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Abstract. We explore the connection between atomicity in Prüfer domains and their
corresponding class groups. We observe that a class group of infinite order is necessary for
non-Noetherian almost Dedekind and Prüfer domains of finite character to be atomic. We
construct a non-Noetherian almost Dedekind domain and exhibit a generating set for the
ideal class semigroup.
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1. Motivation

The theory of factorization dates back to the time of Euclid. As with all branches

of mathematics, exploration continues in more generalized settings. Discovering
fundamental relationships between two seemingly unrelated objects is also a hallmark

of mathematics. In this paper, we pursue a relationship between factorization in non-
Noetherian Prüfer domains and their respective ideal class semigroups.

Perhaps one of the most powerful and elegant theorems in factorization theory is
the connection between the factorization properties of Dedekind domains and their

respective class groups. Recall that a domain D is called Dedekind if D is Noetherian
and for all maximal ideals M of D, the localization DM is a Noetherian valuation

domain. Let D be a Dedekind domain with fraction field K. We denote the set of
fraction ideals of D by F(D) and the set of principal ideals of D by P(D). The class

group of D is the quotient group F(D)/P(D). The class group is a measure of how
“far away” a Dedekind domain is from being a unique factorization domain (UFD).

A Dedekind domain is a UFD if and only if C(D) is trivial. A Dedekind domain D

is a half-factorial domain (HFD) if for a nonzero non-unit b all factorization of b into
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irreducibles are of the same length. A Dedekind domain is an HFD if and only if

C(D) ∼= Z2. The class number of a Dedekind domain is the order of the class group.
If the class number of a Dedekind domain is larger than 2, it still yields information
with respect to factorization.

A domain D is called almost Dedekind if DM is a Noetherian valuation domain

for all M ∈ Max(D). A domain is said to be Prüfer if DM is a valuation domain for
all M ∈ Max(D). A Prüfer domain is said to be of finite character if every nonzero

non-unit element of D is contained in only finitely many maximal ideals. Since these
domain are natural extensions of Dedekind domains, it makes sense to ask what is

the relationship between their class groups and factorization properties. It should be
noted that if D contains non-invertible ideals, then the quotient F(D)/P(D) is only

a semigroup. We will denote the ideal class semigroup of D by S(D). However, one
can restrict this definition to only invertible ideals to still obtain a group. We will
call this the ideal class group of D and denote it C(D). That is C(D) = I(D)/P(D),

where I(D) is the set of invertible fractional ideals.

We will show that if D is an atomic almost Dedekind (not Dedekind) domain or an
atomic Prüfer (not Dedekind) domain of finite character, then the class number of D

must be infinite. In some ways this seems slightly odd given that in a Dedekind do-
main, a small class number yields more restrictive factorization properties. However,

recall that a Dedekind domain is a UFD if and only if it is a PID. Thus, we see that
a trivial class group corresponds to Bézout domains and it is well known that non-

Noetherian Bézout domains always fail to be atomic. Therefore, if an infinite class
group is needed for a domain to be atomic, we could ask if studying the ideal class

semigroups would lead to a better understating of factorization. The problem with
this question is it that is almost impossible to calculate the ideal class semigroup for
a Prüfer (not Dedekind) domain, especially if the domain is not of finite character.

Calculating an ideal-class group of a Dedekind domain can be a monumental task if
the Minkowski bound is large. When calculating the ideal class group of a Dedekind

domain, one only need to look at the maximal ideals whose residue field is smaller
than the Minkowski bound. When we move to calculating the ideal class group or

ideal class semigroup of a Prüfer domain, we will no longer have this luxury. Thus
we will need to fully understand all the maximal ideals in the domain. It is to this

end that we calculate a generating set for the class semigroup of a sequence domain.
Calculations in more complicated domains might be nearly impossible.
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2. Introduction

We provide the reader with some results from [3] that we will use throughout the

paper. Let D be an almost Dedekind domain. For nonzero b ∈ D, we define the
norm of b as

N(b) = (νM (b))M∈Max(D) ∈
∏

M∈Max(D)

N0.

Here νM is the valuation fromDM . A partial ordering onNorm(D) = {N(b) : b ∈ D}

was introduced. More precisely, it is said that N(a) 6 N(b) if for all M ∈ Max(D)

we have νM (a) 6 νM (b). We say N(a) < N(b) if N(a) 6 N(b) and there exists
an M ∈ Max(D) with νM (a) < νM (b). This partial ordering gives the following

theorem, which we will use.

Theorem 2.1. LetD be an almost Dedekind domain and let a, b∈D,N(a)6N(b)

if and only if a divides b. Further, if N(a) < N(b), then a is a proper divisor of b.

It was also proved that factoring in Norm(D) is in one-to-one correspondence with

factoring in D. Additionally, the elements of the normset were completely classed.

Theorem 2.2. Let D be an almost Dedekind domain. Then D is atomic if and

only if Norm(D) is an (additively) atomic monoid.

Theorem 2.3. Let D be an almost Dedekind domain.

(eλ)λ∈Λ ∈ Norm(D) if and only if
⋂

λ∈Λ

M eλ is principal.

Here M0 is taken to be D and Λ = Max(D).

3. Norm(D) when D is Dedekind

We start by classifying Norm(D) when D is Dedekind. We do this to demonstrate

the importance of the class group in determining atoms. We also wish to contrast
how it is “easy” to use N(a) to determine if a is an atom in a Dedekind domain, but

that it becomes a huge challenge to use N(a) to determine whether a is an atom in
a non-Noetherian almost Dedekind domain.

We start by giving a complete classification of Norm(D) when D is Dedekind. Let
us consider a Dedekind domain D with abelian class group G. Let us denote the

elements of G by {gλ}λ∈Λ, where Λ is some indexing set. We will use addition as the
operation on G and 0 will be the identity. Further, the set of maximal ideals of D

will be denoted by Max(D). Let ϕ : Max(D) → G be the natural mapping from the
set of maximal ideals to their corresponding classes in G.
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Definition 3.1. For ci ∈ N0, we say the sum c1g1 + c2g2 + . . . + cngn = 0 is

primitive if whenever c′1g1 + c′2g2 + . . . + c′ngn = 0 we have either c′i > ci for all
i = 1, 2, . . . , n, or there is at least one i with c′i > ci. We do not allow the trivial
sum (i.e., at least one ci > 0).

Now we can start our classification of Norm(D) when D is Dedekind. Since all

Dedekind domains are atomic, we know from Theorem 2.2 that Norm(D) is atomic.
Thus, if we can succeed in classifying the atoms in Norm(D), we will have a gener-

ating set for Norm(D). Let A(D) denote the set of atoms in Norm(D).
Since all Dedekind domains are Noetherian, N(b) has all but finitely many

nonzero entries. We will write N(b) = (b1, b2, . . . , bn)M1,M2,...,Mn
for νMi

(b) = bi and
νMj

(b) = 0 for all j 6= 1, 2, . . . , n.

To classify the atoms of Norm(D) we will make use of Theorem 2.3.

Theorem 3.2. It holds that (b1, b2, . . . , bn)M1,M2,...,Mn
is an atom if and only if

b1ϕ(M1) + b2ϕ(M2) + . . .+ bnϕ(Mn) = 0 is primitive.

P r o o f. Suppose (b1, b2, . . . , bn)M1,M2,...,Mn
is in A(D). Then

b1ϕ(M1) + b2ϕ(M2) + . . .+ bnϕ(Mn) = 0

by Theorem 2.3. Now if the sum is not primitive, there would be an element of

smaller norm, hence (b1, b2, . . . , bn)M1,M2,...,Mn
would not be an atom.

Suppose b1ϕ(M1) + b2ϕ(M2) + . . .+ bnϕ(Mn) = 0 is primitive. Then

(b1, b2, . . . , bn)M1,M2,...,Mn
∈ Norm(D).

Further there are no elements of smaller norm. Thus (b1, b2, . . . , bn)M1,M2,...,Mn
is an

atom. �

Corollary 3.3. Let D be a Dedekind domain. Then Norm(D) = 〈A(D)∪{0},+〉,

where 〈A(D) ∪ {0},+〉 is the additive monoid generated by A(D) ∪ {0}.

The class group completely determines the normset for a Dedekind domain. This
is yet more evidence that Norm(D) and D share a strong relationship with respect
to factorization.

Example 3.4. Suppose R is Dedekind and a UFD. Then G is trivial and ev-

ery maximal ideal is principal. Thus all atoms a ∈ R have norms of the form
N(a) = (1)Mi

, where Mi is any maximal ideal of R.

Example 3.5. Suppose R is an HFD. Then G ∼= Z2. Then a is an atom in R if

and only if its norm is of the form N(a) = (1)Mi
, where ϕ(Mi) = 0, N(a) = (2)Mi

,
where ϕ(Mi) = 1̄, or N(a) = (1, 1)Mi,Mj

, where ϕ(Mi) = ϕ(Mj) = 1̄.
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Suppose D and D′ have class groups Z4 and Z2 × Z2 respectively. The normset

can differentiate these two domains even though their class numbers are the same.
Let M ∈ Max(D) with ϕ(M) = 1̄, then (4)M is an atom. But every element of
the (4)M ′ is reducible in D′ since all the elements of Z2 × Z2 are of order 2.

When D is a Dedekind domain, we have seen exactly what forms atoms can take
based on the class group of D. Now almost Dedekind domains that are not Dedekind

contain ideals that are not finitely generated, hence they are not invertible. Thus
we will lose the use of the class group when trying to classify atoms of an almost

Dedekind domain that are contained in a non-invertible maximal ideal. The question,
we wish to explore, is, can we get a similar classification of atoms in an almost

Dedekind domain by using the class semigroup.
We continue by defining a norm on the set of nonzero ideals of a one-dimensional

Prüfer domain. It should be noted that an almost Dedekind domain is a one-
dimensional Prüfer domain.

Let D be a one-dimensional Prüfer domain with quotient field K. We define for
nonzero b ∈ K the norm of b by N(b) = (νM (b))M∈Max(D). Now for M ∈ Max(D)

and fractional ideal I, we define

TM (I) = {νM (b)}b∈I\{0}

and we set

sM (I) = inf TM (I).

For a nonzero fraction ideal I of D we define

νM (I) =

{
sM (I), sM (I) ∈ TM (I),

sM (I) + ε, sM (I) 6∈ TM (I),

where ε is the fixed surreal number 1/ω with ω being the cardinality of the natural
numbers.

Now we define the norm of a fractional ideal I to be N̂(I) = (νM (I))M∈Max(D).
We will use the result N̂(IJ) = N̂(I) + N̂(J). For more on this construction and

a proof of the result, see [1].
We use Db to denote the principal fraction ideal generated by b ∈ K∗. Let

N̂orm(K) = {N̂(Db) : b ∈ K∗}. Similarly we define

N̂orm(D) = {N̂(I) : I is a nonzero fractional ideal of D}.

Theorem 3.6. Let D be a one-dimensional Prüfer domain. Then

S(D) ∼= N̂orm(D)/N̂orm(K).
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P r o o f. Define ϕ : S(D) → N̂orm(D)/N̂orm(K) by

ϕ(I) 7→ N̂(I).

First we show that ϕ is well defined. Take I ≡ J ∈ S(D). Then there exists a, b ∈ K

such that (a)I = (b)J . Now ϕ(I) = N̂((a)I) = N̂((a))+N̂ (I) = N̂((b))+N̂(J) which
yield that N̂(I) ≡ N̂(J) (mod N̂orm(K)). Thus ϕ is well defined. Now suppose
ϕ(I) = ϕ(J). Then N̂(I) ≡ N̂(J) (mod N̂orm(K)) if and only if N̂(I) + N̂((a)) =

N̂(J) + N̂((b)) for some a, b ∈ K. This implies that (a)I = (b)J , hence I ≡ J

(mod S(D)). Thus ϕ is injective. By definition of N̂orm(D), we have that ϕ is

surjective. Now ϕ(IJ) = N̂(IJ) = N̂(I) + N̂(J) = ϕ(I) + ϕ(J). Thus ϕ is an
isomorphism and we have S(D) ∼= N̂orm(D)/N̂orm(K). �

We can always discuss the class group of a domain by restricting the set of frac-

tional ideals we consider to be the set of invertible fractional ideals. With that being
said, we may ask what conditions must the class group satisfy in order for a domain

to be atomic. We shall see that if the domain is a non-Dedekind almost Dedekind
domain with finitely many non-invertible maximal ideals or a non-Dedekind Prüfer

domain of finite character, then the class group must be infinite.

Theorem 3.7. Let D be a non-Dedekind almost Dedekind domain with finitely

many non-invertible maximal ideals. If D is atomic, then C(D) must be of infinite

order.

P r o o f. Let D be a non-Dedekind almost Dedekind domain with finitely many
non-invertible maximal ideals and suppose that C(D) is of finite order. Now if D

is atomic, it must contain an atom α ∈ M∗ for some non-invertible maximal ideal
M∗ ∈ Max(D). Now it must be the case that α is contained in infinitely many

maximal ideals. Moreover, α must be in infinitely many invertible maximal ideals
contained in the same class, say M1,M2, . . . Now set the order of C(D) to be r < ∞.

ThenM1M2 . . .Mr = (β) for some β ∈ D. MoreoverN(β) = (1, 1, . . . , 1)M1,M2,...,Mr
,

hence N(β) < N(α). But this is impossible because this implies β divides α. Thus,

we conclude that the order of C(D) is infinite. �

Now while the previous result might not seem surprising, considering that an
atomic non-Dedekind almost Dedekind domain must contain an atom that is con-

tained in infinitely many maximal ideals. In a non-Dedekind atomic Prüfer domain
of finite character, we have all atoms contained in only finitely many maximal ide-

als. We shall see in the following result that a class group of infinite order is still
necessary to maintain atomicity.
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Theorem 3.8. Let D be a one-dimensional non-Dedekind Prüfer domain of finite

character. If D is atomic, then C(D) is of infinite order.

P r o o f. Let D be an atomic non-Dedekind Prüfer domain of finite character.

Then it must be the case that there exists an atom α that is contained in an
idempotent maximal ideal, say M . Now DM is a non-discrete valuation domain.

Let us set νM (α) = s for some s > 0 in the valuation group. Let us set the
order of C(D) = r < ∞. It must be the case that there exists a b ∈ D with

νM (b) < s/r. Now b is contained in finitely many maximal ideals other that M , say
M1,M2, . . . ,Mk. Now we find bi such that bi ∈ M and bi 6∈ Mi, which we can do by

prime avoidance. Consider I = (b, b1, . . . , bk). We have N̂(I) = (t)M , where t < s/r.
Since I is finitely generated, it is invertible, hence Ir = (β) for some β ∈ D and

N(β) = rt < s. Thus β divides α, which is a contradiction. Thus the order of C(D)

must be infinite. �

4. Computing class semigroups

An almost Dedekind domain is said to be a sequence domain if it has a countable
number of maximal ideals which are principal with the exception of one non-invertible
maximal ideal. We present an example that relies on the following Theorem 42.5

from [2].

Theorem 4.1. Let D be a Dedekind domain with quotient field K, and let

{Pi}ri=1, {Qi}si=1, and {Ui}ti=1, where r > 1 be three collections of distinct max-

imal ideals of D, each with finite residue field. Then there exists a simple quadratic

extension field K(t) of D with t integral over D and separable over K such that if D

is the integral closure of D in K(t), each Pi is inertial with respect to D, each Qi

ramifies with respect to D, and each Ui decomposes with respect to D.

Example 4.2. Let D = Z(q) for some odd prime q. Let K denote the quotient
field of D. We can split (q) by adjoining t1, which is a root of x2 − p for some

prime p 6= q that is a square modulo q. Let K1 = K[t1]. We have (q) = (q1)(q
′
1),

where (q1) and (q′1) are distinct. We set D1 to be the integral closure of D in K1.

For the remainder of the construction, Di will be the integral closure of D in Ki and
the ti are elements of the algebraic closure of K. Now by Theorem 4.1 we can find t2
such that (q′1) = (q2)(q

′
2) while (q1) remains inert. Now we set D2 to be the integral

closure of D in K2 = K1[t2]. We split (q′2) = (q3)(q
′
3) via another simple quadratic

extension (add t3) while keeping the three other primes inert. We set K3 = K2[t3]

and we set D3 to be the integral closure of D in K3. We continue by induction.
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In Di we have i + 1 maximal ideals, namely (q1), (q2), . . . , (qi) and (q′i). Now we

add ti that splits (q′i) = (qi+1)(q
′
i+1) while keeping the other primes inert. Note that

we can do this because there are only finitely many primes at each step. Now we set

Ki+1 = Ki[ti] and Di+1 to be the integral closure of D in Ki+1. We set Dq =
∞⋃
i=1

Di.

Now Dq is an almost Dedekind domain. Moreover, it is a sequence domain with
non-invertible ideal M∗ = (q′1, q

′
2, q

′
3, . . .). For more on sequence domains see [4].

In order to calculate the ideal class semigroup, we will need to characterize the
set of non-invertible ideals. Theorem 2.1 will serve to make this task easier to un-

derstand. A useful observation is that N(q′i) = (1; 1, 1, . . .)M∗,(qi+1),(qi+2),.... More-
over, Dq is a sequence domain. Since all sequence domains are Bézout (see [4]), we

have that C(Dq) is trivial. Moreover, for all b ∈ Dq, {νM (b) : M ∈ Max(Dq)} is
bounded. Another way of saying this is there exists a w ∈ N such that I 6⊂ (qi)

w for

all i, because otherwise I = (0). We can see this is true by realizing that all b ∈ Dq

appear at some point in the construction. Domains with this property are called

SP -domains. For a characterization of SP -domains, see [5].

Let {ai} = {ai}∞i=1 be a sequence of zeros and ones. That is, ai ∈ {0, 1} for all
i ∈ N. Now the collection of all sequences of this form is uncountable. For each {ai},

let S = {qi : ai = 1} and Sc = {qi : ai = 0}. We make the following definition. We
rewrite S = {s1, s2, . . .}, noting that S may or may not be finite. We denote the

cardinality of S by |S|.

IS =





( q

qs1qs2 . . . qsk

)
, |S| = k,

(qs1qs2 . . . qsk), |Sc| = k,
(
q,

q

qs1
,

q

qs1qs2
,

q

qs1qs2qs3
, . . .

)
, |S| = |Sc| = ∞,

where IS is defined to be a principal ideal if the sequence {ai} converges and IS

is defined to be a non-finitely generated (non-invertible) ideal if the {ai} does not
converge. We should also point out that IS = (q) when S = ∅.

We claim that H = {ISλ
: λ ∈ Λ} ∪M∗ is a generating set for the non-identity

elements of the ideal class semigroup, where Λ is some uncountable index set cor-
responding to the non-convergent sequences of zeros and ones. First note that if

Sλ △ Sγ = (Sλ \ Sγ) ∪ (Sγ \ Sλ) is finite, then ISλ
≡ ISγ

(mod P(D)). Thus we are
not claiming that H is a minimal generating set.

Theorem 4.3. Let I ⊂ Dq be a non-invertible ideal. Then I ≡ I1I2 . . . Ik

(mod P(Dq)) for some I1, I2, . . . , Ik ∈ H . This representation is not unique and

the ideals in the product may not be distinct.
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P r o o f. Let I ⊂ Dq be a non-invertible ideal. Note that if I is only contained

in M∗, then I = (M∗)k for some k ∈ N. If I is contained in only finitely many
ideals, then I = (a)(M∗)k for some k ∈ N and some a ∈ Dq. Thus I ≡ (M∗)k

(mod P(Dq)). Now suppose that I is contained in infinitely many maximal ideals.

Since Dq is an SP -domain, there exists a w ∈ N such that I 6⊂ (qi)
w for all maximal

ideals (qi). We take w to be the smallest such positive integer. For 1 6 k 6 w − 1,

consider Sc
k = {i : I ⊂ (qi)

k}. We now have that I = IS1
IS2

. . . ISw−1
(M∗)r for some

r > 0, where it is understood that (M∗)0 = Dq. If Sc
k or Sk is finite, it corresponds

to a principal ideal. We can reduce the product using the equivalence relation to get
the desired result. �

To aid the understanding of the proof, we give an example for the reader.

Example 4.4. Consider the ideal I with N̂(I) = (5; 4, 1, 2, 3, 1, 2, 3, . . .). The
first entry is the value at M∗. The pattern continues with 1, 2, 3, . . . The first value

(the one right after the semicolon) will be used to demonstrate how principal ideals
can appear in the product. We consider Sc

k for 1 6 k 6 4.

Sc
1 = N, Sc

2 = {1, 3, 4, 6, 7, 9, 10, . . .}, Sc
3 = {1, 4, 7, 10, 13, . . .}, Sc

4 = {1}.

This yields I1 = (q) and I4 = (q1). The noninvertible ideals are

I2 =
(
q,

q

q2
,

q

q2q5
,

q

q2q5q8
, . . .

)
, I3 =

(
q,

q

q2
,

q

q2q3
,

q

q2q3q5
,

q

q2q3q5q6
, . . .

)
.

We can also think about this in terms of our norm.

N̂(I1) = (1; 1, 1, 1, . . .),

N̂(I2) = (1; 1, 0, 1, 1, 0, 1, 1, 0, . . .),

N̂(I3) = (1; 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, . . .),

N̂(I4) = (0; 1, 0, 0, 0, . . .).

Using the fact that N̂(IJ) = N̂(I) + N̂(J), it is fairly easy to see that

I = I1I2I3I4(M
∗)2 ≡ I2I3(M

∗)2 (mod P(Dq))

Remark 4.5. Let I be an ideal and let t be the largest power such that I ⊂ (qi)
t

for infinitely many i. Then I ⊂ (M∗)t. To see this, let b ∈ I. It must be the case

that b ∈ (q′k)
t for all k > n for some n. Thus b ∈ (M∗)t. This explains why the

power on M∗ in our representation can be taken to be non-negative.
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This gives a description of a generating set for S(Dq). The equivalence classes can

be described under the relation Sλ ≡ Sγ if and only if Sλ △ Sγ is finite and the
equivalence classes corresponding to the powers of M∗.
Another interesting property of S(Dq) is that for all nontrivial I ∈ S(Dq), there

exists I ′ ∈ S(Dq) such that II ′ ∼= (M∗)k (mod P(Dq)) for some k > 1. To see this,
write I = IS and I ′ = ISc as before. Now II ′ = (q)(M∗)k.

References

[1] J.Coykendall, R. E.Hasenauer: Factorization in Prüfer domains. Glasg. Math. J. 60
(2018), 401–409. zbl MR doi

[2] R.Gilmer: Multiplicative Ideal Theory. Queen’s Papers in Pure and Applied Mathe-
matics 90. Queen’s University, Kingston, 1992. zbl MR

[3] R.E.Hasenauer: Normsets of almost Dedekind domains and atomicity. J. Commut.
Algebra 8 (2016), 61–75. zbl MR doi

[4] A.Loper: Sequence domains and integer-valued polynomials. J. Pure Appl. Algebra 119
(1997), 185–210. zbl MR doi

[5] B.Olberding: Factorization into radical ideals. Arithmetical Properties of Commutative
Rings and Monoids. Lecture Notes in Pure and Applied Mathematics 241. Chapman &
Hall/CRC, Boca Raton, 2005, pp. 363–377. zbl MR doi

Author’s address: R i c h a r d E rw i n H a s e n a u e r, Northeastern State University,
600 N Grand Ave, Tahlequah, OK 74464, USA, e-mail: hasenaue@nsuok.edu.

900

https://zbmath.org/?q=an:1393.13013
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3784055
http://dx.doi.org/10.1017/S0017089517000179
https://zbmath.org/?q=an:0804.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1204267
https://zbmath.org/?q=an:1343.13010
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3482346
http://dx.doi.org/10.1216/JCA-2016-8-1-61
https://zbmath.org/?q=an:0960.13005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1453219
http://dx.doi.org/10.1016/S0022-4049(96)00025-4
https://zbmath.org/?q=an:1091.13002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2140708
http://dx.doi.org/10.1201/9781420028249.ch25

