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Abstract. This paper proves the local well-posedness of strong solutions to a two-phase
model with magnetic field and vacuum in a bounded domain Q C R? without the standard
compatibility conditions.
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1. INTRODUCTION

In this paper, we consider the following two-phase model with magnetic field in
a bounded domain 2 C R? (see [15]):

(1.1) 0o + div(pu) = 0,
(1:2) Bu((0 + n)w) + div((o +n)u ®u) + Vp(o, )
— pAu — (A4 p)Vdivu =rotb x b,
(1.3) Ogn + div(nu) = 0,
(1.4) Ob + rot(b x u) = Ab,
(1.5) divb =0

with initial and boundary conditions

(1.6) u=0, b-v=0, rotbxr=0 ondQx(0,T),
(17) (Q7 (ZQ + n)u,n, b)(a O) = (Q07 (QO + nO)UO; no, bO)() in Q C RB-
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Here o, u, b and n denote the density of the fluid, the velocity of the fluid, the magnetic
field and the density of the particles in the mixture, respectively. The parameters p
and A are viscosity constants satisfying

>0, 3\+2u>0.

The pressure

p:=ao’ +n
with constants @ > 0 and v > 1. The domain 2 is bounded in R?® with smooth
boundary 02, and v is the unit outward normal vector to 92.

Recently, Wen and Zhu [15] considered the global small smooth solution of problem
(1.1)—(1.7) with positive inf(gg + ng) > 0.

When b = 0, system (1.1)—(1.3) can be derived, formally, by Carrillo and Goudon
in [2] from the Vlasov-Fokker-Planck/compressible Navier-Stokes equations, and
Vasseur et al. [14] obtained the global existence of weak solutions.

Whenn =0, (1.1), (1.2), (1.4), and (1.5) are reduced to the isentropic compressible
magnetohydrodynamic system. Zhu [16] proved the local well-posedness of strong
solutions with the following natural compatibility condition:

(1.8) V(agy) — pAug — (A + p)Vdivug — rot by x by = /009

for some g € L?(Q2). Nowakowski and his coauthors [11], [12] obtained the local
existence of strong solutions in bounded domain of R3 under some symmetric as-
sumptions. Hong et al. [8] obtained global existence for a class of large solutions to
three-dimensional compressible magnetohydrodynamic equations with vacuum and
assumptions (1.8) and some other constraints on the total initial energy.

If we take n = 0 and b = 0 in system (1.1)—(1.2), then it is reduced to the classical
isentropic Navier-Stokes equations and there are many results on it. Below we just
mention some of them related to our paper. Choe and his coauthors [3], [4] obtained
the local well-posedness of strong solutions of the barotropic/istropic Navier-Stokes
equations with vacuum in bounded or unbounded domains under a natural compat-
ibility condition similar to (1.8). Recently, this compatibility condition was removed
by Huang [9] and Gong et al. [7], independently. Enomoto and Shibata [5] obtained
the local well-posedness of strong solution to the isentropic Navier-Stokes equations
in the framework of maximal L,-L, regularity, see also [13] for recent progress on
compressible two-component mixture flow.

Motivated by the results on isentropic Navier-Stokes equations [7], [9], in this
paper, we establish the local well-posedness of strong solutions to system (1.1)—(1.5)
with initial vacuum in a bounded domain 2 C R? without the compatibility condition

V(agd +no) — pAug — (A + )V divug — rot by x by = \/oog for some g € L*(Q).
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We will prove the following theorem.

Theorem 1.1. Let 0 < 09, no € WH4 (3 < q < 6), ugp € H{, by € H' with
divbg = 0in  and by - v = 0, rot by x v = 0 on 9. Then problem (1.1)—(1.7) has
a unique local strong solution (g, n,u,b) satisfying
(1.9) 0< g, ne€ L0, T;Wh?), dy0,0im € L>=(0,T; L?),

u € L0, T; H}) N L*(0,T; H?), Vo + ndyu € L?(0,T; L?),

Vo F ndwu € L=(0,T; L?), Vtdyu € L*(0,T; HJ),

be L>®(0,T; HY) N L*(0,T; H?), d:b € L*(0,T; L*), vVtdib € L°°(0,T; L?)
for some 0 < T < oo.

Remark 1.1. Theorem 1.1 still holds for more general pressure like p(g,n) =
ao” +bnf, a>0,b>0,v>1and B> 1, and the whole proof can be fulfilled by
modifying slightly the arguments below. Here we choose the form p(o,n) = ag” +n,
a > 0, v > 1 just because it was given in [15] for system (1.1)—(1.5), which can be
derived from a fluid-particle model (see [15] for more details).

We will prove Theorem 1.1 in the following way: For § > 0 we choose 0 < § <
0 € H2, 0 <8 <n) € H? ud € H N H? and b € H? satisfying

(1.10)  (03,n3) — (00,m0) in WH and  (ul, b)) = (uo,bo) in H' as § — 0.

Then we can verify that the problem has a unique local strong solution (Q‘S, nd, u®,b%)

in [0, T5s). In fact, we shall prove the local well-posedness of strong solutions to prob-

lem (1.1)—(1.7) with positive and bounded gy and ng for completeness in Appendix A.
Now we define

(L11)  M°(t):=1+ sup {H(Q‘Sm‘s)(ﬁ)llwm H [ Gy 8l + 110°C )|

0<s<t
VIV a5 e + VI 8l |
+ 1[0l 20,12 + V0 + 000 |20 1:1.2)
+ VsVl |l 2(0,622) + 10° )l L2g0,02) + 10711 22(0,6:2) -
We can prove the following theorem.
Theorem 1.2. For any t € [0,Ts) we have that
(1.12) M?(t) < Co(MY) exp(tO=D/UD (M (t)))

for some nondecreasing continuous functions Cy(-) and C(-), where M{ is defined
through (1.11) by replacing (0%, n’,u®,b°) with (03, nd,ud,bd) and taking t = 0.
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It follows from (1.12) that (see argument on page 70 of [10]):
(1.13) M°(t) < C.

Once the sufficient a priori estimates (1.13) are established, we can take the same
arguments as those in [7] on the isentropic Navier-Stokes equations with vacuum to
obtain the existence part of Theorem 1.1 through taking 6 — 0 and the standard
compactness principle. (The structures of system (1.1)—(1.4) will be used in the argu-
ments.) Moreover, the proof of the uniqueness part with regularity (1.9) is also easy
and we omit it here and suggest the interested readers refer to [7] for more details.

Thus, to complete the proof of Theorem 1.1, we only need to prove Theorem 1.2.
We shall present it in the next section.

2. PROOF OF THEOREM 1.2

Below, we shall drop the superscript “6” of 0°, n®,u%,b%, M?(t) and M for the sake
of simplicity. We also point out that the nondecreasing continuous functions Cy(+)
and C(-) may change from line to line.

First, it is easy to see that

(2.1) 0<o, 0<mn, /de:/godx, /ndx:/nodx,

where the symbol [ stands for the integration over €.
Testing (1.3) by by — Ab, we find that

%/|rotb|2dx+/(|bt|2+|Ab|2)dx
= [ ottt x w)P d < CCull o |98 s+ Bl V1
< CM)(IVullZs + [VBII7s) < COM)(Ilull + [1blF2),
which gives
¢
(2.2) /|rot b2 da +/ /(|bt|2 + |Ab?) dz ds < Co(Mo) + C(M)Vt.
0
We will use the Poincaré inequality (see [1], Lemma 8):
(2.3) 16| 2 < C||rot ]| L2,

and estimates (see [1], Lemma 9):

(2.4) 16/ 70
(2.5) 161l >

C||rot bl| 2,
C||rot?b|| 12 = C||Ab]| 2.

NN
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Recall that we have the constraint divb = 0. Equation (1.2) can be written as

(2.6) —pAu— A+ p)Vdive=f:=—(o+n)0u— (0 +n)u-Vu— Vp+roth x b.

Then we have

2.7) [ullwzs < Cllf Lo < Clite +n)dsulle + Cll (0 + n)u - Vul| o

+ C|VpllLe + Cllrot b x b]| £a

< Cllte +m) 172 e mual g ] 5~
+ C(M)ul| o |Vl 2o + C(M) + C[rot b]| al[b]| L~

< M)V T |55V CO |y || 7O CD o) ||Vl 22l
+ C(M) + || Vb]| 2 [1b]1 372

< Oy F |55 OO |y | 0D 4 () 37
+C(M) + C(M)|blI3s,

which gives

t
(2.8) /||u||W2,qu
0
t
<) [ IVl T 70 as
k 3/2 ¢ 3/2
+COI) [ uli s+ cr)+orw) [ o2 as
t

<C(M(t))/ 5~ (B1=0)/(40) (/5| Ty || 1) B1=0/ @D | /gy ||/ D s
0

+ (M) (/Ot ds)1/4 (/Ot )% ds)3/4 + (M)
oo [ ds)1/4 (/[ ot ds>3/4

t 1/2 t (3¢—6)/(4q)
< C(M(t)) </ 5~ (84-6)/(20) ds) </ 8| Vg ||% 2 ds)
0 0

t (6—q)/(4q)
X (/ Vo + nu||2. ds) + C(M(t))tH/*
0
< C(M(t))t(G—Q)/(‘lq) + C(M(t))tm < C(M)t(ﬁ—q)/(4Q) (3<q<6)
forall 0 <t < 1.
Using the Gagliardo-Nirenberg inequality

2q—6 5q—6 3 5q—6
(2.9) [Vl oo < C[|Vul| P20/ G0y 30/ (a=6)
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and estimates (2.7), we observe that

t
3 5 6
(2.10) /0 IV e ds < / 24579 g
t (29—6)/(59—6) t 3q/(5¢—6)
0 0
< C(M (t))t2a=6)/(5a=6)  4(6=0)/(49)-3a/(54—6)
= C(M@)tV* < C(M ()t —D/UD (3 < ¢ < 6).

Testing (1.1) by 0™~ !, we see that
1d m _ : m—1
mdt/‘g dr = —/dlv(gu)g dx
-1
/gqum lde = ——— [ p™divuda,
m

which leads to

glellzm < lldivullz=lollz,

and thus

t
(2.11) llollLm < llool|Lm exp(/ (|div w]| Lo ds)
0

< ool m exp(tO /D C(M)) (2 <m < 00).

Applying V to (1.1) and testing by |V|9~2Vp, we find that
d .
I Vellze < CliVullz=[IVellzs + Cllollz= IV divul s,
which implies

t t
(212) Vol < C(nv@onm / ||g||Loo||Vdivu||qus) exp< / ||Vu||Loods)
0 0

C(1 + C(M)t 6= D/ADY exp(¢6-0/ WD) ¢ (pr))

<
< Co(My) exp(t©~ /U0 C(M)).
Similarly, we have

(2.13) ][ wia < Co(Mo) exp(t6=D/GDC(M)).
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Testing (1.2) by u, we deduce that

1d
(2.14) S d@ (u|Vu|2+(>\+u)(divu)2)dx+/(g+n)|ut|2dx
= _/(9+n)u'Vu'utdx-l-/pdivutdx
1 2
—/(b@b—§|b| u3) Vg dz
::Il+12+13.

We first bound I; and I as follows:

L] < Ve F el 2| Ve F allpe ] oo |Vl s
1/2 1/2
< O(M)|| Ve T e el Vel Y2 L2
< C(M)||VoF | g2 |u]| 12

1
< Z”V‘Q—’— nul|7> + C(M)|ul| g2

C(lit pdlvuda:—/ptdivuda:

I,
- &/pdiVde—’—/(u'vﬁ‘F’YﬁdiVU)divudx

—|—/(u -Vn +ndivu)divuede

//\

d _ ~ . .
= [ pdivade + (Jul o 9510 + 5] o | div | ) [div ull
+ (lullzo[Vnllzs + llnllzoe lldiv ull 2) | div ull 2

dt pdivudz + C(M).

Here we have used the fact: p:=p+n and p := ap”, and
(2.15) Op+u-Vp+ypdivu =0.

For the term I3 we have

_ d 2 2
L= - (b®b——|b| u3) VudaH—/(‘)t b®b——|b| u3) Vudz
d
<-= [ (peb- —|b|2|]3> : Vudz + Ob]| o 1be | 221 V| 2
d 1/2
< - = : 2.
< =3 [ (b@b—5bP1) s Vude + CONIb
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Inserting the above estimates into (2.14) and integrating over (0,t), we have

216) [Vuls + [ VTl a
< Co+C(M t+/ C(M) |l g2 ds + C(M / 1612 162 ds
+/pdivudx—/<b®b—§|b|zﬂg) : Vudz
= Co+C(M t+Zl

Here we have used the nondecreasinguess of C(M(¢)). Using the definition of M (),
(2.11), (2.13) and (2.2), the terms I; (i = 1,2,3,4) can be estimates as follows:

( / ||u||H2ds> 20(M(t>)< / t1d8>”2<c<M)t,
cn( / b2 a )/( / ||bt||%2ds)1/2( /Otlds)1/4<c<M>t1/4,

I3 < Collpl| 2[|Vul[ 2 < gIIVUH%Q +Collpll7  (by (2.11) and (2.13))

1
< Co(Mo) exp(t*~D/HDC (M) + SVl

—_

la < Co|blI7a I Vullz2 < SlIVullz2 + CollbZs

oo

—||VUHL2 +Co(Mo) + C(M)t/* (by (2.2)).
Putting the above estimates into (2.16) and using the facts
(2.17) <1, Vi<t <6 9/8D (3 < g <),
we finally obtain that
@19 VUl [ 1Tl ds < Co(a) + Q) + Q!
< Co(My) exp(t& /M) C(Ar)).
Applying 0; to (1.2) and using (1.1), we infer that

(2.19) (0+n)02u+ (0 +n)u-Vuy — pAuy — (X + p)V div g
= — Vp +div((e+ n)u)(us + v - Vu)

1
— (0 +n)ut - Vu + 0 div (b@b— §|b|2[l3).
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Testing (2.19) by u; and using (1.1), we have

1d
(2.20) ST /(g—f—n)|ut|2 dz + /(M|Vut|2 + (A + p)(divug)?) d
= /pt divuy dz — /(g + n)uV|u|* de — /(g—i— n)u-V(u- Vu-ug)de

1
—/(Q-f—n)ut.Vu'utdx—/at(b(@b—§|b|2|]3) : Vug do

8
= ZL

i=4

We bound I; (i =4,...,8) as follows:

|14] < ‘/(U-Vﬁ—l—’yﬁdivu) div uy dz

+ ‘/(U-Vn—l—ndivu)divutdx

< (lull el V3l 2 + 117l o v ul 2) | div e | 2
+ (lull |9 s + ]| 2o [1div ull2) [ div el 2
COD|Vurllre < LI Vurl[32 + CM);
15| < Ve T allz~ Ve + murl|sllul o[ Vuell 2 < CODN Ve F e s Ve | 2
< COD)|IVe T el 2| Ve + |16 Vue 2
OO Ve F Va7 < {61 Vulfe + CODIVeT w3
6l < lle+ nllz~ lull o[Vl s lfurl 2o + llo + nll o fuulF ol VZul 2 el o
+ llo -+ nll e fulFo I Val ol Ve | 2
COD)(|VullFs + fluls2) | Ve 2
CO)(IVullzzllull sz + llul ) [ V]| 2
CODlul = | Vuel o < £ VuellFa + OO ullf

1Vl 22 || vVe T |24 < ||Vu||L2||¢—g+nut||”2||¢—g+nm||ié2
C(M)||VeFnud Y21V |32 < Ll Vul|22 + COM)|Va T w22
16
|Is| < C|[Vue]| 2 |b] oo 1o 22 < Enwtniz + CJb]12 e 10|22

N

INCININ

17|

//\ N

7
< 15l Vuelize + CODIbY e [be] 72
Inserting the above estimates into (2.20) gives
1d

<CM)+CM )II\/9+ nue||7s + CM)[ullf + CM)Ib] 2 [be | -
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Multiplying the above inequality by ¢, we obtain

1d , 11y ,
(2.22) §a<t/(g+n)|ut| dx) + Wt/|Vut| dz

1
< 5/(g+n)|ut|2dx+C(M)t+C(M)t||\/9+nut||2L2
+ C(M)t|ullF2 + C(M)t]|b]| g2 be |7

Integrating (2.22) over (0,t), we get
t
(2.23) t/(g+ n)|ug|* de +/ 8| Vg |22 ds
0
1t
<Cor @+ [ [t nluPda
0
t
+CU®) [ slvaTTue ds
0
t ¢
+COM(O) [ slulff ds+ COL®) [ slbln b ds
0 0
8
=:Co+ C(M®)* +> ;.
i=5
Now we estimate the terms /; (¢ = 5,6,7,8). For the term l5, using (2.18), we have
l5 < CQ(MQ) eXp(t(qu)/(élq)C(M)).
Similarly, for the term lg we have
¢
lo < COI@) [ IVaTF s ds < ColMy) exp(t® /40 C(01)).
0

To estimate I7 we notice from (2.6) that

lullge < Clfllre < Cll(o+ n)us + (0 +n)u- Vu+ Vp —rotb x b| 2
< ClWeo+nllre<llvo+nullrz + Cllo + n| Lo |lul|Ls|[ Vul Ls

+ C[IVpllL2 + C[b]| Lo [[rot b] .2
< CIVeFnllp=llve+nu 2 + C(M)|[ull7 + C(M) + C(M)]|[b] 47,

which yields

lull 2 < CllVeF 7 pe|lve F nu| g2 + C(M) + C(M)|b] 1,
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and therefore, by the basic facts (2.17),
(2.24) el (o sy < ColMo) exp(t®~D/4D C(Ar)).
Now the terms [; and lg can be estimated as
t
I < COI@)E [ IVEFTu s ds < COL@)
0
t
Is < C(M(t))/o 1][7= ds - r[%%?{SHthQH} < C(M ().

Putting the above estimates into (2.22) and using the basic facts (2.17) imply that

t
(2.25) t/(g+n)|ut|2dx+/ s Vue|Z ds < Co(My) exp(t6-0/4D (1)),
0

Applying 0; to (1.3) and testing by b, we compute

1d
(2.26) 5&/|bt|2dm+/|rotbt|2dx = —/(bt X u—+bx ug)rotby da
< (fellzollbell s + [16]] o llue] 3) ot bel 22
< (C(M)|1be]| s + Cbl] Lo [lue] L3)[lrot be| 22
1
< G lrotbill7z + COAD bl 7z + ClBILo | Ve[ 72

Multiplying the above inequality by ¢ and integrating it over (0,t¢), and then using
the similar arguments as for (2.23), we have

t
(2.27) ¢ / b2 dar + / s Vbe |22 ds < Co(My) exp(t®~2/D (A1),
0

Combining (2.2), (2.11), (2.12), (2.13), (2.18), (2.25), (2.24), and (2.27), we con-
clude that (1.12) holds true. This completes the proof of Theorem 1.2. ]

3. APPENDIX A. LOCAL WELL-POSEDNESS OF STRONG SOLUTIONS TO PROBLEM
(1.1)—(1.7) WITH POSITIVE AND BOUNDED gy AND ng
In this appendix, we shall prove the local well-posedness of strong solutions to

problem (1.1)—(1.7) when the initial data gy and ng are positive and bounded. We
have:
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Theorem A.1. Let 1/C < oo, ng < C for some C > 0, 0o, o, ug, by € H? with
ug = 0, by - v = 0, rotbg x v = 0 on 9. Then problem (1.1)—(1.7) has a unique
strong solution (o, n,u,b) satisfying

(Al) 1/01 < Q7n<017 Q7n€c([OaT]7H2)a Ot, Tt EC([O7T]7H1)7
u,b e C([0,T]; H*)N € L*([0,T; H?);
ug, by € C([0,T]; L*)N € L2([0,T; H")

for some C7 >0 and 0 < T < co.

We will prove Theorem A.1 by the classical Banach fixed-point theorem; see also
Fan and Yu [6] for the local well-posedness on compressible magnetohydrodynamic
equations. We denote the following nonempty closed convex set by

o = {ﬁ € 'Q{; ﬂ(,O) = Uo, ﬂ|89 =0, Hﬁ”ﬂ < A}
with the norm
aller := Ntlloqo,rym2) + Il L20,m:m2) + 10kl co,1):L2) + 10l L2(0, 711

Let @ € & be given, we consider the following linear problems:

(A.2a) o + div(pa) =0 in Q x (0,7),
(A2b)  o(0) = 0o in 0,
(A.3a) Ogn + div(na) =0 in Q x (0,7,
(A.3b) n(-,0) = ng in Q,
(A4da) Otb +rot(b x @) = Ab in Qx(0,7),
(A.4Db) divb(-,0) =0 in Qx (0,7),
(A4c) b-v=0, rotbxv =20 on 90 x (0,7T),
(A.4d) b(-,0) = bo in Q,
(A.5a) I ((o+n)u) +div((e +n)i ® u) + Vp(o,n)

— puAu — (A4 p)Vdivu =rotb x b in Qx (0,7),
(A.5b) u=0 on 092 x (0,7,
(A.5¢) u(-,0) = up in Q.

We define the fixed point map:
F:raoed mued.

We will prove that the map F' maps & in &/ for suitable constant A and small T,
and F' is a contraction mapping on o/ and thus F' has a unique fixed point in <.

630



Lemma A.1. Let 4 € & be given. Then problem (A.2) has a unique solution g
satisfying

?

(A.6) C<0<C, ol < C
lotllz~rz2) < C,  llotllL>,r;m) < CA.
Here and later on, the letter C' will denote a constant independent of T and A.

Proof. Since the equation (A.2a) is linear with regular @, the existence and

uniqueness are well-known, we only need to show the a priori estimates.
Let

——= =a(x(X,t),t) and =z(X,0)=X.
Then we see that

do(z(X,1),t)
de

t
o(z,t) = oo exp{—/ divﬁds},
0
which gives

t t
(A7) 0 < 0o exp{/ ||div @] e ds} < 0o exp{/ ||div | g ds}
0 0
< 00 exp{CAVT} < Clgol| 1~

= —o(z(X, 1), )a(z(X,1),1),

whence

if AVT < 1; and
t
(A.8) o > inf gg exp{/ [|div @ g ds} > inf g exp{—C’A\/T} > Cinf g
0

if AVT < 1.
Applying V2 to (A.2a), test the result by V?p, we find that

1d - N
33 | IVl do= = [(V@-Vo) - (@ V)V20) - Vioda
—/(ﬁ'V)VQQVQde—/VQ(gdivﬂ)~V29dx
< Ol Vil [V20l12: + ClIV el ol V2l 5920l 12
T Clloll = IVl 219l 22,

which gives
d _ -
(A.9) Vel < ClIVall=V2ell 2 + Cllallms (1 + V2ol 2)-
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Using the Gronwall inequality, one has

T T

(A.10) |V29||L2<<|V290|L2+C / ||a|Hsdt)exp{ / |a||Hsdt}
0 0
< (V20012 + CAVT) exp{CAVT} < C

if AVT < 1. It is clear that
t
U = ug + / Oiuds
0

and

T
(A11) Vil 12 < [[Vuol| 2 +/ Vitgl| 2 dt < C + CAVT < C
0

if AVT < 1. Thus

(A12)  lelle = llu- Vo+ edivallg: < [lllrel|VollLs + (el Lo [dival . < C

and
(A.13) loellm < [|div(e@) || m < lloll a2l a2 < CA.
This completes the proof. ([

Similarly, one has the following lemma.

Lemma A.2. Let 4 € o be given. Then problem (A.3) has a unique solution n
satisfying

(A.14) 1/C<n<C,  |nllp~omrm <C,

||nt||L°°(O,T;L2) <C, ||nt||L°°(0,T;H1) < CA.
Lemma A.3. Let @ € o be given. Then problem (A.4) has a unique solution b
satisfying

(A.15) 6/l Los 0,7 12) + 1Bl 220, 75123) + bt Lo (0, 7,22) + |bel| 220, 7511) < C.
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(A.21) 161l >

Proof. Testing (A.4a) by b and using (A.11), one has

2dt/|b|2dx+/|rotb|2dx— /brotuxb)d
z/b(b-Vﬂ—bdiva—ﬂ-Vb)dm

< bl V@ 2 + llall Lo [ VOl 2 1] s
< C|bl7a + CIVD| L2 [[b]| s
1
< glkotbl3a + Clola.
which gives
(A.16) [0l (0,7;22) + ([0l L2 (0,7 11) < C.
Here we have used the inequalities
(A.17) 16| g1 < C||rot ]| L2,
(A.18) [Bl174 < Cllbll 57 Irot bl 75°,
(A.19) 6175 < C||b]|2|[rot b| 2.

Testing (A.4a) by —Ab and using (A.11), we have

/|r0tb|2dm+/|Ab|2dm— /(u Vb—b-Vi+ bdiva)Abdz

2dt
< (1) 2o VBl| s + Clbl| 2= || Vil| 12) | Ab]l 2
< C(| Vbl s + (b L) ]| Ab]| 2
< C||Vb|| 122 | Ab| 52 (| Ab|l 12
1
< 5 l18b]7 + Cllrot blf7.
which gives
(A.20) [0l oo 0,711y + (1Bl 2(0,7;12) < C-

Here we have used the inequalities

< C||Ab] 12,
(A.22) IVB]| s + [[b]l L < CIVB|L2 B3 < Cllrot bl| 15 1b]| 12
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Applying 0; to (A.4a), testing the result by b;, and using (A.11), we have

1
5%/|bt|2dx+/|rotbt|2dx: /(at X b4 @ X b) rot by dz

< (el 216l oo + llall Lo [0 ]| Lo ) [rot b | 2
< (Afjol[ze + Clibe| s) [[rot be| L2

—~

< 5 llrot b7z + ClibellZs + CA% bl 2,

N~

which leads to

(A23) ||bt||L°°(O,T;L2) + ||bt||L2(O,T;H1) < C

if T <1and A2VT < 1.
On the other hand, it is clear that

6]l 22 < C||Ab| 2 < C||be + rot(b x @)| 12
= C|lby + - Vb—b- Vii+ bdivii 2
< Cllbel[ 2 + Cllall Lo]| VO] s + Cb]| Lo | V]| 2

< C+C|Vb|| s + C|b]| =

<

1/2 1/2
C + C|| Vbl 351l

1
<C+ bl
which implies
(A.24) |Ib]| gz < C.

Similarly, we have

16l s < C[|Ab]| g1 < C[|Ab| 2 + C|[VAD| 2
< C + ||V (b +rot(b x u))|| 2
< C+C||Vbilpz2 + C|bl| 2|l 1
< CH+C|| Vb2 + CA,
which yields
(A.25) [0l 20,1;m3) < C

if T'<1and AVT < 1. This completes the proof.
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Lemma A.4. Let & € o be given. Then problem (A.5) has a unique solution u
satisfying

(A.26) llull oo (0,75 m2) + lullL2g0,7;m3) + lutll Lo 0,7L2) + llwtllL2(0,7;m0) < C

if T is small enough.

Proof. Since the equation (A.5a) is linear with regular (o, n, @, b), the existence
and uniqueness are well-known, we only need to prove the a priori estimates.
First, testing (A.5a) by v and using (A.2a) and (A.3a), we derive that

1d

Sdq (Q+n)|u|2dx+u/|Vu|2dx+()\+u)/(d1vu) dz

= /(rotbxb)-udx—i—/pdivudx

< [rot bl L2 [[bl| oo [[ull 2 + [[pl] 2| div e 22

A+
< S Eldivulliz + £vullf: + ¢,
which yields
(A.27) lull o< (0,7;22) + wllL20,7;80) < C.

Testing (A.5a) by wu;, we obtain

)\—l—ud .
29 2 2
5 t/|V |“dz + T (divuw) dx+/(g+n)|ut| dz

—/(Q+n)(a-V)u-utdx—/Vp-utda:—i—/(rotb>< b)us dz
lo + nllze< |l L [[Vull L2 l[utllL> + VPl 2 l[utll L2 + [[rot bl L2 (|6l os [|ue]| 2

1 -
3 /(Q +n)|ue? da + C||al|2 < || Vul|2: + C,

N

N

which yields
(A.28) lullLooo, 7m0y + [|uel| 20, 1,22) < C
if T <1 and A%T < 1. This proves that

(A.29) [l poe 0, 7;m2) < C.
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Applying 0; to (A.5a), testing the result by u;, and using Lemmas A.1, A.2 and
A.3, we find that

1d

3 [ (e mluldo+ [Vl + O+ o) (dive?) do

= /ptdivutdx—/(gt—i—nt)(ut—i—ﬂ'Vu)~utdx—/(g+n)ﬂt-Vu'utdfc

1
- /&f((b@b) — §|b|2|]3) : Vug do
< lpell ez 1divuel| L2 + lloe + nell 2 luelFa + 1ot + nell Lo |l oo |Vl 2] s
+ llo + nl Lo ] L2l Vul| L3 luill o + Cl[b]| Lo el L2 | Ve 3
< O Vuell g2 + Clluel|Fs + CA%||uill s + CAIVul o |luell s

< EIVudlize +C + C/(g—i— n)lurl? da + CA|| V|2

<HIVulte+C+C [l mipuf do + CA| Tl
which implies that

(A.30) el oo 0,7:02) + llutll o 0,0,m1) < C
if T<1and A2VT < 1.
By the standard elliptic theory, it follows from (A.5) that
llul|gz < Cllrotb x b—Vp — (0 +n)uy — (0 + )i - Vul 2
< C+ Clluglz2 + Cllal el Vull 2 < C + Clluell 2 + Cllull 2,
which gives
(A.31) ||| gz < C.
Similarly,
lullgs < C+ C||V(rotb x b— Vp — (¢ +n)uy — (0 + n)a - Vu)| 12
< C+ O Vuel[r2 + Cl[V(e + 1)l zslluel| 2 + Cl[V (0 + 1)l ps[|@| o [ V|| Lo
+ C|IVal| 2| Vull oo + Clla s [ Vul| Lo
< C+ OVl 2 + Cllug] s + C|Vu| L + O V| s
< C+ |V 2 + Cllul 4,
which gives

(A.32) lullL2,7;m2) < C.

This completes the proof. O
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Thanks to the above Lemmas A.1-A.4, we can take A := C and thus I’ maps .«
into /. The following lemma tells us that F' is a contraction mapping in the sense

of weaker norm.
Lemma A.5. There is a constant 0 < n < 1 such that for any @; (i =1, 2),

(A.33) | F'(@1) — F(t2)|| 20,055y < 0lltn — G2l L20,1;81)
for some 0 < T < 1.
Proof. Suppose that (g;,n;,u;,b;) (¢ = 1,2) are the solutions to problems
(A.2)—(A.5) corresponding to @; (i = 1,2). Denote
(0,m,u,b,@) := (01 — 02,11 — N2, U1 — u2,b1 — ba, Uy — Uz).

Then we have

(A.34) ot +div(pty) = — div(e2a@), o(+,0) = 0o,
(A.35) ny + div(nty) = —div(nea), n(-,0) = no,
(A.36) by +rot(b x 41 +be x @) = Ab, divb=0,
b-vlax,ry =0, rotbxvlgxomr =0, b(-,0)= b,

(A.37) (01 +n)ue + (01 + m1)ta - Vu+ V(p(o1,n1) — p(o2,n2))

— pAu— (A4 p)Vdivu)

= —((0+n)0sug — (0tiy 4+ niiy + nat + 21) - Vus
+ div <b1 ®br —ba @by — %|b1|2ﬂ3 + %|52|2”3);

uloxor) =0, u(-,0)=1uo.
Testing (A.34) by o, we get

1d

(A.38) 55 [ ¢ do < CI@ll ol + Cllealie Va2 + 1V ealos 5ol

< OV =lleliz +mlVali: + Clleollz

for any 0 < my < 1.
Similarly,

1d _ i
(A.39) oY) /n2 do < OV |z [nllZ + nellValZ: + ClinllZ

for any 0 < ng < 1.
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Testing (A.36) by b, we get

1d [ ,
(A.40) 5&/|b| dx+/|rotb| do

= —/(bxﬁl—i—bg x ) rot bdx

= — /(b X @1)rotbdx + /I‘Ot(bg X U1)bdx
[0l 2l |z [[rot bl| L2 + C([|b2]| Lo |Vl L2 + [|al] Lo [ V2| £s)[[b]] 22

N

1 -
< Sllrotdl2: + b2 + sl V3

for any 0 < n3 < 1.
Testing (A.37) by u and using 0:(01 + n1) + div((01 + n1)t1) = 0, we get

(A.41) % /(91 +ny)|ul? dz + /(,LL|VU|2 + (A + p)(divu)?) da

4
dt
< C/(IQI + [n)l divu|dz + Cfldus Lo (llell 2 + Il 2)[lul s
+ C{llaall=llellzz + |l L= Inll 2 + In2]l L il 2
+llezll Leollll 2} Vuz oo lu] 22
+ ClIbll2([b1]| oo + [1b2]| o) [Vl 22
< Clllell ez + lInll2)l[Vul Lz + CllOyuzllLs (el 22 + [In2ll2)l[u| s
+ Cllellz> + Inlle2 + lall L2) [ Vual LellullL> + Cllbll 2 [[ V| L2
< gIIVulliz +mallalfie + Cllelzz + Clinllgz + CllullZ:
+Cllowua|Ls(llolliz + [Inll72) + ClVuz| L lullf2 + Cllb]1Z:

for any 0 < m4 < 1.

Summing up (A.38), (A.39), (A.40) and (A.41), using the Gronwall inequality,
and taking 7; (¢ =1,...,4) small enough, we conclude that (A.33) holds true. This
completes the proof. O

Proof of Theorem A.1. By Lemmas A.1-A.5 and the Banach fixed-point theo-

rem, we finish the proof. U
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