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A note on the height of the third Stiefel-Whitney class of the

canonical vector bundles over some Grassmann manifolds

LuboviT BALKO

Abstract. We compute the height of the third Stiefel-Whitney characteristic class
of the canonical bundles over some infinite classes of Grassmann manifolds of five
dimensional vector subspaces of real vector spaces.
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Classification: 57TN65, 57R20

1. Introduction and results

Let X be a topological space. The height of a cohomology class x € H *(X;R)

is defined as
ht(z) = sup{n € Z: 2™ # 0}.

The knowledge of the height of the first and second Stiefel-Whitney classes of
the canonical vector bundle over a real Grassmann manifold Gy (R"*) was used
to compute the cup-length of the Grassmann manifold (see R.E. Stong [4] and
S. Dutta and S.S. Khare [2]), the cup-length (for a topological space X) being
defined as

cupg, (X) =sup{r: 3z1,..., 2, € H*(X;Zy) 521 U-- Uz, #0}.

This work expands the known results about the height of the third Stiefel—
Whitney class of the canonical bundle over the Grassmann manifold G4(R"*4),
denoted ws, which was computed in [1, Table 1].

In Section 3 we prove

Theorem 1.1. Let s > 4. The height of ws in H*(G5(R"°); Zy) is

25, if n+5=2%+3,
2543, if n+5=2"+4,
2546, if n+5=2°+5,
2647, f n+5=2°+1t t=6,7,8.

ht(’wg) =
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Although this is only a partial result, in the near future we plan to expand
this result and find values of the height of the third Stiefel-Whitney class of the
canonical bundle of G5(R") for all n. Using the height, we expect to find the
cup-length of further classes of Grassmann manifolds.

The obtained results are computed using the method developed by R. E. Stong
in [4] which we describe in the following section.

2. Method of computation

In his work [4], R.E. Stong introduced a method for convenient computation
in the cohomology ring of the Grassmann manifold Gy (R"+¥), the space of all
k-dimensional subspaces of R*%

H*(GL(R™F): Zo) = Zop[wn, . .., wy, @1, ..., Wy]/{w @ =1},

where w; and w; are Stiefel-Whitney classes of the canonical k-plane bundle
over the Grassmann manifold and the dual Stiefel-Whitney classes, respectively.
Similarly, w and w are total Stiefel-Whitney classes of the canonical k-plane
bundle over the Grassmann manifold and its dual, respectively.

The total real flag manifold Flag(R™) is a space consisting of ordered m-tuples
(Vi,...,Vy) of mutually orthogonal one-dimensional vector subspaces V; C R™.
There are m canonical line bundles [1,...,1,, over Flag(R™). The total space
of I; consists of ordered pairs ((Vi,...,Vn),v;), where (V4,...,V,,) € Flag(R™)
and v; € V;. The cohomology of total flag manifold is

m

H*(Flag(R™); Z2) = Zg[el,...,em]/{ H(l +e;) = 1},

i=1

where e; = w1 (I;) is the first Stiefel-Whitney class of the canonical line bundle ;.
The map 7: Flag(R"™*) — G (R"**) given by (Vi,...,Vpyx) = V1 @ Vo @
-+ @V} induces injective homomorphism on cohomology,

7 H*(Ge(R"*); Z2) — H* (Flag(R™F); Zo).

Moreover
k n+k
T (w) :H(l—i—ei), (W) = H (1+e;).
i=1 i=k+1

Details can be found in [4].
The actual computation in the cohomology ring of Grassmann manifold is
based on the following observations.
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Proposition 2.1 ([4, Observation, page 106]). The value of the class u €
H*(Gr(R"%); Zs3) on the fundamental class of Gi(R"**) is the same as the

value of
( )ellc 1612€ 2, .. ekflez_;lle;:_;g C k1
on the fundamental class of Flag(R"*%).

Proposition 2.2 ([4, Corollary, page 106]). The nonzero monomials in
H'"°P(Flag(R™); Zy) are precisely those of the form

1 2 —i 0
177”(1) ZL(2) o e;rb(i)l e ea(nb)?
where o Is any permutation of the elements of the set {1,2,...,m}.

3. Proof of Theorem 1.1
The image of wz by ©* in H*(Flag(R"?); Zy) is the sum

T (ws3) = Z €p€qCr.

1<p<qg<r<5s

Case 1. Let n+5=2°+4+ 3, n > 4 and consider the product

. s 9o oo
7 (w3 )eleSeses - M = ( g 612) 63 e? )61626364 M,

1<p<q<r<5s

where M = 6%373 ---e9syo. It is easy to see that all but one of the monomials
in the product contain exponents greater or equal to 2° 4+ 3 and such monomials
will necessarily contribute as zero by Proposition 2.2. The only possibly nonzero

monomial in the product is 6%6263 +2€i 2" M. To get this monomial into the

form from Proposition 2.2, we need to mu1t1p1y it with e1 563 S or e? 76639 4

It can be readily verified that the image 7 (w%wg ~5) contains only the latter of
the two and we have

7 (w3 wiw? ~%)eledeles - M # 0.
This proves that the height of ws is at least 2° and we immediately have

(w2 Har)etedeles - M =0

for any class = such that w2 +1

implies that w2 g = 0 for any class x such that w;
and by duality [3, Theorem 11.10] w2 ™' = 0.
Case 2: Let n+5=2°4+4,n>4 and M = eé ~2...e9:43. Computing

x is in the top dimension. The Proposition 2.1 then
2+12 is in the top dimension

(wh *P)eledefes = m (W] )mt (wh)m" (ws)eie3edes,
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we are left with only the following three classes with a chance to be nonzero:

6{6263 +Se2 +1 2+2 64116263 +2€2 +1 2+3 64116263 +2€2 +3 2+1

s _ . .
Consider now the class w%wQ ~8. The image *(wiw3 ~®) contains the monomial

e278¢2"=6 and this is the only monomial in 7* (w?w? ~%) such that

(w2 FBwwd "Seledele, - M
is nonzero in the top dimension.
There is at least one exponent greater or equal to 2° 4+ 4 in each monomial of
the product

*(wi Hetefedes = m* (wi )n* (w5)elesedes

_ 2° 2° 2° 4.4 4 2°
= ( g e, €y ¢ >< g epeqer>7r (w3 ).

1<p<q<r<s 1<p<q<r<s

It follows that 7 (w2 *z)etedees - M = 0 for any = such that w2 2 is in the

top dimension. Usmg Proposition 2.1 and duality [3, Theorem 11.10] as in the

first case gives w3 "t = 0.

Case 3: Let n+5 = 2°+5, n > 4. Multiplying
w(wy T0) = 7" (wd )t (w3)n* (w]),
we find that the only surviving monomial is

10 9 2542 2+3 2+4
€1 €2€3

In a way similar to previous cases, we find that for the class w%wgtw the value

s_ .
of 7 (wg o202 10V edeBeZe, - M, with M = eé L. ese 44, is nonzero and that

T (wy P+ 2)etededes - M = 0 for any x with w? 7z in maximal dimension. Then

wg +7 = 0 by Proposition 2.1 and duality [3, Theorem 11.10].
Case 4: An easy computation similar to the computations above shows that

w¥*® =0 in Gs(R”+5) for n+5 = 2°+8. Let n+5 = 2°+6. The possibly nonzero
*(ws z +7)ele§e3e4 can be divided into classes according the expo-

nents at eq,...,es, see Table 1. For example, the monomial 62 +4€%O€g€2 e 2 +3

monomials in 7

belongs to the monomial class B.
We say that a monomial p in ej,...,e5 is complementary to a monomial
class X, if for some monomial ¢ € X the monomial ¢ - p contains all mutu-

ally different exponents from the set {2° +1,2% 42,25+ 3,2°+4,2° +5}. For the

o g o5

case of the monomial class B, the complementary monomials are ef 8@? 8 and
257 29

e; el .
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. s __ s—1__ .
We consider now the class w? ~*w? 6. There are only even exponents in
s_ s—1__ .
monomials of 7 (w? ~*w? %) 50 all the complementary monomials for all of the

s s_ s—1_
monomial classes of m*(w3 T7)efede3es that are monomials of 7*(w] ~*wi %)

are reduced to a set of monomials given in ’Significant complementary monomials’
column in the Table 1.

Monomial class No. Significant compl. monomials
A=1{811,2°+3,2°+4,2°+5) 9 el fe2 10

B =1{9,10,2° +3,2° +4,2° + 5} 10 ef B8

C ={9,11,2° +2,2° +4,2° + 5} e} e 8

D ={9,11,2° +3,2° + 3,2° + 5}

E=1{9,11,2° + 3,2° +4,2° + 4}

F={10,11,2° +1,2° + 4,2° + 5} eF B2 T8, 282 102

p J
256 _2°-10 _2°-8 2°-10 2
i €; ) € g k

G ={10,11,2° +2,2° + 3,2° + 5}
H ={10,10,2° + 3,2° +3,2° + 5}
T =1{10,11,2° +2,2° + 4,25 + 4}
J ={10,10,2° +2,2° +4,2° + 5}
K ={10,11,2° 4+ 3,2° + 3,2° + 4}
L =1{10,10,2° 4 3,2° + 4,2° + 4}

e

258 2510 2
i €;

== W NN W W W ke O

TABLE 1. List of all monomial classes of m*(w3 ™" )efedeles

with exponents from a given set with number of monomials
in a class and significant complementary monomials from

m* (wfsizlwgkl 76).

We now investigate the remaining significant complementary monomials. In the
. s_ s_ s—1 ogs—1_ s—1_ s—1_
monomial class A we have e? ~%¢? 710 = ¢2 2 1e2 6e2 6. The part

" €] ; 3 e; J
25*176625*176
; =

8717 . . . .
comes from 7* (w3 %) with nonzero coefficient. The remaining
part e

(&

gs—1 9s—1_4

2% —
[ 6]

) with coefficient

2% -4 2% —4
(23—1 > = <25_1_4) =1 mod 2.

s_ s_ .
Similar argument for ¢ 22 ~® gives
i J

comes from 7*(w

28 258 _ 2571l_9 9s71l_9 9s—l_g 9571l g
e; €; =e¢; €; ; €;

. . 2571_9 9s—1_9 254\ _ - s/, 25—4
with coefficient at e; €; equal to (,o 7 7%,) =0 in 7*(wj 7).
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2°—-8 2°—10_2

The last of the complementary monomial is e; ~"€; ej, and it can be written
as
28=1t_g 9s=1l_9 9s=l_g o9s=l_g 9 9
€; ej 7 €j e;ex
or
2°71 2971_gq 29718 2°71_8 2 2
e; € ; e; €; €.
Factors €2 ~%¢2 8¢2e2 and 2 8e2” ~8¢2¢2 come from ﬂ'*(w237176)
i j i Ok i j i Ok 2 =
s/ 25718\ L/ o .. . w(, 2°5—4
™ (w; )7* (w3) and the remaining factors in 7*(wj ") were addressed above.

From that we conclude that there are odd number of nonzero monomials in
" (w§S+7’w3574w357176)6%6%6%64 - M with M = €% ---eg: 45, namely, 9 from the
class A, 3 from the class F', 2 times 3 from the class G and 1 from the class K.
Therefore w§s+7 is nonzero in G (RQS%) and we proved that the height of wj in
G5(R?"*0) is 2°4-7. Due to the fact that the height is nondecreasing as a function

of n, the height of w3 in G5(R™"5) for n = 6,7, 8 is also 2° + 7.
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