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Abstract. The Cauchy problem of the Cahn-Hilliard equation with inertial term in multi
space dimension is considered. Based on detailed analysis of Green’s function, using fixed-
point theorem, we get the global existence in time of classical solution with large initial
data. Furthermore, we get L, decay rate of the solution.
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1. INTRODUCTION

This paper is concerned with global existence and its decay estimate of classical
solution to the Cauchy problem for the Cahn-Hilliard equation with inertial term:

(L1) {nutt—f—ut—l—AQu—Af(u)—O in R™ x (0, 00),

u = uo(x),ur = u1(z) on R™ x {t = 0}.

Here n > 0 is a given constant, A is the usual Laplace operator. In the nonlinear
term Af(u), f(u) has the form |u|?*! or |u|?~9"1. w9 where 6, ¢ are positive integers
and—qg+1>0,0>1.

In the case n =0, (1.1) reduces to

(1.2) ug + A%u — Af(u) = 0.
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Relation (1.2) is the well-known Cahn-Hilliard equation which describes phase
separation of a binary mixture and u denotes the relative concentration of one
phase. Many mathematicians devoted their energy to the equation and the main
properties of the solution such as qualitative behavior; asymptotics are now well
understood (see e.g. [1], [2], [4], [5], [11], [19], [20]). In order to model non-
equilibrium decompositions caused by deep supercooling in certain glasses, Galenko
et al. in [6], [7], [8], [9] proposed to add inertial term nuy to (1.2). The modi-
fied equation (1.1) shows a good agreement with experiments performed on glasses
(see [10], [12]).

Equation (1.1) is a hyperbolic equation with relaxation while (1.2) is a parabolic
one, so they have different mathematical features. Equation (1.1) presents some
mathematical difficulties because the solutions does not get smoother in finite time
anymore. Thus, previous work for (1.1) mainly focused on the so-called energy
bounded solution and quasi-strong solution, see [13], [14], [15]. As observed in [14],
(1.1) bears some similarities with the semilinear damped wave equation. However,
in contrast to that case, it is not easy to obtain temporal global existence of classical
solution only by usual energy method because of weak dissipation of (1.1). As [17]
pointed out, multiplying (1.1) by u and u; respectively, one can get

(1.3) % /u2 +nu? + (Au)? da + /77ut2 + (Au)? dx = /nutAf(u) +ulf(u) dz.
Since there are no estimates of |u(-, )|z, or |[Du(-,t)||L, on the left-hand side
of (1.3), the term [ wA f(u)dx cannot be controlled by the standard energy method.
Thus, Wang and Wu [17] introduced a long wave short wave method. With the
method, they obtained the global existence and Lo decay rate of classical solution
of (1.1), however, only for the case of n > 3 with small initial data.

This paper proposes a new method to solve the problem for all n and with large
initial data. This method uses frequency decomposition and estimates the long wave
and short wave separately. During the estimation of long and short waves, explicit
analysis of Green’s function is applied instead of energy integration. The advantage
of this method is that the differential equation can be turned into an integral one,
thus much more accurate calculation can be conducted. Finally, the global existence
in time of classical solutions and its L, decay rates of (1.1) with large initial data in
all space dimension are obtained.

Notations in this paper are introduced below: L,, W™P denote the usual Lebesgue
and Sobolev spaces on R™ and H™ = W™?2, with norms |||z, ||[lwme, [|-|&m,
respectively, & = (a1,aa,...,q,) is multi-index, and |a| = a1 + az + ... + a,.
Fourier transform to the variable 2 of function f(z,t) is f(£,t), that is f(&,t) =
[ fz, t)e~ %% dx, where i is imaginary unit. Thus, the inverse Fourier transform to
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the variable £ of f (&,t) is defined as

Fla,t) = F1(f)(at) = (Qﬂ)—n/Q/f(g,t)eixf de.

Symbol % denotes convolution of space variable in this paper. The constant C is
assumed to be positive.
The main result of this paper is the following theorem:

Theorem 1.1. Suppose s > 1+ [5], ug € H*2N Ly, u; € H*N Ly. The Cauchy
problem (1.1) admits a unique, global classical solution u(x,t) satisfying:

U € Loo(0,00; H¥(R™)), |0z, < C(A+)"/871l/4 for ja| < s.
If1<n<3,nd+n—42=>0, we can go further and get

[08ul|r, < C(1 4 )~ 1A/A=mA=1P/A - for 18] < s —2, 2 < p < 0.

2. EXPLICIT ANALYSIS OF GREEN’S FUNCTION

Green’s function G of (1.1) is defined as

N0y + 0 + A?2)G =0, xe€R", t>0,
(2.1) Gli=o = 0,
Gt|t:0 = (S((E)

By Fourier transformation to variable x, we deduce

(natt + 8t + |€|4)G\(€7t) = 07 E S Rn7 t> 07
(2.2) Gli—o = 0,
Gili—o = 1.

The problem (2.2) is an ODE, its solution is

(23) Gle1) = (M ) =M
+ - —_

where

24) A= 2—177(—1 1= anfel'), A= %(—1 —\/1— i),
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By Duhamel’s principle, solution of (1.1) can be represented as

(2.5)  w(zx,t) = G(x,t) * (ug + u1) + nOG * ug +/O Gt —7)* Af(u)(-,7)dr.

Let 9
L [l <=
V4
x(§) = A 7 be smooth cut-off function.
0 > —

Denote G, = z(§)G(E, 1), Gy = (1 — x(€))G(E, 1).

Theorem 2.1. For any multi-index «, integer 2 < p < oo, there exists positive
constant C,,, which is dependent on o, p such that

107 GL(-t)
1070:Gr(; 1)

oy (1 + 1)~ lol/4=n(=1/p) /4.
oy (1 + 1) ol/4=n(1=1/9) /4,

Iz,
|

L,

Proof. When 4n|¢[* < 1, we have

(26) Mo € (-1 1= 20lel") = el
(2.7) A< —2—177,
(2.8) /\+—)\_=%\/1—4n|§|4>%§.
When § < 4n[¢|* <1,

14t =2k

(2.9) A < e,

:2 P—
To1—\1—dnlel'  1+4/1-4n¢*

When 1 < 4n|¢|* < 4%,

—2¢]*
Af = ——F—,
1+4/1—4nl¢)*
thus
—2l¢l4 1
(2.10) Re)s N =——

Caplet =141 2p
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When 2 < p < oo, we have

(2.11) [|09GLllz, < Caplle®Grllz,

PO i BPARS
< Cy, (/ g 7015)
"\lerr<1/esm Ay — A

‘e (/ el 12 dfs)l/q
P\ lepr<aysm A=A

A—=A)t _ 1 g 1/q
€
ey erelerot| S ac)
N1 ny<lelt<oa/n Ay — Ao
=L+ 1L+ 1Is.
From (2.4), (2.6), (2.7), (2.8) we obtain
1/q
(2.12) L+ 1< Cay </|§|4<1/(8 | €]l (e lel“ta . eqt/(2n))d£>
< n

< Cop(l+ ¢)~lel/4=n(1=1/p)/4,

Because

(A—=Ap)t _
|— <o

A — Ao
for 1/(8n) < |¢€|* < 64/n, from (2.9), (2.10) we also get

(2.13) I3 < Cap(1 + t)~lal/A=n(=1/p)/4,

From (2.11), (2.12), (2.13) we get the estimate for ||03G L],
From (2.3) we deduce

ata _ >\+e)\+t _ )\76)\715 _ 1— e()\ff)\+)t
VR A

Apt | At
“Apettt et

using the same method as that of estimate for |03 GL||L,, we can also get the decay
rate for ||030,G L] L, O

Theorem 2.2. Suppose u € H!, 0 < 7 < t. For any multi-index o, |a| < I, there
exists constant Cy > 0 such that

105 Grr (st =) % u(,7)l| 2o < Coe™ 7/ CDY|Ogu(-, 7)o
102G (st = 1) % Au(, 7| Ly < Coe™ "7/ CV02u( 7)) Ly,
1050:Gr (-t = 7) % ul| Ly < Coe™ "7/ CD 02w .
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If 1 < n <3, we can go further and get

107 Gr (-t = 7) xul, 7)) n
1070:Gr (-t —7) % u(, 7).

Coe™ " 7/CV02u(- )Ly, o
Coe™"/CV| A ullL,, |8

L,

<
<l-2.

NN

Proof. When 477|§|4 > 2, from (2.4) there exist positive constants C, Ca,
C3, Cy such that

1 _ 7

A — A
+ V11— 4nlel!

Thus, we can deduce

Cy 1
<O Rds=—o

<

102G (-t —7) % u(, )|z, = |Gr (ot —7) - €500, 7)1,
< Coe T/ e 7)1,
= Coe™ T/ 92y, 7)]| 1,
108G (-t — ) % Au(-, 1)L, = |Ga (-t —7) - [€] - €%, T)|z,
< Cre= (/M e 1),

— Cle—(t T)/(2n)|| ) Ly

(5
dgul,
1020 Ga (-t = 1) ule, 7)o = 10:Ga (-t = 7) - €%, 7)] s
< Cae TR e 1),
— Cgef(tff)/@n)”aa ()L,

When 1 < n < 3, we have

102Gt — ) xu(o ) < [ 1Gullemalm)| de
< ||@H||L2||€a@(' )| o
1/2
<cl( |€|4e ~- T/”ds) 10%u(-, 7)1z
< Cyem =DM g2y (Pl

020, (et =) sl < [ 109Gl e

1/2
<o [ e rae) otaul,
< Cye~ = T)/(2”)||85Au||L2.
Choosing constant Cy > max{Cy, Ca,Cs,Cy4}, we get our theorem. O
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After accurate analysis of G, we will use fixed-point theorem to get global existence
of the solution.

3. GLOBAL EXISTENCE

First, we need some lemmas. They are necessary in the process of dealing with
the nonlinear term of (1.1). The proof of the lemmas can be found in [3], [16], [17].

Lemma 3.1. Suppose s, 0 are positive integers, p, q,r € [1, 00| be such that 1/r =
1/p+1/q. Suppose F(v) is a function of C*® that satisfies

10! F(v)] < Clol®T11 0<i<s, 1 <O+1,

and
BLF()| <C, 1<s, 0+1<L.

Ifv € w1 N LP N L>®°, where 0 < k < s, we have

[ (0) [

< Ol llvlz, 0l
6—
1o F (@), < Cllogvllz, lvllz, lvll7_).

The constant C' is dependent on p, q,r and ||v||L_..

Lemma 3.2. Suppose s,0,p,q,r, k,v, F(v) satisfy the assumptions of Lemma 3.1.
Moreover, assume that

|05 F(v1) — 05 F (v2)] < C(Jur] + [va])™ >~ vy — vg].
Ifv1,vs € W9 N LP N L™, we have

1F (v1) = F2)llrr < Clorllira + v2llura)lor = vallz, (o1l + o2l )"~
9—
+C(llvallz, + llvallz, ) (llor = v2llwra) (lorll e + o2l )’

where constant C' is dependent on p,q,r, ||vi]z.., ||v2llL.-

Let s > 1+ [%]7 E = maX{Hu0|‘H5+27 HUIHH% ‘UOHLlﬂ ||u1||L1}7 where Up, U are

the initial data of (1.1). Define a space X; g as follows:
Xsg={u=u(z,t); Dsg(u) <CrE},

where
Dy p(u) = fglg{(l + )" S|ul, )|},
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and C is a fixed constant which will be defined later. The metric in space X g is
induced by the norm Djs g(u):

o(vi,v2) = Ds p(v1 —v2) Vovi,v2 € X5 .
It is obvious that (X, g, Ds g(-)) is a non-empty Banach space. If u € X, g, we have
(3.1) 102u( )|, < CLE(1+1)""/% for |a| < s.

Define
t
(3.2) T(u)=G(x,t)* (ug + u1) +ndG(-,t) * ug + / G(,t—7)x Af(u)(-,7)dr.
0
We next prove that T is a contraction map from (X g, Ds g(-)) to itself.

Theorem 3.3. The function T is from (X g, Ds g(+)) to itself.

Proof. From Theorem 2.1, for any multi-index o we have

(3.3) 102G L(w,t) * (uo + u1)| L, + [M05OGL(-,t) * uol| L,
<02 GLlL,(luollzy + lluillz,) +nll0F0:G Ll Lolluol L,
< CupB(1 4 1)~ lal/4=n/8,

)

From Theorem 2.2 for |a| < s we have

(3.4) 109G r (-, 1) * (ug +u1) ()|, + 7020, Gr (-, t) * uo(-)|| L,
< Coe (05 uo|, + 105w 2,) < CoBe /7.

Take r =1, p = ¢ = 2 in Lemma 3.1. Then there exists constant C(||u| ., ) which
is dependent on ||lu| ., thus on Cy such that

(3.5) 10 £z, < CCHI07ull o llullz, [ull 7
If s > 1+ [§], from (3.1) and the Sobolev embedding inequality we have

(3.6) lulz. < CW)llullms < Cln) - CLE(L +t)~"/*.

590



From Theorem 2.1 and (3.1), (3.6), (3.5) for |a| < s we have

(3.7) ‘ o0 /1t Gu(t —7) % Af(u)(-,7) dr

Ly

1/2
( / 108 AG (-t — D)L ) (DI, dr)
-C'7YCy) -0 - C(n) - B/

1/2
U (14t —r)(altD/a=n/8)2( | p)=n/822(1 | 7)=n/8260-1) 47
0
< Ca,p . 09_1(01) . 012 . C(’n) . E9+1(1 + ﬁ)_n/8_1/4.

Take r = 2 = ¢, p = 0o in Lemma 3.1. Then there exists a constant Co(||lu||r..)
which is dependent on ||u|/z_., thus on C; such that

(3-8) 105 f ()]l L. < C2(CV) 107l L, lull,,

If uw € X, g, then from Theorem 2.2, (3.8), (3.6) for |a| < s we obtain

(3.9) ‘a;;/o Gt — 7) « Af(u)(-,7) dr

Lo

t 1/2
< | [ 18Gut.t =) w0zt I, 0
0
t 1/2
<Co { [ ez e, dT]
0
¢ 1/2
<01 -CYC) - C [ e ozl Juli, dﬂ
0

t 1/2
< Cl 029(01) X CO [/ e—(t—r)/n(l + T)—n/4(1 + T)—n/8~2«9 dT:| E0+1
0
< Cl 029(01) . CO . E9+1(1 + t)—n/S—l/S.
From (3.2), (3.3), (3.4), (3.7), (3.9) for |a| < s. We have

09T (u)|| L, < max{Co,Cap}E(1+1t)~"/*
+ max{C,,, - C'7HCy) - C?-C(n),Cy - CY(Cy) - Co}EIT(1 4 t)/8-1/8,

Take ¢ large enough, choose
Cy > max{Cy, Cy p} +max{Cy,-C'~H(C})-C?-C(n),Cy-CY(C1)-Co}- B (1+1)~Y/3,
we can deduce T'(u) € X g. The theorem is proved. O
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Theorem 3.4. The function T'(u) is a contraction map from (X, g, Ds g(-)) to
itself.

Proof. Forwvi,vy € X, g, take k=s,7r=1,p=¢=2in Lemma 3.2. Then we
have

(3.10)  [[f(v1) = f(v2)llwen
< C(lorllwse + l[ozllwez) - llor = v2ll o) (lvall oo + ozl )
+C((Jorllzs + llv2llza) - or = vallwez) (ol o + llo2llz. )’

For |a| < s, from Theorem 2.1, (3.10), (3.1), (3.6), there exists a constant C' such
that

(3.11) \a: [ Gt = s AT - Fe) ) ar

Lo

t 1/2
< [ [ 1058610, = D) - s, dT]
t
< [/ (1_’_t_,]_)(72/47n/8)-2(1_’_T)fn/8-2(1_’_T)fn/8-2
0

1/2
X |lor = va||Zea (1 4+ 7)V/82(1 4 7)~V/E20-D) dr] E?

t 1/2
<C-E°(vy — vo) [/ (1+t-— T)_"/4_1(1 + 7')_"/2_"(‘9_1)/4 dr]
0

<C- Eeg(vl —vg)(1+ t)_"/s_l/s.
Take k =s, r=2,q=2, p=o00 in Lemma 3.2. Then we have
3.12)  [f(v1) = f(v2)l s

< C(([lon] v = val) (ol + llv2llz
+ C([lorllzwe + llvzllzo)l[or = v2]

)9—1

me + o2l me)

)071.

me)([[vill Lo + [lvallzo,

For |a| < s, from Theorem 2.2, (3.12), (3.1), (3.6) we get

(3.13) ‘ag/o Gurlert — 1) % A(F(v1) — F(a)) (-, 7) d7

Lo

s [/ |0 Gt = 1) A1) = Flex)) I, o N

< [/Ot e~ M9 (f(v1) — f(UQ))("T)H%Q dr} 1/2
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t
s [/ e T4 1) TEPE oy — v s
0

1/2
~ E(971)~2(1 +T)fn/8~2(971) dT:|

¢ 1/2
<C- Eeg(vl — v9) [/ e*(t*T)/"(l + 7')7"/4*”/4(1 + T)fn(gfl)/4 dT]
0

<C-E%(vr — ) (1 + )/,
From (3.2), (3.11), (3.12) we have
105 (T (01) = T(v2)) L, < C - E*(1+)7/57 5 0(v1 — wa).

Take t large enough such that CE?(1 4 ¢)~1/® < 1. Then
1
o(T(v1), T(v3)) < C-EP(14+1)"3p(v; —w2) < Eg(vl — vg),
the theorem is proved.
Together with Theorem 3.3, Theorem 3.4, (2.5), we get our global existence theo-

rem. O

Theorem 3.5. Let

E = max{|[uo|| go+2, [[urll &, [[uoll Ly, iz, }

where s > 14 [3]. Cauchy problem (1.1) admits a unique, global classical solution
u(z,t) € Loo(0,00; H*(R™)) and

[ull e < CE(L+18)"/%.

Next, we want to get more accurate estimate for u € X; g.

4. DECAY RATE

Set M(t) = sup (14 7)"/8Hel/4|92u(-, 1)||L,, |a| < s. Then
12730

(4.1) 100u(-, 7)|| Ly < M(£)(1 4 7)~"/81el/4,
We want to prove that M (t) is bounded.

Theorem 4.1. Suppose that s > 1 + [5], ug € H*2N L, and u; € H*N L;.
Then the solution u of (1.1) satisfies

[0%u]| L, < C(1 4 71)~1/4=n/8 for ja| < s.
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Proof. From Theorems 2.1 and 3.5, (3.5), (4.1), we have

2

8?/0 Gr(t—7)« Af(u)(-,7)dr

(4.2) ‘

Lo

t/2 1/2
< [ [ leacata - i@l dr}

t 1/2
; [ [ 1860t DI oz s, dr]
t/2

t/2 1/2
< |:/ (1 +t— 7_)(—(\o¢|+2)/4—n/8)~2(]_ + T)—n/8~2~2(1 + T)—n/8~2(0—1) dT:|
0

t
+ |:/ (1 +t_7)(72/47n/8)~2M2(t)(1 +7_)(7n/87|a\/4)-2
t/2

1/2
X (14 7)"V82(1 4 7)~/820-1) dT}
< C(l + t)*n/8*|a‘/4*1/4 + CM(t)(l 4 t)*n/Bf\a|/471/8.

From Theorems 2.2 and 3.5, (3.8), (4.1), we have

8?/0 Gu(t—7)*« Af(u)(-,7)dr

@y |

Lo

- 1/2
<|f ||0;’GH(-,t—T)*Af(u)(-ﬁ)llizdr]
L/ O

. 1/2
<[ [ ez i, o
0

- 12

t
< / e (DML () (1 4 )Tl A8 2(1 4 7)~n/826 g7
L/0

< OM(t)(1 4 )~ /8 lel/a=1/8,

From (2.5), (3.3), (3.4), (4.2), (4.3), we get
||3§u||L2 < CE(l—l—t)_”/g_‘0‘|/4+C(1+t)_”/8_|°“/4_1/4—|—C'M(t)(1+t)_"/8_‘°‘|/4_1/8,

thus M(t) < CE + C(1 +t)~"* 4+ CM(t)(1 +t)~'/%, we can deduce M(t) < CE.
The theorem is proved. (|

Theorem 4.2. Suppose s > 1+ (%], up € H*t?NLi,us € HSNLi,1<n<3,
n+nf —4 > 0. The solution u of (1.1) satisfies

[6%u|r.. < CL4+t)~1A4A4 for || < s — 2.
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Proof. From Theorems 2.1 and 3.5, (3.5), we have

(4.4) ‘8;?‘/0 Gr(,t—7)« Af(u)(-,7)dr

Lo

t/2
< /0 102 AGL(t = )L I f (), 7|z, d7

t
+ / [AGL(t = T) Lo 105 f (W) (7L, dT
t/2

t/2
< / (14t —7) /4024 0 4 1) /41 4 ) /30D qr
0
t
+/ (1 +t— 7_)771/472/4 . (1 + 7_)7\o¢|/47n/87n/8(]_ + T)fn/B-(Gfl) dr
t/2
< C(l + t)—n/4—\a|/4—n9/8+1/2—n/8.

From Theorems 2.2 and 3.5, (3.8), (3.6), when 1 < n < 3, |a] < s — 2, we obtain

(4.5) ‘8;,’/0 Gu(,t—7)x Af(u)(-,7)dr

Les

t
< / e~ (=@M 192 A f(u)(-, 7)| 1, dr
0

N

t

/ o~ (=)/@n)(] 4 py=(al+2)/4=n/8(1 4 y=n/80 g

0
< C(]. _’_t)fn/4f\a|/471/2.

From Theorem 2.1, for |a| < s we get

(4.6) [02GL(, 1) * (w0 +ur) (o + 107 0GL 1) * uo()l| Lo
<N02GLl Lo (luolly + l[urllz,) +nll07 0 GL Lo luoll 2,
< C(1 +t)~lal/d=n/4,

From Theorem 2.2, for |a| < s, if 1 < n < 3, we find that

(4.7) 107G () * (wo + u) )z + 107 0:Gr () * uo ()| Lo
< Ce N ((|02uol| 1y + 105wl + (105 Auo]1,) < Ce™/),
From (2.5), (4.4), (4.5), (4.6), (4.7) for |a| < s—2, n+nb —4 > 0, we have

08l < C(L+§) 1o/ 1 01 4 py=na=ll/i=1/2
+ C(]. + t)fn/élf|a\/47n0/8+1/27n/8

< C(1 +t)~lel/d=n/4,

The theorem is proved. O
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By interpolation inequality, from Theorem 4.1, Theorem 4.2, we obtain the fol-

lowing theorem.

Theorem 4.3. Suppose s > 1+ [2],1<n <3, uy € H*™2N Ly, u; € H¥N Ly,

3
)

n+nf —4 > 0. The solution u of (1.1) satisfies [|0%ul|, < C(1 +¢)~lel/4=n(=1/p)/4
for|a| <s—-2,2<p< .

i
2]
3]
]
5]
6]
]
8]
9]

[10]

11]

12]

13]

14]

[15]

[16]

17]

[18]

Together with Theorems 4.1 and 4.3, we get our main result Theorem 1.1.
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