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Abstract. In this paper, we are concerned with the existence of traveling waves in a class
of delayed higher dimensional lattice differential systems with competitive interactions. Due
to the lack of quasimonotonicity for reaction terms, we use the cross iterative and Schauder’s
fixed-point theorem to prove the existence of traveling wave solutions. We apply our results
to delayed higher-dimensional lattice reaction-diffusion competitive system.
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1. INTRODUCTION

We are concerned with the existence of traveling waves of n dimensional spatially

discrete delayed systems

du,(t
%() = d1(Ang1(u1))n(t) + fr((uin)e, (uzy)e),
1.1
( ) d’u,gn(t) -
—ar dz(AnQQ(UQ))n(t) + fz((uln)u (U'277)t)7
where ¢t > 0, di,d2 > 0, (Angi(w))y, = > gi(we) — 2ng;(wy), n € I,
|§—n|=1,¢e2m
n € 7%, |-| is the Euclidean norm in R™, 7 > 0 is the maximal delay involved
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in (1.1), gi: R = R, fi: C([-7,0;R) = R, i = 1,2, (wy): € C([-7,0]; R) with

(wn)¢(0) = wy(t + 6) for § € [—7,0], and the following conditions hold:

(P1) fi(0) = fi(K) = 0, where 0 = (0,0), K = (k1,k2) are constant functions,
ki >0,i=1,2;

(P2) there exists L; > 0 such that

|fi(@1) = fi(@2)] < Lif| @1 — P2

for ®; = (9011‘79021‘) € C([—’T, 0],R2) with 0 < p1i < Ml, 0 < P2 < M5 on
[~7,0], M; > k;, ||-|| is the supremum norm in C([—7,0],R?), i =1,2;
(P3) g;: [0,M;] — R, i =1,2, is Lipschitz continuous and increasing.
We are interested in the traveling waves of (1.1) with nonlinear types (WQM) and
(WQM*), see Section 2.
Two typical examples are delayed lattice diffusion-competition systems with two

species:
d t
WTZ() = dl(Anul)n + Tluln[l —a1Uyy — blu2n(t _ 7_1)],
(1.2) Qo (1)
u
% = dQ(AnUQ)n + T2u2n[1 — b2U1n(t — ’7'2) — a2u27}]7
and
d t
MTZ() = dl(Anul)’r] + rlulr][l — aluln(t — 7'1) — b1u2n(t _ ,7_2)]’
(1.3)
d t
UQT’;() = dz(Anuz)W + rqun[l — bzuu](t —3) — angn(t — ),

where 7;,a;,0; >0,i=1,2,7; >0, =1,2,3,4.

Now we recall some conclusions about the traveling waves of different dimensional
lattice equations with or without delays. In past few years, great progress has been
made in the traveling wave solutions for a single equation, see [1], [2], [3], [4], [5],
[6], 8], [10], [11], [16], [17], [18], [25], [20], [21], [22], [24], [26], [27], [29] for 1 or 2
dimensional lattices and [19], [23], [28] for higher dimensional lattices. Recently,
many authors also paid their attention to the traveling waves for systems with two
equations. For example, for n = 1, Huang, Lu and Ruan [9] investigated the existence
of traveling waves of (1.1) with g; = g» and partial monotonicity; Li and Li [13]
studied the existence of traveling wave solutions of competition-cooperation system
as well as asymptotic behavior; Lin and Li [15] investigated the traveling waves of a
class of systems including (1.2) and (1.3), which is not applied to higher dimensional
lattice systems; Guo et al. [7] and Li et al. [12], respectively, studied the existence,
asymptotic behavior and uniqueness of invasive waves for systems (1.2) and (1.3)
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without delays and with delays. The continuous systems (1.2) and (1.3) with n =1
were also studied by Li et al. [14]. The above existence results of traveling wave
solutions depended on the existence of upper and lower solutions. However, the
existence of traveling wave solutions for higher dimensional lattice systems (1.2)
and (1.3) remains open.

Inspired by the method in [9], [10], [14], [15], we adopt Schauder’s fixed-point
theorem and upper and lower solutions technique to obtain the existence of traveling
waves of (1.1) connecting 0 with K. We required that the weak upper solution
is larger than coexistence equilibrium and is not necessarily monotone, which can
be constructed easier. As applications, we will study the traveling waves of (1.2)
and (1.3).

The rest of this paper is organized as follows. Some notations and preliminaries
are given in Section 2. In Sections 3 and 4, we prove the existence of traveling waves
for the cases (WQM) and (WQM*), respectively. In Section 5, our conclusions are
applied to (1.2) and (1.3).

2. EXISTENCE

We first give some notations in R?. For x = (z1,22) and y = (y1,¥2), * < y is
defined by ; < y;, 1 =1,2, and x < y is defined by z < y but = # y, © < y is defined
by <y but z; # y;, i = 1,2. When z < y, denote (z,y] = {u € R?; z < u <y},
[z,y) ={u e R*; e <u<y}, [z,y] = {ueR? v <u<y}

Definition 2.1. The traveling wave solution of (1.1) has the form uy,(t) =
w1(0 -+ ct), ugy(t) = p2(o - n + ct), where ¢1(£oo) and @a(£oo) both exist,
o = (01,02,...,0,) € R™ with |o] = 1, the wave speed ¢ > 0, the wave profile
(¢1,02) € CH(R,R?).

Substituting w;,(t) = ¢i(0 - n + ct) into (1.1) and denoting ¢;(8) = ;(t + 6),
i =1,2, and o-n+ct by ¢, our problem reduces to the existence of solution of system

e (t) = dilgr (1 (t + ox)) = 2g1(1(1) + g1(p1(t — or)] + 5 (P11, p21),

(2.1) o

cph(t) = Z dag2(p2(t + o)) — 292(p2(t)) + g2(2(t — %)) + 5 (011, P2¢)
with
(2.2) tiirfnoo(QPI (t), p2(t)) =0, ti%lo(wl (), p2(t)) = K,
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where fic(5017¢2) = fi(¢ia 905)7 (90{1:(9)7905(9)) = (501(09)’ 502(09))7 AS [_Ta 0]7 i=1,2.
Denote
Crom) (R, R?) = {(1,02) € C(R,R?); 0 < (p1(t), p2(t)) <M, t € R},

where M = (]\417 Mg)
The reaction terms f = (f1, f2) satisfy weak quasimonotone condition:
(WQM) there exist 3; > 0 such that

f1(e1(0),92(0)) — f1(11(6), p2(0)) + Bile1(0) — 11(0)]
> 2ndi[g1(¢1(0)) — g1(¥1(0))],
f1(p1(0), 92(0)) — f1(e1(0),92(0)) <O
f2(01(8), p2(0)) — f2(1(0), ¥2(8)) + B2[p2(0) — 12(0)]
> 2nds[g2(p2(0)) — g2(12(0))],
f2(e1(0),02(0)) — fa(11(6), p2(0)) <O
for vi(0),v;(0) € C(]—cr,0,R), i = 1,2, with 0 < (¢1(0),v=2(0)) <
(p1(0),p2(0)) < M for 6 € [—cT,0],
or weak nonquasimonotone condition:

(WQM™*) there exist ; > 0 such that

f1(e1(0),92(0)) — f1(11(6), p2(0)) + Bile1(0) — 11(0)]
> 2nd [91(¢1(0)) — g1(11(0))],
f1(p1(0), 92(0)) — fi(e1(0),92(0)) <O
f2(01(8), p2(0)) — f2(1(0), ¥2(8)) + B2[p2(0) — 12(0)]
2 2ndz[g2(p2(0)) — g2(12(0))],
f2(e1(0),02(0)) — fa(11(6), p2(0)) <O
for ¢i(0),¢:(0) € C([—c7,0,R), i = 1,2, with (i) 0 < (¢1(0 ) 1/12(9))
(#1(8),92(6)) < M for 6 € [—c7,0], and (i) ¢%/¢[p1(0) — ¢1(0)] a
eP20/¢[05(0) — 1p5(0)] are nondecreasing in 6 € [—cr,0].
Define H = (Hy, Hy): Cloam(R, R2) = C(R, R2) by
Hy (o1, 2)(t) = fi(p1e, p2i) + Brepa (t)

n

+di Z[Ql(@l(ﬁ +0k)) = 291(¢1(1)) + g1(p1(t — or))],

Ha(p1,02)(t) = f3(p1t, p2t) + Bagpa(t)

n

+ d2 Z[gz(wz(t +0k)) — 292(p2(t)) + g2(2(t — o))
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Then (2.1) becomes

23) {w’l = —B1p1 + Hi(p1, 92),

cph = —Pape + Ha(p1, ¢2).

From (2.3), we can define F' = (Fy, F2): Ciom(R, R?) — C(R,R?) by

1 4 b e ‘
Fi(%,soz)(t):ge’ﬁ’t/c/ M Hi (1, 02)(s)ds, i=1,2.

It is clear that ' is well defined. Furthermore, if (¢1,%2) € Clom(R, R?), then it
solves equations

(2.4) c(Fi(p1,92)) (t) = =BiFi(p1, 02)(t) + Hi(o1, p2)(t), i=1,2.

Then it is easy to see that a fixed point of (2.4) solves (2.3).
Let (B, (R, R?),|-|,) be a Banach space of continuous vector valued function from R
to R?, where the norm ||, is defined by

ol = sup lo(€) e and  B,(R,R?) = {0 € C(R,R?); sup o(&)]e™*l < oo}
£ER £eR

for v € (0, min{ B /c, B2/c}).

3. THE CcASE (WQM)

We first show that f = (f1, f2) satisfies (WQM).

Definition 3.1. The continuous functions ® = (;,5,), & = (¢, 0,) €

C(R,R?) is called an upper (a lower) solution of (2.1) provided that they satisfy
respectively

Fi(t) 2 d Y [9:1@1(E+ 0n) = 20@a (1) + 1@t = on))]

+flc(¢1t7£2t) in R)

> do Z 92(Po(t + ok)) — 292(P2(t)) + 92(Po(t — o%))]

+f26(£1t7¢2t) in [Ra
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and

[91(¢, (t +0%)) — 291(, (t)) + g1 (0, (t — o%))]

NE

e (t) < di

<.
Il
_

+ flc(flt7¢2t) in [Ra

3

ey (1) S d2 ) _lg2(g,(t + 0k)) = 202, (1)) + g2(2, (t — ow))]

<.
I
-

+ 5@ 0,,) nR.

We assume that ® = (p;,P,) and ® = (¢, ¢,) of (2.1) satisfy

(A1) 0 < @(t) < ®(t) <M, t € R;
(A2) tl}r_noo o(t) =0, tliglo D(t) = tli{&q)(t) — K.

By the definition of H, the following conclusion holds.
Lemma 3.1. If (P1)—(P3) and (WQM) are satisfied, then

Hi(1, 02)(t) < Hi(p1,92)(t),  Ha(pr,92)(t) < Ha(v1, 2) (1),

furthermore,

Fi(¥1,02)(t) < Fi(p1,¥2)(t),  Fa(pr,v2)(t) < Fa(i1, p2)(t)

for t € R if (1, ¢2), (¥1,%2) € Clo (R, R?) with

0 < (¢1(t), P2(t)) < (1(h), (1)) <M

fort e R,i=1,2.

Proof. From (P3) and (WQM), for all t € R we have

Hi(p1,92)(t) — H1(¥1,92)(t) = 2ndi[g1(p1(t) — 91(¥1(2))]
+di Y {lgiler(t+ o) — g1 (1t + ox)] = 2[g1 (01 (1) — g1 (1 ()]

=1
+91(p1(t — ok)) — g1 (b1 (t — o%))]} = 0.

The inequality for Hs is obtained by using a similar argument. We also obtain related
properties by the relation between F' and H. The proof is completed. O
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Let
I'(®,®) = {® € Clom (R, R?); &(t) < () < B(t), t € R}
Obviously, I'(®, ®) is nonempty since ®, ® € I'(®, ®) by (A1) and (A2).
The following lemma can be proved by using a similar proof of Lemma 3.3 in [15].

Lemma 3.2. If (P1)—(P3) and (WQM) are satisfied, then F' is continuous accord-
ing to the norm |-|, in B, (R, R?).

Lemma 3.3. If (P1)~(P3) and (WQM) are satisfied, then F(I'(®, ®)) C T'(®, ®).
Proof. When (¢1,92) € T(®, ®), it easily follows from Lemma 3.1 that

Fi(p,, @) < Fi(p1,02) < Fi(P1,9,),  F2(P1,9,) < Falp1, 92) < Fa(p,, Ps).

It is enough to show

0, SE(p,P) S Fi(@1,9,) <81, @, < F2(P1,0,) < Fa(p,,82) < Py,

which hold by using a similar argument in Lemma 3.5 of [15]. The proof is completed.
O

Modifying slightly those arguments in Lemma 3.5 of [10] and Lemma 3.7 of [9],
the following conclusion holds.

Lemma 3.4. If (P1)~(P3) and (WQM) are satisfied, then F': T'(®,®) — I'(®, D)

is compact according to the norm [-|,.

Theorem 3.1. If (P1)—(P3) and (WQM) are satisfied and (2.1) has a pair of
upper solution ® and lower solution ® in Cro,m (R, R?) satisfying (A1) and (A2),
then (2.1) and (2.2) have a solution.

Proof. The existence of solution (¢%,¢5) € I'(®,®) is easily obtained from
Schauder’s fixed-point theorem. From (A1), 0 < ®(¢) < (95 (1), v5(t)) < ®(t) < M.
The asymptotic boundary conditions are obvious by (Al) and (A2). The proof is
completed. O

Remark 3.1. Motivated by the results in [9], [10], [15], the upper and lower
solutions defined by Definition 3.1 do not require the smoothness at all points. We
only assume that (3.1) and (3.2) are satisfied except for the finite point set because
of the continuity of ®(¢) and ®(¢). Then Theorem 3.1 is still valid. We call such
upper and lower solutions weak upper and lower solutions.
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4. THE cAsE (WQM*)

Now we study that f = (f1, f2) satisfies (WQM™*).
We give another condition on ®(t) and ®(¢) € C(R, R?) besides (A1) and (A2).

(A3) ePit/<[5,(t) — #,(t)] is nondecreasing in ¢t € R, i = 1,2.

Let
(i) 2(t) < (t) < B(t), t R,
o = P = (¢1,92) € Ciom) (R, R?); (ii) 2[5, (t) — pi(t)],
@)= 0 Hefgy(1) — g, (0], i = 1.2,

are nondecreasing in t € R,

If ® and ® € I'* by (A1)-(A3), then they belong to I'*.
The following two lemmas are very similar to Lemmas 3.1 and 3.2.

Lemma 4.1. If (P1)~(P3) and (WQM*) are satisfied, then
Hy (11, 02)(t) < Hipr,902)(1),  Ha(pr,92)(t) < Ha(1, 02) (1),
furthermore,
Fi(¥1,92)(t) < Filer,42)(t),  Fa(er, ¥2)(t) < Fa(vr, 92)()
for t € R if (p1,902), (¥1.¢2) € Ciom(R,R?) with (i) 0 < (¢1(t),42(t)) Ré

(1(t), p2(t)) < M for t € R, (ii) e®¥/°[p;(t) — 1;(t)] is nondecreasing in t €
i=1,2.

)

Lemma 4.2. If (P1)~(P3) and (WQM*) are satisfied, then F' is continuous ac-
cording to the norm ||, in B, (R, R?).

From (A3), we get the properties of I'*(®, ®).

Lemma 4.3. T*(®,®) C B, (R, R?) is closed, bounded and convex.

Modifying slightly arguments of Lemmas 3.3, 3.4, it yields two lemmas as follows.

Lemma 4.4. If (P1)—<(P3) and (WQM*) are satisfied, then F(T*(®,®)) C
(@, ®).

Lemma 4.5. If (P1)~(P3) and (WQM*) are satisfied, then F: I'*(®,®) —
I'*(®, ®) is compact according to the norm |-|,,.
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Theorem 4.1. If (P1)—(P3), (WQM*) are satisfied and (2.1) has a pair of upper
solution ® and lower solution ® in Cio (R, R?) satisfying (A1)~(A3), then (2.1)
and (2.2) has a solution.

Remark 4.1. If ®(t) and ®(¢) are weak upper and lower solutions stated in
Remark 3.1, then Theorem 4.1 still holds.

5. APPLICATIONS

As mentioned in the introduction, we apply the above results to prove the exis-
tence of traveling waves of (1.2) and (1.3). Equations (1.2) and (1.3) have the same

0=(0,0), (ail,o), (0, a—t)

a9 —b1 ay _b2
K= (k,ko) :=
( b 2) (alag—blbg, alag—blbg

equilibria

), k?l > 07 kg >0
provided that
(51) a; > bg, as > by.

Example 5.1. We study the traveling waves of (1.2) which connects 0 with K.

Consider the existence of the solution for system

cpi(t) = dy zn:[sm(t +on) = 201(t) + @1t — o%)]
(5.2) jnl +rie1 (B[l — a1p1(t) = bigpa(t — e,
cph(t Zsﬁz t+0k) — 20a(t) + pa(t — ox)]
. +r202(t)[1 — bapr (t — c72) — azepa (1))
satisfying

lim (p1(t). ¢2(1)) =0, Jim (1 (), 92(1)) = K.

For 1,02 € C(]—c1,0],R), 7 = max{7, 72}, let
f1(p1,92) = 191 (0)[1 — a11(0) — bipa(—cTi)],
f2(p1,92) = rap2(0)[1 — b1 (—cTa) — azp2(0)].

It is easy to see that f = (f1, f2) satisfies (P1)—(P3). By using an analogous argument
as in [14], [15], the following lemma holds.

Lemma 5.1. The functional f satisfies (WQM).
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Similarly to [9], [10], [15], we can prove the following conclusion.

Lemma 5.2. Let

A\ e):=d;

J

n
(A fe A —2) — ey, i=1,2.

=1

Then there exist two positive constants ¢ and c5 such that Ay(A\,¢) = 0 and

Ag(\,¢) = 0 have only two real roots 0 < Ay < Ay and 0 < A3 < A4, respectively,

and

<0, A1 <A< g, <0, Az <A<y,
Aq(A ) and As()\c)
> 0, other A, >0, other A,
but A;(\, ¢) = 0 has no real roots for 0 < ¢ < ¢f, i =1,2.

Now we construct weak upper and lower solutions when ¢ > ¢* := max{cj, c3}.
Take

& ﬁ A1+ A3 )\14’)\3})
’)\1’A3’ A\ ) )\3 )

consider functions hy(t) = e*? — ge? 1t and hy(t) = e — ge

v E (1, min{2
vAst wwhere g > 1 is
sufficiently large. One can calculate that the unique global maximum g; = g;(¢) > 0
of h;(t) is attained at

. Inqu < 0,
furthermore,

lim 01(q) = lim g(q) =0, lim (9
q—o0 q—ro0 q—ro0

= lim qe“)‘ltl(Q) = lim e*%2(@ = lim qe“)‘3t2(Q) =0.

The properties of h;(t) imply that it is strictly increasing on (—oo,tf] and strictly
decreasing on [t}, 00). Then
hi(t) = h1(t7 — 1) has only two real roots ¢1, and 1,
(5 3) with t1, < f{ <t; and t1 — t1, > 1,
' ha(t) = ha(t — 1) has only two real roots t3, and t3

with t3, < t; < t3 and t3 — t3, > 1.

So for any A > 0 there exist two positive constants €5 and ¢4 satisfying
h1 (tl) =k — 6267)\t1 and hg(tg) = ko — 8467”3.
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By (5.1), we can choose three positive constants £¢, 1 and e3 satisfying

alel — b1€4 > £p, Q2€3— b2€2 > €0,
(5.4)

aiEg — b1€3 > E0, Q284 — boe1 > £0.

For A > 0 and ¢ > 1, define the continuous functions

_ eMt, t<ty, est, t < t,
P (t) = . Po(t) =

k1 +e1e™, t >ty ko +e3e™, t > ty,

and

(t) e)\lt _ qev)\lt’ t < tl; (t) e)\gt _ qe'u)\g,t7 + < tg,
4 = ¥ =
-1 ki — Ege_)\t, t>t, -2 ko — 646_)\t, t > t3.

Obviously, (My, Ma) = (max, (1), max Za(0)) > (ku, ko), Zi(t) and g, (1), § = 1,2,
satisfy (A1) and (A2) and

min{ta,t4} — max{cry, cra} = {t1,t3}
for sufficiently small A and sufficiently large q. From the definitions of v we have
Aj(vA,¢) <0 and Ag(vdg,c) <0.

Lemma 5.3. If (5.1) holds, then (9,(t),P,(t)) and (¢, (), ,(t)), respectively,
are a pair of weak upper and lower solutions of (5.2).

Proof. We can assume o, > 0. We only need to show 3, and ¢, since the
others can use a similar argument. Define

n

P(p1, p2)(t) = e (t) — d Z[sm(t + 0k) = 2¢01(t) + o1 (t — on)]
—r11()[1 = arp1(t) — brpa(t — c71)].

For 3, (t) there are two cases to discuss.
(i) If t < to, in view of B, (t + o) < eM(H9%) then

P(@y,0,)(t) 2 —dy Z P1(t+ox) = 201(t) + D1t — or)] — 1P (D)
j=1
> —eMIA (N, 0) =
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(ii) If t > to, since B, (t + op) < k1 + e1e~*E9%) and ty > t3 + c1y, we can get

R B S e 2)

Jj=1

+ 7“1(](31 + Ele_/\t)(ay?l — b154e’\cﬁ)} = e_)\tfl()\).

I (A) > 0 for A small enough, because I1(0) = r1 (k1 +€1)(a1e1 — bies) > 0 by (5.4).
Now we verify ¢ (t).
(i) If t < t; <0, in view of t; = —o0 as ¢ — oo, we have

b
J(q) := N o@=v)at + ZelGutr)/M—v)hit g g q — oo.

Since p, (t+0y) > et Er) —gevh(t£1) o (1) <M and Py (t—cm) < 7o)
e*st then

1) < qe" A (VA1 €) 4 11 (a1t 4 breM st
< qe"M A1 (VA €) + 11 (q)] <O

for ¢ > 1 large enough.
(ii) If t > ¢, we have Py(t — 1) < kg + ez *=¢™) and o (tEox) = ki —
g9e~ M%) by (5.3), we have

n

Ple, 70 < e n 3@ 4o -2 1
j=1
+ 7“1(](31 — Ege_/\t)(blc?ge)\cn — a1€2)} = e_)\tfg()\).

I>(A) > 0 for A small enough, because I3(0) = r1 (k1 —€2)(bies — a1e2) < 0 by (5.4).
This completes the proof. ([

Theorem 5.1. For any ¢ > c¢*, (1.2) has a traveling wave solution (p1(£), p2(£))
connecting 0 with K if (5.1) holds. Furthermore,

(55) Jim (1O, ea(€)e) = (1,1),
Jim (1€ en(€)e ) = (1,72),

where 71 = A1, 72 = A3, £ = 0 -n+ct. But for 0 < ¢ < ¢* there are no traveling wave
solutions of (1.2) satisfying (5.5) connecting 0 with K.
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Proof. By Theorem 3.1 and Remark 3.1, we get the existence conclusion.
The asymptotic behavior c lim (p1(€£)e 18, po(€)e™3¢) = (1, 1) is obvious by B, (t),
——00

fi(t)’ 1 =1,2, and also

£——o0

1 n
lim ) (&)e M8 = - [dl z:(e’\“”c +e Mo _2) pp | = AL
j=1

The second part is similar.

When ¢} > ¢35, we have ¢* = ¢j. Assume that there is a traveling wave solution
(p(o-n+ct),Y(o-n+ct)) of (1.1) and (5.5) connecting 0 and K for 0 < ¢ < ¢*. Then
the asymptotic behavior of (¢(§),¥(§)) leads to Aj(v1,c¢) = 0, which is impossible.
The case ¢4 > ¢f is similar. The proof is completed. ]

Example 5.2. We study the traveling waves of (1.3) which connects 0 with K.

Consider the existence of the solution for system

n
cp) (t 2501 t+ok) — 201(t) + v1(t — or)]
(5.6) +rip1 ([ = arpi(t — en) = bipa(t — e,
cpa(t 2902 (t + or) = 2¢2(t) + p2(t — o%)]
+ 1202 (t)[1 — bagpr (t — e73) — azpa(t — c14)]
satisfying

lim (p1(1),2(t)) =0, lim (p1(2), p2(t)) = K.

t——o0

For ¢1,p2 € C([—cT,0],R), T = max i, let

fi(e1,92) = r1e1(0)[1 — a1p1(—cm1) — bipa(—cm2)],
Ja(p1,2) = raa(0)[1 — bawp1(—cT3) — azpa(—cTy)].

One can check that f = (f1, f2) satisfies (P1)—(P3).
By using analogous argument as in [14], [15], the following lemma holds.
Lemma 5.4. For 71,74 small enough, the functional f satisfies (PQM*).

Let (91(t),92(t)) and (¢, (1), ,(t)) be as described above. Obviously, (A3) is
satisfied and
min{tg, t4} — max{cn, CTo,CT3, 07'4} > {tl, t3}

for sufficiently small A > 0 and sufficiently large ¢ > 1.
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Lemma 5.5. If (5.1) holds, then (9,(t),P,(t)) and (g, (t), ¢, (1)), respectively,
are a pair of weak upper and lower solutions of (5.6) for sufficiently small 71, 74.

Proof. We verify g,(t). For t < to and t > t2 + ¢71 we can use a similar
argument as in Lemma 5.3. For the case to < t < t3 + ¢7y, I1(\) becomes

I~1 ()\) =€1 |:—C)\ —d; Z(GAU]“ + e_/\"’“ — 2) +7r (k‘l + 616_/\75)(@1516)\67—1 — 1)15‘4€3k07—2)7

j=1

and from Lemma 5.3, I;(0) < 0 when ¢ = t3 4+ ¢r1. Then P(@1,9,)(t) = 0 for
to < t < ty + cr; with sufficiently small 71 because of uniform boundedness and
continuity of @ (t), % () and ¢, (t) for t € R\ {t2,%3} as well as of independency
of 7. The cases t4 < t < t4 + cry for Py(t), t1 < t < t1 4 cry for ¢(t), and
t3 <t <ts+ cry for ®y (t) are very similar. This completes the proof. O

From Theorem 4.1 and Remark 4.1, the existence result follows.

Theorem 5.2. For any ¢ > ¢*, (1.3) has a traveling wave solution (p1(£), p2(£))
connecting 0 with K for sufficiently small 71,74 if (5.1) holds. Furthermore,

5.7 Jim (o1 (e ea(€)07) = (1,1),
Jim (€™ eh(€)e ) = (1,72),

where 71 = A1, 72 = A3, £ = 0 -n+ct. But for 0 < ¢ < ¢* there are no traveling wave
solutions of (1.2) satisfying (5.5) connecting 0 with K.

Remark 5.1. The results of Theorems 5.1 and 5.2 show that the interspecific
delays have no effect on the existence of traveling waves and monotonicity of the
system. But the intraspecific delays 71,74 in (1.3) do.
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