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KYBERNETIKA — VOLUME 57 (2021), NUMBER 2, PAGES 352-371

ON THE CONSTRUCTIONS OF T-NORMS AND T-CONORMS
ON SOME SPECIAL CLASSES OF BOUNDED LATTICES

EMEL Agict

Recently, the topic related to the construction of triangular norms and triangular conorms on
bounded lattices using ordinal sums has been extensively studied. In this paper, we introduce
a new ordinal sum construction of triangular norms and triangular conorms on an appropriate
bounded lattice. Also, we give some illustrative examples for clarity. Then, we show that a new
construction method can be generalized by induction to a modified ordinal sum for triangular
norms and triangular conorms on an appropriate bounded lattice, respectively. And we provide
some illustrative examples.
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1. INTRODUCTION

Triangular norms (briefly t-norms) and triangular conorms (briefly t-conorms) were in-
troduced by Schweizer and Sklar [28] in the study of probabilistic metric spaces as a
special kind of associative functions defined on the unit interval [0,1]. Although the
t-norms and t-conorms were strictly defined on the unit interval [0, 1], they were mostly
studied on bounded lattices.

The notion of ordinal sum of semigroups in Cliffords sense [9] was further developed
by Mostert and Shields [22] and later used for introducing new t-norms and conorms on
the unit interval [0, 1], see [20]. Note that there is a minor difference in ordinal sum con-
struction for triangular norms (based on min operator) with those for triangular conorms
(based on max operator). Since Goguen’ s [I7] generalization of the classical fuzzy sets
(with membership values from [0,1]) to L-fuzzy sets (with membership values from a
bounded lattice L), there is a growing interest in t-norms and t-conorms on bounded lat-
tices, in particular in ordinal sum constructions. Saminger [27] focused on ordinal sums
of t-norms acting on some particular bounded lattice which is not necessarily a chain
or an ordinal sum of lattices. Also, she provided necessary and sufficient conditions for
an ordinal sum operation yielding again a t-norm on some bounded lattice whereas the
operation is determined by an arbitrary selection of subintervals as carriers for arbitrary
summand t-norms. Medina [21] presented several necessary and sufficient conditions for
ensuring whether an ordinal sum on a bounded lattice of arbitrary t-norms is a t-norm.
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Recently, ordinal sums of t-norms and t-conorms on bounded lattices have been
studied intensively. In 2015, a modification of ordinal sums of t-norms and t-conorms
resulting to a t-norms and t-conorms on an arbitrary bounded lattice was shown by
Ertugrul, Karacal, Mesiar [16]. Further modifications were proposed by Cayh [111, [13],
Agici, Mesiar [3, 4], Ouyang, Zhang, Baets [23] and Dan, Hu, Qiao [I4]. In 2020,
a new ordinal sum construction of t-norms and t-conorms on bounded lattices based
on interior and closure operators was proposed by Dvotdk, Hol¢apek [I5]. Also, the
proposed method generalized several known constructions and provided a simple tool to
introduce new classes of t-norms and t-conorms.

In this paper, we introduce a new ordinal sum construction of t-norms and t-conorms
on an arbitrary bounded lattice satisfying some constraints for a fixed element a €
L\ {0,1}, by using the existence of t-norms on the sublattice [0, a] and of t-conorms on
the sublattice [a, 1], respectively.

This paper is organized as follows. In Section 2, some basic notions dealing with
bounded lattices and t-norms (t-conorms) on them are recalled. In Section 3, we intro-
duce a new ordinal sum construction of t-norms and t-conorms on an arbitrary bounded
lattice with a fixed element a € L\ {0, 1} based on the existence of a t-norm V acting on
[0,a] and a t-conorm W on [a, 1], respectively, where some additional conditions on its
a € L\ {0,1} are required. We should add these conditions to satisfy commutativity of
t-norms and t-conorms on bounded lattices (see the cases 1.3. and 3.2.1.). In addition,
the role of these conditions is stressed by providing some illustrative examples and then
our constructions yield a t-norm and t-conorm on a bounded lattice in particular cases.
Then, we provide some examples to illustrate that our new construction approaches pre-
sented in this paper are different from the approaches proposed by Ertugrul, Karagal,
Mesiar [I6] and Cayl [I3]. In Section 4, we present our modified ordinal sum construc-
tion in its full generality. And we provide some illustrative examples. Finally, some
concluding remarks are added.

2. PRELIMINARIES

A lattice [II B, B, 10, 12| I8 9] is a partially ordered set (L, <) in which each two
element subset {x,y} has an infimum, denoted as x A y, and a supremum, denoted as
z Vy. A bounded lattice (L, <,0,1) is a lattice that has the bottom and top elements
written as 0 and 1, respectively.

Given a bounded lattice (L, <,0,1) and a,b € L, if a and b are incomparable, in this
case, we use the notation a || b. We denote the set of elements which are incomparable
with a by I,. So I, ={x € L |z || a}.

Given a bounded lattice (L, <,0,1) and a,b € L, a < b, a subinterval [a,b] of L is
defined as

[a, b)) ={x € L|a<z<0b}

Similarly, [a,b) ={z € L |a <z <b}, (a,b] ={z € L |a <z <b}and (a,b) ={z € L|
a <z <b}.
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Definition 2.1. (Asic1 and Karagal [6], Saminger [27]) Let (L, <,0,1) be a bounded
lattice. A triangular norm T (t-norm) is a binary operation on L which is commutative,
associative, increasing with respect to both variables and it satisfies T'(z,1) = z for all
z e L.

Definition 2.2. (Asia1 [2], Saminger [27]) Let (L,<,0,1) be a bounded lattice. A
triangular conorm S (t-conorm) is a binary operation on L which is commutative, as-
sociative, increasing with respect to both variables and it satisfies S(x,0) = z for all
z e L.

Extremal t-norms T and Ty on an arbitrary bounded lattice L are defined as fol-
lows, respectively:
Th (x’ y) =TNY
x Ay ifle{zx,y},
0 otherwise.
Similarly, the t-conorms S\, and Sy on L are defined as follows, respectively:
Sy (.13, y) =xVy
xVy if0e{x,y},
1 otherwise.

Tw(z,y) =

Sw(x,y) =

3. ANEW METHOD FOR ORDINAL SUM CONSTRUCTION OF T-NORMS AND
T-CONORMS ON BOUNDED LATTICES

In this section, we give some illustrative examples to discuss the literature. Then, we list
the construction approaches for t-norms and t-conorms presented by [16] and [I3]. Also,
we construct ordinal sums of t-norms and t-conorms on an arbitrary bounded lattice L
in Theorem and Theorem respectively, where a € L\ {0,1}, V is t-norm on
[0, a] and W is t-conorm on [a, 1], respectively. Also, we give some illustrative examples
for clarity.

The following definition of an ordinal sum of t-norms defined on subintervals of a
bounded lattice (L, <,0,1) has been extracted from [27], which generalizes the methods
given in [20] on subintervals of [0, 1].

Definition 3.1. (Saminger [27]) Let (L,<,0,1) be a bounded lattice and fix some
subinterval [a,b] of L. Let V be a t-norm on [a,b]. Then T : L? — L defined by

Viz,y) if (z,y) € [a,0]?,
TNy otherwise

T~ (x,y) = { (1)

is an ordinal sum (< a,b,V >) of V on L.

Definition 3.2. (Saminger [27]) Let (L,<,0,1) be a bounded lattice and fix some
subinterval [a,b] of L. Let W be a t-conorm on [a, b]. Then S~ : L? — L defined by
W(z,y) if (z,9) € [a, 0],

zVy otherwise

S~ (z,y) = { (2)

is an ordinal sum (< a,b, W >) of W on L.
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However, the operation T™ (resp. S™) given by Formula (resp. Formula ) need
not be a t-norm (resp. t-conorm), in general. Observe that condition ensuring that 7~
(resp. S™) given by () is a t-norm (t-conorm) on L are given in Saminger’s paper
[27]. If L is a chain, then this T~ (S™) is a t-norm (t-conorm) for any [a,b] C L. Now,
we will give an example only for t-norms because of the example can be obtained for
t-conorms from duality.

Example 3.3. Consider the lattice (L; = {0p,,t,a,7,11,},<,0r,,11,) given in Figure
1 and define the t-norm V' : [0, ,a]? — [0, ,a] as follows.

T A ifa € {z,y},
V(x’y){ y {z,y}

0z, otherwise.

Then, using Formula , the operation T on L; given by defined by Table 1 is not
a t-norm.

L

1

1

Fig. 1. The lattice L;.

T~ | 01, t a r 1,
Oz, | O, Or, Op, O, Of
t Oz, Or, t t t
a Oz, t a t a
r | Or, t t T r
1L1 0L1 d a b 1L1

Tab. 1. The operation T on Lj.

Indeed, the operation T does not satisfy associativity, because T"(a,T™(r,t)) =
T>(a,t) =t #0p, =T (t,t) =T~ (T (a,r),t). We obtain that T is not a t-norm on
L.

Theorem 3.4. (Ertugrul et al. [16]) Let (L,<,0,1) be a bounded lattice and a €
L\ {0,1}. If Vp is a t-norm on [a, 1] and Wy is a t-conorm on [0, a], then the functions
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T*:L? - L and S*: L? — L are a t-norm and a t-conorm on L, respectively, where

T Ay ifr=1lory=1,
T (x,y) = Vr(z,y) ifz,y€lal),
xAyAa otherwise.

zVy ifr=00ry=0,
S*(z,y) =< Ws(z,y) ifz,y€(0,d],
zVyVa otherwise.

Theorem 3.5. (Cayl [13]) Let (L, <,0,1) be a bounded lattice and a € L\ {0,1}. If
Vr is a t-norm on [a, 1] and W is a t-conorm on [0, a], then the functions 7** : L? — L
and S** : L2 — L are a t-norm and a t-conorm on L, respectively, where

VT(xvy) lf (:Evy) € [aal)z
" (z,y) = qz Ay 1€ {z,y},
0 otherwise.

Ws(xa y) if (xay) € (0’ a]2 )
S*™(x,y) =< zVy 0 € {z,y},
1 otherwise.

Now, we introduce a new ordinal sum construction of t-norms on an arbitrary bounded
lattice L with some properties related to fixed element a € L\ {0, 1}.

Theorem 3.6. Let (L,<,0,1) be a bounded lattice and a € L\ {0,1}. If z || y for
all z € I, and y € (0,a], and = < y for all z € I, and y € (a, 1], then the function
T : L? — L defined as follows is a t-norm on L, where V is a t-norm on [0, a].

[0,a]* ,

Viz,y) if (z,y) €
y if (z,y) € (a,1] x Io ,
T(x,y) =< if (z,y) € I, x (a,1] ,
0 1f (z,y) € 10,a] x [,UI, x[0,a] ,
T Ay otherwise.

Proof. It is easy to see that T(x,y) = T(y,«) for all z,y € L. So, commutativity of
T is hold. Also, we have T'(z,1) =2 A1 =z for all z € L. So, the fact that 1 € L is a
neutral element of T'.

i) Monotonicity: We prove that if z < y, then T'(z,z) < T(y,2) for all z € L. If
{z,y,2} N{0,1} # 0 the monotonicity follows from the boundary condition of T'. So we
will verify them for {x,y,2} € L\ {0,1}. If (z,2) € [0,a] x I, U I, x [0,a], then it must
be T'(z,2) = 0. So, T(x,2) =0 < T(y,z2) for all y € L. The proof can be split into all
possible cases.
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1. z € (0,d

1.1 y € (0,4
1.1.1. z € (0,d]
T(x,z) =V(z,2) <V(y,2) = T(y,2)
1.1.2. z € (a,1)
T(x,2z) =2 <y=T(y,2)
1.2. y € (a,1)
1.2.1. z € (0,a]
T(LL‘,Z) = V(SU,Z) <z=yANz= T(y,z)
1.2.2. z € (a,1)
T(x,z)=xhNz<yANz=T(y,z)

13. yel,
Since z € (0,a] and y € I, then it holds = || y. So, it can not be the case
y € l,.

2. z € (a,1)
Then, it must be the case that y € (a, 1].
21 ye(al)
21.1. z€ (0,a] or z € I,
T(x,z) =2z="T(y,2)
2.1.2. z € (a,1)
T(x,z)=azhNz<yAz=T(y,z)

3. x€l,
Then, it must be the case that y € I, or y € (a, 1].
31yel,
3.1.1. z € (a,1)
T(x,z) =2 <y=T(y,z)
31.2. z€1,
T(x,z) =zhz<yAz=T(y,z)
3.2. y € (a,l)

321 z€(a,1)
It can be obtained from the constraint of Theorem [3.6] that x < z for
x €1, and z € (a,1).

T(z,z)=x<yNz=T(y,z)

322 zel,
T(x,z) =xNz<z=T(y,z)
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ii) Associativity: We need to prove that T'(z,T(y, z)) = T(T(z,y), z) for all z,y, z €
L. If at least one of x,y,z in L is 0 or 1, then it is obvious. So we will verify them for
{z,y,2z} € L\ {0,1}. Also, if (z,2) € (0,a] x I, UI, x (0,a] and (z,y) € (0,a] x I, U
I, x (0, a], then the equality holds because of both sides are zero. So, the proof is split
into all possible cases.

1. z € (0,q]

1.1 y € (0,4
1.1.1. z € (0,d]

T(x,T(y,2)) =T(x,V(y,2)) =V(2,V(y,2)) = V(V(z,y),2) = T(T(z,y),z2)
1.1.2. z € (a,1)
T(J,‘, T(y7 Z)) = T(.’E,y) = V(x’y) = T(V(.’I}, y)7 Z) = T(T(.’lﬁ,y), Z)

1.2. y e (a,1)

1.2.1. z € (0,d]
T($7 T(ya Z)) = T(CL‘, Z) = T(T($7 y)? Z)

1.2.2. z € (a,1)

T(x,T(y,2)) =T(x,yNz)=z=T(z,2) =TT (z,y), 2)

2. z€(a,1)
2.1 y €(0,d]
2.1.1. z € (0,a]
T(l’, T(ya Z)) = T(‘Tv V(ya Z)) = V(y’ Z) = T(y’ Z) = T(T(xv y)7 Z)
212 z€ (a,1)
T(x,T(y,2)) =T(2,y) =y =T(y,2) =T(T(x,y),2)
2.13. z €1,
T(x,T(y, Z)) = T(ZL’, 0) =0= T(y> Z) = T(T($,y), Z)
2.2. y € (a,1)

22.1. z€ (0,a or z € I,
T(x,T(y,2)) =T(x,2) =z2=T(x Ny, z) =T(T(z,y), )
2.2.2. z € (a,1)
T(z,T(y,2)) =T(x,yNz) =x AyAz=T(xAy,z) =T(T(z,y), )

2.3. yel,
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2.3.1. z € (0,d]

T(x,T(y, Z)) = T(ZU, 0) =0= T(y> Z) = T(T($,y), Z)
23.2. z€(a,1)

T(2,T(y,2)) =T(x,y) =y =T(y,2) = T(T(2,y),2)

233. z€l,
Let yNzel,oryAz=0.

T(x,T(y,2) =T(x,y Nz) =y Az=T(y,2) = T(T(z,y),2)

3. zel,
3.1. y € (a,1)
3.1.1. z € (a,1)
T(x,T(y,2) =T(x,yhz) =2 =T(z,2) =T(T(z,y), 2)
3.1.2. z €1,
T(x,T(y,2)) =T (x,2) =T(T(x,y),z)
32.yel,
3.2.1. z € (0,d]
Let zAyel, orx Ay =0.
T(.’E,T(y, Z)) = T(:L’, 0) =0= T({E ANy, Z) = T(T(mvy)a Z)
3.22. z € (a,1)
Let x Ayel, orx ANy =0.
T(x,T(y,2) =T(x,y) =z Ay =T(z ANy,2) = T(T'(z,y),2)
323. z¢l,
Let yAz €I, and (x Ay € I, or x Ay =0).
T(x,T(y,z) =T(x,yNz) =z AyAz=T(@ Ny, 2) =T(T(2,y),2)
Let yAz=0and (x Ay=0oraxAy€I,).
T(x,T(y,2)) =T(x,yhz)=aryNz=T(xAy,2) =T(T(z,y),2)
So, we have the fact that T is a t-norm on L. O

Remark 3.7. The t-norm 7T introduced in Theorem [3.6] can be alternatively described
as follows:
Viz,y) if (z,y) €
y if (x,y) € (a,1] x I, U[a,1] x [0,4a] ,
T(z,y) =< = if (x,y) € I, x (a,1]U[0,qa] X [a,1] ,
0 if (z,y) €10,a] x I, U, x [0,qa],
T Ay if (z,y) € [a,1]2 U I, x I,.
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Corollary 3.8. If we take V' = T, on [0, a] given in Theorem then we obtain the
following t-norm on L.

y if (z,y) € (a,1] x I ,
T(z.y) x if (z,y) € Iy x (a,1] ,
x? = .
Y=o it (2,y) € [0,a] x I, UT, x [0,d] |

x Ay otherwise.
Example 3.9. Consider the infinite lattice (Ls = {0r,,m,a,71,72, 1,1, 2, k_a,

k_1,ko,k1,ko, - +3,10,},<,0L,,1L,) in Figure 2 satisfies the constraints of Theorem [3.6
(for element a € Ly). Consider the t-norm V : [0r,,a]? — [0L,,a] as follows:

zANy ifae{z,y},
Oz, otherwise.

ILZ
Zkl Y- LI
ke
e

V(x,y) = {

T3

Fig. 2. The lattice Lo.

Then, the function T on Ly defined by Table 2 is a t-norm.

Remark 3.10. Let (L, <,0,1) be a bounded lattice and a € L\ {0,1}. In Theorem
observe that the condition for all z € I, and y € (0, a] it holds z || y can not be omitted,
in general. The following example illustrates the fact that the function T : L? — L
defined by Theorem is not a t-norm.

Example 3.11. The lattice (Ls = {0r,,m,k,a,n,p,q,8,11,},<,01,,11,) in Figure 3
does not satisfy (for a € L3) one of the constraints of Theorem [3.6, That is, there is
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T [0, m a r  rg -1 n o kg ke ko o3 1p,
0z, | 0, Oz, Or, Oz, Or, Oz, Oz, Oz, Or, Oz, Or, Oz, O,
m | O, O, m O, 0z, O, m m m m m m m
a Oz, m a Or, Oz, O, a a a a a a a
ri | Op, Op, Op, 71 9 1T T 1 r1 r1 r1 1
rg | O, Op, Op, 7o T2 1T T T T2 T2 T T2
1|0, O, Op, -1 -1 -1 1 1 1 1 1 1 1
n Oz, m a 1 ro St n n n n n n n
<o | Or, m a 1 To st n 2 n n n n -9
k_i |0, m a 1 T9 o n n k_1 n n n k_1
]{30 0L2 m a 1 T2 ©1 n n n ]{50 n n ko
ki | 0L, m a 1 To e n n n n k1 n k1
o3 | 0L, m a " o 1 n n n n N ey ey
1, | Op, m a 1 T2 1N o ki ke ke -3 1p,

Tab. 2. The t-norm 7" on Ls.

the element m € L3 such that m < k for k € I, and m € (0z,,a). Consider the t-norm
V: [OLma]Q - [OLsaa]a V(l‘,y) =TANY.

Then, the function T on L3 defined by Table 3 is not a t-norm. Indeed, it does not
satisfy monotonicity. Clearly, m < k and T'(m,m) =m £ 0r, = T(k,m).

T | 0, m k a n D q s 1g,
Ory | Oz, Op, Op, Op, Op, Op, Or, Or, O,
m |0, m O, m m m m m m
k |0, O, k O, k k k k k
a |0, m  Or,g a a a a a a
n | Op, m k a n n n n n
p |0, m k a n P n n p
qg |0, m k a n n q n q
s | Op, m k a n n n 5 5
1L3 0L3 m k a n p q S 1L3

Tab. 3. The function T on Ls.

Remark 3.12. Let (L, <,0,1) be a bounded lattice and a € L\ {0,1}. In Theorem
observe that the condition for all z € I, and y € (a,1] it holds < y can not
be omitted, in general. The following example illustrates the fact that the function
T : L? — L defined by Theorem is not a t-norm.

Example 3.13. The lattice (L4 = {0z,,m,k,a,n,p,q,8,11,},<,0r,,1z,) in Figure 4
does not satisfy one of the constraints of Theorem [3.6] Namely, there is the element
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lLa
p q S
n
a k
m
0,

3

Fig. 3. The lattice Ls.

n € Ly such that n || k for k € I, and n € (a,17,). Consider the t-norm V : [0y,,a]? —
[0L,,a] as follows:

zAy ifae{z,y},

Oz, otherwise.

V(x’y) = {

Then, the function T on L, defined by Table 4 is not a t-norm. Again, it does not
satisfy monotonicity. Clearly k < s and T'(k,n) =k £ n=T(s,n).

T |0, m k a n p q s 1g,
0z, | 0z, O, Op, Or, Or, Op, Or, Or, O,
m |0, Oz, O, m m m m m m
k |0z, O, k O, k& k k k k
a |0, m O, a a a a a a
n | 0L, m k a n n n n n
p |0, m k a n P n n P
qg |0, m k a n n q n q
s |0, m k a n n n 5 s
1L4 OL4 m k a n p q S 1L4

Tab. 4. The function T on Lg4.

Remark 3.14. The t-norm defined in Theorem [3.6] satisfies the t-norm defined in Defi-
nition [3.1] since we have constraints on the bounded lattice. Let’s examine the examples
below to explain the differences between the two t-norms.
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1,

4

0,

4

Fig. 4. The lattice Ly4.

Example 3.15. Consider the bounded lattice (L3 = {0r,,m, k,a,n,p,q,8,11.},<,0r5,11;)
in Figure 3 and consider the t-norm V : [01,,a]?> — [0r,,a], V(z,y) =  Ay. According
to the Definition [3:1] the function T defined by Table 5 is a t-norm on Ls.

T~ | Op, k a n D q s 1g,

Or, | Or,g
Or,
Oz,
Oz
Or,
Org
Org
Oz,
1z, | Or,

(=]
=
)

333332 3¢

0z, O,
m

(=)
=
X

0z,
m

0z, 0L,

we" 3 o 3

o
ssssssssfs
>3 >3
@ 2o 292 33
"VWII I >
Q32 3 3 o x3
w »w 3 3 3 e
nRe ™ 3 e 3

Tab. 5. The t-norm 77 on Ls.

On the other side, we proved that the function T defined by Table 3 in Example
is not a t-norm on Lg.

Example 3.16. Consider the bounded lattice (Ly = {0r,,m, k,a,n,p,q,8,11,},<,0r,,1L,)
in Figure 4 and consider the t-norm V : [0r,,a]? — [0r,, a] as follows:

zAy fae{zy},
0z, otherwise.

V(a:,y) - {

According to the Definition [3.1] the function 77 defined by Table 6 is a t-norm on Ly.
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T~ | 0, m k a n D q s g,
0z, | 0z, Oz, Op, Or, Op, Op, Or, Oz, O,
m |0, O, O, m m m m m m
k |0, O, &k Or, O, Oz, Or, k k
a |0, m O, a a a a a a
n |0, m O, a n n n n n
p | 0, m O, a n p n n p
q O, m Op, a n n q n q
s O, m k a n n n s s
1L4 0L4 m k a n p q S 1L4

Tab. 6. The t-norm T on L4.

On the other side, we proved that the function T" defined by Table 4 in Example
is not a t-norm on L.

Remark 3.17. The t-norm defined in Theorem [3.6]is different from the t-norms defined
in Theorem and Theorem proposal by [I6] and [13], respectively. In general
T #T* and T # T**. We show these arguments by an example as follows.

Example 3.18. Consider the lattice (Ls = {0p.,m,k,a,n,p,q,8,11.},<,0r.,11.) in
Figure 5 and consider the t-norms Vr : [a,11,]> — [a,11.] and V : [01,,a]®> — [0L.,d]
as follows:
x A if1p, €{z,y},
VT@:,y)—{ v e e )
a otherwise.
zAy ifae{z,y},
Vi(z,y) = { .
Org otherwise.
Using the construction approaches in Theorem [3.6] Theorem and Theorem
we define the t-norms T', T* and T** by Table 7, Table 8 and Table 9 respectively. Then,

o T # T* since T'(p, k) =k # 01, = T*(p, k).
o T £ T** since T(q,p) =n # a = T**(q,p).

Next, we introduce a new ordinal sum construction of t-conorm on arbitrary bounded
lattice L with some properties related to an element a € L\ {0,1}. We omit the proof
of the next Theorem due to its similarity to the proof of Theorem [3.6

Theorem 3.19. Let (L,<,0,1) be a bounded lattice and a € L\ {0,1}. If = || y for
all z € I, and y € [a,1), and = > y for all z € I, and y € [0,a), then the function
S : L? — L defined as follows is a t-conorm on L, where W is a t-conorm on [a, 1]?.
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1,
p q S
n
a
k
m
0,

5

Fig. 5. The lattice Ls.

T |0, m k a n P q S 1r,
Ory | O, Or, Or, Or, Oz, Or, Or, Oz, Og,
m | 0, O, O, m m m m m m
k | 0L, O, k  Og, k k k k k
a Or m  Op, a a a a a a
n | Op, m k a n n n n n
p | 0, m k a n P n n P
q O, m k a n n q n q
s O, m k a n n n s s
1r, | Or, m k a n p q s 1z,
Tab. 7. The t-norm T on Ls.
W(z,y) if (z,y) € [a,1]?,
y if (z,y) € [0,a) x 1o ,
S(z,y) =< x if (z,y) € I, x [0,a) ,
1 if (z,y) € a,1] x I, UI, X [a,1] ,
xVy otherwise.

The proof of this Theorem is the same as the related proof of Theorem and
therefore omitted. This argument is based on the the fact that exchanging, in original
bounded lattice £ = (L,A,V,07,11), A and V, and Oy, and 1y, i.e., considering £ =
(L,A,V,0p,1) with A =V, V= A, 0 = 1, I, = 0r, we obtain a dual lattice £, in
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T | 0, m k a n P q s 1,
Ory | Oz, Or, Op, Or, Op, Op, Or, Oz, O,
m |0, m O, m m m m m m
k |0y Or, Oz, Or, Op, Oz, Or, Op, &k
a |0, m O, a a a a a a
n |0, m 0y a a a a a n
p | 0, m O, a a a a a D
qg |0, m O, a a a a a q
s Or m  Op, a a a a a S
lr, | O, m k a n P q s 1r,
Tab. 8. The t-norm 7™ on Ls.
T | 0, m k a n p q s g,
Ory | O, Or, Or, Or, O, Oz, Or, Oz, O,
m OL5 OL5 OL5 OL5 OL5 OL5 OL5 OL5 m
k |0z, Ory Or, Oz, Ory, Or, Oz, Or, Kk
a |0, O, Op, «a a a a a a
n |0, Oz, Or, a a a a a n
p | 0L, Op, Op a a a a a D
q Or, Or, Op, a a a a a q
s Or; Oz, Op4 a a a a a s
1y, | 0y m k a n p q s 1p,

Tab. 9. The t-norm 77" on Ls.

this duality, t-norms on £ are linked to t-conorms on £. Also, we omitted the examples
related to t-conorms from this duality.

Remark 3.20. The t-conorm S introduced in Theorem [3.19] can be described alterna-
tively as follows:

W(z,y) if (z,y) € [a,1]*,

Yy if (x,y) €[0,a) x I, U[0,a] x [a,1] ,
S(z,y) =< = if (x,y) € I, x [0,a) U [a,1] X [0,qa] ,

1 if (z,y) € [a,1] x [, U1, X [a,1] ,

xVy if (z,y) €[0,a? U1, x I,.

Corollary 3.21. If we take W = S, on [a, 1]? given in Theorem then we obtain
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the following t-conorm on L.

y if (z,y) € [0,a) x I ,
S, y) = T if (x,y) € I, x [0,a) ,
Y= if (z,y) € [0, 1] x I, UL, x [a,1] |

xVy otherwise.

4. MODIFIED ORDINAL SUM CONSTRUCTION OF T-NORMS AND T-CONORMS
ON BOUNDED LATTICES

In [13,[16], we know that new t-norms and t-conorms on bounded lattices can be obtained
by means of recursion. In this section, based on the approaches of constructing t-norms
and t-conorms proposed in Section 3, we introduce a new ordinal sum construction of
t-norms and t-conorms on an arbitrary bounded lattice L by means of recursion.

First, we introduce a new ordinal sum construction of t-norms and t-conorms on an
arbitrary bounded lattice L by means of recursion in Theorem and Theorem

Theorem 4.1. Let (L, <,0,1) be a bounded lattice and {ag, a1, a2, - ,a,} be a finite
chain in L such that 0 = ap < a1 < as < --- < a, =1. Let z || y for all z € I,, and
y € (0,a;], and @ < y for all z € I,, and y € (a;, 1], and V : [0,a1]> — [0,a1] be a
t-norm. Then, the function T}, : L? — L defined as follows is a t-norm, where T} = V/

and for i € {2,---,n}, the function T} : [0, a;]?> — [0, a;] is given by
Ti_1(z,y) if (z,y) €[0,a;1]%,
Y if (x,y) € (ai—1,a;] X Io,_, ,
Ti(z,y) =< = if (x,y) € Io,_, X (a;i—1,a;] , (3)
0 if (x,y) €0,a;-1] X I, , Ul,,_, x[0,a;—1] ,
TNy otherwise.

Proof. The proof follows easily from Theorem [3.6] by induction and therefore it is
omitted. g

It should be pointed out that if L is a chain then the Formula , can be reformulated
into
T%—l z,y if T,y) € Ova‘i—l 2 3
TNy otherwise.

Example 4.2. Consider the lattice (Lg = {0r,,d,m,b, ¢, k,t, 11, }, <,0L,, 11,) described
in Figure 6 with the finite chain Or,, < d <m < k <t <1, in Ls and define the t-norm
V 1 [0L,,d)?> — [OLg,d] by V = Tx. By using Theorem where V = Tj, t-norms
T : [OLG,’ITLP — [0L67m], T3 : [OLG,k]Q — [OLG,/C], Ty : [OLG,t]Q — [OLG,t], Ts : L62 — Lg
are defined in Tables 10-13.
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0,

&

Fig. 6. The lattice Ls.

T2 0L6 d m

OL(; OLG OLG OLG
d |0, d d
m | Oy, d m

Tab. 10. The t-norm 75 on Lg.

T3 OLG d m b C k/’
0z, | Oz, Oz, Oz, 0Oz, Oz, Oz,
d |0, d d Oy, Op, d
m OLG d m 0L6 OLg m
b |0, On, O,, b b b
C OLG OLG OLG b C C
k Org d m b c k

Tab. 11. The t-norm 75 on Lg.

Theorem 4.3. Let (L, <,0,1) be a bounded lattice and {ag, a1, as,...,a,} be a finite
chain in L such that 1 = ag > a; > ag > --- > a, = 0. Let « || y for all x € I, and
y € [ai,1), and x > y for all x € I,, and y € [0,a;), and W : [a1,1]* — [a1,1] be a
t-conorm. Then, the function S, : L? — L defined recursively as follows is a t-conorm,
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T, | Op, d m b c
Ors Ors Ors Org Ofrg
Org d d Or, O,
OLG d m OLG OLG
Ors Ors Opg b
Or, Ors Org b

O, d m b c
O, d m b c

~ |
~

=)
)
(e}
=
=

o
+ o o3 Aar
SIS Y
> o o3
+ ™o o3

Tab. 12. The t-norm 74 on Lg.

T5 OLG d m b Cc k t 1L6
O | Ong Org Org Oy Oy Ors Ong Ogg
d |0, d d O, 0Oz, d d d
m | Or, d m O, O, m m m
b |0, Oy Or, b b b b b
¢ | Oy Ors Org b c c c c
k |0, d m b c k k k
t |0, d m b c k t t
1rs | Org d m b c k t 1r,

Tab. 13. The t-norm 75 on Lg.

where S; = W and for i € {2,...,n}, the function S; : [a;,1]? — [a;, 1] is given by

Si_1(x,y) if (w,y) € [a;_1,1]?,
Yy if (x,y) € lai,ai—1) X Io,_, ,
Si(z,y) =< = if (x,y) € I, X [ai,ai-1) , (4)
1 if (x,y) € [ai—1,1] X I, , Ul , X [a;—1,1],
zVy otherwise.

It should be pointed out that if L is a chain then the Formula , can be reformulated
into
Sifl(xvy) if (m,y) € [ai71a1]2 )
zVy otherwise.

We omitted the examples with related to t-conorms from duality.

5. CONCLUDING REMARKS

We have introduced a new construction method for building t-norms and t-conorms
on an arbitrary bounded lattice with some constraints. Based on this ordinal sum
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method, we have introduced a new class of t-norms 7" and t-conorms .S on an arbitrary
relevant bounded lattice, by using the existence of a t-norm V on a sublattice [0, a] and
a t-conorm W on a sublattice [a, 1], respectively. In order to better understand the
introduced t-norms T and t-conorms S, we have given some illustrative examples. Also,
we have shown that our new construction methods for t-norms 7" and t-conorms S can
be generalized by induction to a modified ordinal sum for t-norms and t-conorms on
relevant bounded lattice, respectively. Again, we have given some illustrative examples.
Our methods allow to construct of t-norms and t-conorms with the unitary subsets
of [0,1] playing the role of its identity in the bounded lattices frequently considered in
several branches of uncertainty modeling and information systems such as group decision
making problems [26] and computing with words [24 25], including set-valued fuzzy sets,
hesitant fuzzy sets and typical hesitant fuzzy sets 7], 29].
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