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Abstract. Let p be an odd prime. By using the elementary methods we prove that:
(1) if 2 2, p = £3 (mod 8), the Diophantine equation (2% — 1)(p¥ — 1) = 222 has no
positive integer solution except when p = 3 or p is of the form p = 2a(2) + 1, where ag > 1
is an odd positive integer. (2) if 2t z, 2 | y, y # 2,4, then the Diophantine equation
(2% — 1)(p¥ — 1) = 222 has no positive integer solution.
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1. INTRODUCTION TO MAIN RESULTS

In 2000, Szalay in [10] proved that the Diophantine equation (2" —1)(3" — 1) = 22
has no positive integer solution, and Walsh in [13] proved that the Diophantine
equation (2" — 1)(3™ — 1) = z? has no positive integer solution. The Diophantine
equations (a™ —1)(b" —1) = 22 and (a™ — 1)(b™ — 1) = 22 are studied in [3], [4], [5],
[6], [7], [9], [11], [14] and important results are obtained. In this paper, we further
generalize these results by studying the equation

(1.1) (2" = 1)(p¥ — 1) =222, p>0.
We partly solve the situation with 2 { z and the following results are proved:

Theorem 1.1. Let p be an odd prime. When 2 {1 z,p = £3 (mod 8), the Dio-
phantine equation (1.1) has no positive integer solution except that when p = 3 it
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has only positive integer solutions x =1,y =5,z=1Lx=1,y=2,2=2; z =1,
y =1, 2= 1; and when p = 2a3 + 1 it has only the positive integer solution x = 1,
y=1,z=ag with 2{ag > 1.

Theorem 1.2. Let p be an odd prime. When2 1 x, 2 | y, y # 2,4, the Diophantine
equation (1.1) has no positive integer solution.

2. LEMMAS

In order to prove main results in this paper, we first state the following lemmas.

Lemma 2.1 ([12]). The Diophantine equation 2® — 1 = 2y has only the integer
solution (z,y) = (1,0).

Lemma 2.2 ([1]). The Diophantine equation
2P —1 =2y pisaprime, p>3
has only the positive integer solution p =5, x = 3, y = 11.
Lemma 2.3 ([8]). Let D be a non-square number, with the Pell equation
(2.1) =Dy =1, (xz,y)=1, D >0.
Let z > 0, y > 0 be a solution of equation (2.1), and € = o + yo\/D be a fun-
damental solution of equation (2.1). If x |* xo (zo is divisible by every prime factor

of x), then = +yv/D = ¢.

Lemma 2.4 ([2]). The Diophantine equation x* — 2y?> = 1 has only integer solu-
tions x = £1, y = 0.

Lemma 2.5. The Diophantine equation
(2.2) a¥ —1=22% y#2

has only the positive integer solutions a =3,y =5, 2 =11 anda=2a3 + 1,y = 1,
zZ = Q.
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Proof. If 4 | y, from (2.2), we have (a¥/*)* — 222 = 1, by Lemma 2.4, equa-
tion (2.2) has only integer solutions a¥/* = 41, z = 0, which contradicts z > 0,
therefore 4 1 y. If 2 | y, let y = 2y1, then 24 y1. If y; > 1, then there exists an odd
prime p, such that p | y1, let y1 = pyo; then from (2.2), we have

(a?2)P — 1 = 222

If p = 3, from Lemma 2.1, the above equation has only integer solution
(a®2,2) = (1,0), which contradicts z > 0. If p > 3, from Lemma 2.2, the above
equation has only the positive integer solution p = 5, a?¥? = 3, z = 11, which is
obviously impossible. Therefore y; = 1, that is y = 2, which contradicts y # 2.

If 24y, y > 1, then there exists an odd prime p, such that p | y, let y = py; then
from (2.2), we have

(a¥")P — 1 = 222,

If p = 3, from Lemma 2.1, the above equation has only the integer solution
(a¥',z) = (1,0), which contradicts z > 0. If p > 3, from Lemma 2.2, the above
equation has only the positive integer solution p = 5, a¥* = 3, z = 11, and so a = 3,
11 =1, y = py1 = 5, and equation (2.2) has only the positive integer solution a = 3,
y=295, z=11.

If y = 1, then a = 2a3 + 1,z = ag; here equation (2.2) has only positive integer
solution (a,y, z) = (2a3 + 1,1, ap). O

Lemma 2.6 ([2]). The Diophantine equation z* — 2y* = —1 has only the integer
solutions x = +1, y = +1.

Lemma 2.7 ([2]). Let p be an odd prime. If the Diophantine equation 2P +1 = 2y>
has a positive integer solution, then 2p | y is true except that it has the positive
integer solution (xz,y) = (1,1) and when p = 3 it has only positive integer solutions
(z,y) = (1,1),(23,78).

3. PROOF OF THE THEOREMS

Proof of the Theorem 1.1. 'We prove our result in two situations.

(I) The case of 2 1 z. Since 2 { z, therefore 2 t y. In fact, if 2 | y, from (1.1),
we have 222 = 0 (mod 8), then 2 | z, which contradicts 2 { z, therefore 2 { y. If
p = —3 (mod 8), from equation (1.1), we have 222 = (2* — 1)(p — 1) = 4(2% — 1)
(mod 8), and so z? = 2(2% — 1) (mod 4), which contradicts 2t z. If p =3 (mod 8),
from equation (1.1), we have 222 = (2* — 1)(p — 1) = 2(2° — 1) (mod 8), and so
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22 =27 — 1 (mod 4). If x > 2, then 22 = —1 (mod 4), we have a contradiction;

therefore z = 1. Here from equation (1.1), we have
pY —1=222 p=3 (mod 8).

From Lemma 2.5, the above equation has only the positive integer solutions p = 3,
y=5z=1land p=2a2 +1,y =1, 2 = ag, 21 ap; that is equation (1.1) has only
the positive integer solutions p =3, x =1,y =5, 2 =1landp=2a2 + 1,2 = 1,
y=1, z=aop, 21ao.

(II) The case of 2| z. Since 2 | z, therefore 2 | y. In fact, if 2 { y, from (1.1),
we have 222 = (2% — 1)(£3 — 1) (mod 8), and so 22 = 2% — 1, 2(2% — 1) = +1, 2
(mod 4), which contradicts 2 | z; therefore 2 | y. Assume (2% — 1,p¥ — 1) = d, then
from equation (1.1), we have

27 — 1 = ds?,
(3.1) p¥ — 1 = 2dt?,
z = dst,

where (s,t) =1,2¢s, 21d.
From the assumption of 2 { z, again from the first equation in (3.1), we have
2(2(==1/2)2 _ 1 = ds?, and it is converted into

(3.2) (2(2=1D/2)2 4 gs?)2 _ 9q(2=+D/26)2 = 1,
Let the Pell equation be
X?-2dy*=1, (X,Y)=1.

We assume that eoq = T + U v2d is a fundamental solution of the above equa-
tion, then all positive integer solutions of the above equation are X + Y,v2d =
(T + Uv2d)*, k > 0. Therefore from equation (3.2) and second equation in (3.1),
we obtain the simultaneous equations

2(2-1/2)2 4 g2 4 (26+D/25)\/2d = X, + Y,/2d,
py/2+tm:Xl +Yl\/ﬁ

From the second equality in (3.3), if | = 2h, then p¥/?2 = X, = 2X? — 1, and so

(3.3)

(3.4) P2 =2X2 1.

Hence, from (3.4), we have
T
p p p ’
692



which is impossible. Therefore 2 { I. Let I = 2h + 1; then p¥/2 = Xy, ;. Since
X1 | Xopi1, hence T' | p¥/2. Since p is an odd prime, if T = 1, then ¢t = 0, and so
z = 0, it is not positive integer solution. Hence T' > 1, and so T = p™°, Ty > 1.
From Lemma (2.3), the second equality in (3.3) has only the positive integer solution
(p¥/?,t) = (p™,U), and so the second equation in (3.1) has only the positive integer
solution (y,t) = (270, U).

From the first equality in (3.3), it follows that X, is an odd number. Now, if
r = 2h, then X, = 2X? — 1 and 2(*+1/25 = Y, = 2X,,V},, since 2 { Xp, (X3, Y3) = 1,
hence X = by, Yj, = 2-1/2p,, (b1,b2) = 1,21 by. Therefore we have

(3.5) X, =2b — 1.
From the first equation in (3.1), we have
(3.6) ds®* =27 — 1.

From the first equality in (3.3), we have X, = 2(2(*=1/2)24ds? and it is converted

into
(3.7) X, = 2% +ds*.

Plugging equation (3.6) into (3.7), we obtain X, = 2* +2% —1 = 2.2% — 1.
From (3.5),we easily know 2b7 — 1 = 2. 2% — 1, that is b? = 2%, which is impossible.
Hence 21 7.

Since 21 d, if 21Y, then X2 = 2dY?+1=2d+1 =3 (mod 4); this is impossible.
Hence 2 | Y. Therefore U = 2Y%U;, 2t Uy, Uy > 1, and so Y} = U = 2V,
Yy =2X,Y; = pT0 - 2Vo*1y;. Let r = 2h + 1. Since Y; | Y;, hence we have

Y- Y-
(3.8) Yopy1 =2X Yo —Yop_1 = 2X1Y1Yilh —Yop_1 =po- 2U0+1U1Yi1h —Yop_1

= —Yo,_1 (mod 2V0+1),
and
(3.9) Yori1 =Yop 1 =Yap 3=...=Yy =Y, =200y, =2 (mod 2U°+1).
Hence, 2@t1/25 = Yy, = 2Y% (mod 2Y*1), when (z+1)/2 > U, 0 = 2%
(mod 2Y0*1) | this is impossible. Therefore, (z +1)/2 < Uy, and so x < 2Up — 1.
Here, Xop4+1 = 27 + ds? =2°t1 — 1. When h = 0, 2o+l ] = Xopt1 = X1 = pTO,
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since 2 | (x + 1), hence (2@T1/2 4 1)(2=+1)/2 — 1) = pTo. Since (2@+1/2 4 1,
20 +1)/2 _ 1) =1, p is an odd prime, hence we have:

2(;c+1)/2 41 = pTO
(3.10) {

20 +1)/2 _ 1 =1,

From the second equation in (3.10), we have 2(=+1)/2 — 2 and so = 1. From the
first equation in (3.10), we have p’® = 3, and so p = 3, Ty = 1. Here, y = 2T, = 2,
and from (3.1), we have s = d = 1, t = 2, z = dst = 2. Therefore we have the
positive integer solution p=3, x =1,y =2, z = 2.

When h > 0, since = + 1 < 2Up, 2°T! — 1 = X, 41, hence

(311 29c+1 1= ZC To 2h+1— 2t22tU0U2t(2d) = (p2h+l)TO (mod 22U0+1).

Therefore, —1 = (p?"*1)T0 (mod 2**!), when z > 1, -1 = (p*+tH)To =
(£3)T0 = 43, 1 (mod 8), this is impossible. Hence z = 1. Since p > 3, we
have:

(3.12) 3=9%+l_1— Xohi1 = ZC To 2h+1— 2t22tU0U2t(2d) 3TO+C§ >6

which is impossible. O

Proof of the Theorem 1.2.  Since 2 { z, 2 | y, let (2% — 1,p¥ — 1) = d, from
equation (1.1), we know that simultaneous equation (3.1) is true. Hence the proof
methods of Theorem 1.2 with the exception of equations (3.4) and (3.11) are the
same as those of Theorem 1.1 following equation (3.1). The proofs for equations (3.4)
and (3.11) are given below only when p = £1 (mod 8).

Since 2 | y, hence let y = 2¥y;, w > 1, 24y > 0. If y; > 1, then there exists
an odd prime ¢, such that ¢ | y1, and when ¢ = 3, equation (3.4) is converted into
(py/ 6)3 +1 = 2X i, and from Lemma 2.7, it has only the positive integer solutions
(p¥/8, X1,) = (1,1),(23,78), and since p is an odd prime and 2 { X}, this is im-
possible. When ¢ > 3, equation (3.4) is converted into (py/Qq)q +1 = 2X?. Since
(p¥/?9, X},) # (1,1), from Lemma 2.7, we know 2q | X}, which contradicts 2 1 X,,
hence y; = 1. Therefore y = 2%. If w > 3, then equation (3.4) is converted into
(p2 )i = 2X7? = —1, and from Lemma 2.6, it has only the positive integer solution
QDQW3 =1, X}, = 1, which contradicts that p is an odd prime. Hence w < 2. Then
y = 2% = 2,4, which contradicts y # 2, 4.
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From the proof of Theorem 1.1, when p =1 (mod 8), equation (3.11) is obviously
impossible. When p = —1 (mod 8), that is p = 2%v — 1, u > 3, 24 v > 0, we have
p? = (2%v—1)2 =1 (mod 2“*!), and from equation (3.11), we know —1 = (p?'+1)To
(mod 27%1) is true, and when z > u, —1 = (p?"*1)To = plo =1, p=1,2* -1

(mod 2%*+1) are contradictory. Hence < u — 1. From equation (3.11), we have
(313) 211, _ 1 2 2:16-‘1-1 1 —_ ZC T() 2h+1— 2t22tU0U2t(2d) (th—‘,—l)To > p2
= 22%2 —outly 41 > vt g,

which is contradictory. This completes the proof. O
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