =2 T 5 g ln4l = 0, n>1.

i, b, = —(% —3™"), pp = %3 L — 273 ", A straight-forward verifica-

tion shows that all conditions of Theorem 2.3 are satisfied, and hence equation (3.2)

Here a,, =

has a bounded nonoscillatory solution. In fact {x,} = {2 + (—1)"} is one such
solution of equation (3.2).

Example 3.3. Consider a neutral difference equation of the form
1/3 1 1 217 1 59 1
(3:3) A° (x” D) (Z N 2_”)x"_2 N Zx”“’) T aggantnl T ggan it =0 n =1

Here a,, = —%(%—2*"), b, = —i, Pn = géZQ " gy = 962 ™ It is easy to verify that

all conditions of Theorem 2.7 are satisfied. In fact {x,} = {1+ 27"} is a bounded
nonoscillatory solution of equation (3.3).

Example 3.4. Consider a neutral difference equation of the form

1
—ZTnyo =0, n>1.

3
(34) A (CL’n - 41',”71 - 2(En+1) + mxn,l - on
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Here a, = —4, b, = =2, p, = 1/(2""%(2+2")), and ¢, = 27". One can easily
verify that all conditions of Theorem 2.9 are valid. Hence equation (3.4) has a
bounded nonoscillatory solution. In fact {x,} = {1+ 27"} is one such solution of
equation (3.4).
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