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Abstract. We consider a quasistatic contact problem between a viscoelastic material with
long-term memory and a foundation. The contact is modelled with a normal compliance
condition, a version of Coulomb’s law of dry friction and a bonding field which describes the
adhesion effect. We derive a variational formulation of the mechanical problem and, under
a smallness assumption, we establish an existence theorem of a weak solution including a
regularity result. The proof is based on the time-discretization method, the Banach fixed
point theorem and arguments of lower semicontinuity, compactness and monotonicity.
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1. INTRODUCTION

In rheology, connecting a spring and a dashpot in parallel leads to the Kelvin-Voigt
model whereas using a combination of a spring and a dashpot in series yields the
Maxwell model, where springs and dashpots represent elastic and viscous properties,
respectively. However, it is well known that the Maxwell model cannot adequately
describe viscoelastic behaviour in creep and the Kelvin-Voigt model cannot predict
the stress relaxation. For this reason, we need to construct more complex rheological
models. For example, by using two springs and a dashpot, one can build up the
Zener model, the so-called standard linear solid model. It is the simplest model that
can describe these two phenomena (see, e.g. [5], [6]). Taking the Maxwell model
together with a spring in parallel leads to the Maxwell representation of the Zener
model, see Figure 1.
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Figure 1. The Maxwell form of the Zener model.

In this model, the dashpot and the two springs obey Newton’s law and Hooke’s
law, respectively, that is

(1.1) (i) op =nép, (ii) o092 = FEseq, (iil) o1 = Ereq,
and, moreover, for series components, we have the relationships
(1.2) Om = 0D = 02, Em = Ep + €2,

whereas, for parallel components, we have

(1.3) oc=0m+01, €=¢gp=c1,

where op is the stress applied to the dashpot, oy and oy are the stresses applied to
spring 1 and spring 2, respectively, ep is the strain that occurs in the dashpot, an
overdot denotes ordinary differentiation with respect to the time variable ¢, £; and e
are the strains that occur in spring 1 and spring 2, respectively, 7 is the viscosity
of the dashpot component, F; and Fs represent Young’s modulus of spring 1 and
spring 2, respectively, o, is the stress applied to the Maxwell arm, ¢, is the strain
that occurs in the Maxwell arm, o is the total stress and ¢ is the total strain. It
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follows from (1.1)—(1.3), that

E E\E
(1.4) Zoto=—2
U

€+ (El + EQ)é7
which gives

E. FE
(Zo(s) + () )P/ = ZL2e(s)eB25/1 4 (By + Bp)é(s)e,
n n

integrating both sides of this equation on (0,t) with the initial conditions o(0) =
£(0) = 0 and using integration by parts, we get

(1.5) o(t) = ae(t) + /0 b(t — s)e(s) ds,

E2
a=FE1+FEy bt—s)= _ﬁesz(tfs)/n.

Also, taking the Kelvin-Voigt model together with a linear elastic spring in series, we
obtain the Kelvin-Voigt representation of the Zener model with equations analogous
to those obtained in (1.4)—(1.5). We now extend the integral law (1.5) to the d-
dimensional case (d = 2,3) to obtain

(1.6) o(t) = Ae(u(t)) + /0 B(t — s)e(u(s))ds,

where o represents the stress tensor, u denotes the displacement field, e(u) is the
linearized strain tensor, A is the elasticity operator and B denotes the tensor of
relaxation. Analysis of various boundary value problems with a constitutive equation
of the form (1.6), also known as the viscoelastic law with long memory, can be found
for instance in [14], [16], [22], [23] and references therein.

This paper represents a continuation of [14]. There, the contact problem with
Tresca’s law involving the slip dependent coefficient of friction for materials with
a constitutive law of the form (1.6) was modelled and an existence result, for a friction
coeflicient small enough, was established. The novelty of the present paper consists in
dealing with a quasistatic contact problem for viscoelastic materials with a constitu-
tive law of the form (1.6), such that the contact is modelled with a normal compliance
condition and, moreover, both friction and adhesion are taken into account.

The adhesive contact between bodies, when a glue is used to bind two separate sur-
faces together and prevents their relative motion, has received recently considerable
attention in the mathematical literature. General models with adhesion can be found
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n [9], [10]. Related adhesive contact problems can be found in [3], [4], [13], [20], [21],
[24] and references therein. Following [9], [10], we introduce a surface internal variable
B € [0, 1], which is a measure of the intensity of adhesion between the contact surface
and the foundation. When = 1 all the bonds are active and there is total adhesion;
when 0 < 8 < 1 partial adhesion takes place; when 5 = 0 there is no adhesion.

The rest of this paper is organized as follows. In Section 2 we present the notation
and some preliminaries we use in our study. Section 3 and 4 are dedicated to de-
scribe the mechanical problem and derive its variational formulation. In Section 5 we
establish the existence of a weak solution to the problem. Our analysis is based on
the time-discretization method. By using the backward Euler scheme, we construct
a sequence of elliptic quasi-variational inequalities for which at each time step, under
a smallness assumption, we prove the existence of a unique solution. Then, after
obtaining the necessary estimates, we construct approximate solutions and prove
that the limit of a subsequence of the solutions of the approximate problems is
a solution of the continuous problem.

2. NOTATION AND PRELIMINARIES

Here we introduce the notation we will use and some preliminary materials. For
further details we refer the reader to [7], [18], [21]. We use the notation N* for the set
of positive integers. We denote by S? the space of second order symmetric tensors
on R? (d = 2,3) and we define the inner products and the corresponding norms
on R? and S? by

d
w~v:Zwivi, lv| = Vo-v Yw,ve R
i=1
o-E= Y oybiy lol=Voo Vo, £S5

1<i,5<d
Let Q C R? (d = 2,3) be a bounded domain with a Lipschitz boundary I' and let v
denote the unit outer normal on I'. Let [0,7], T > 0 be the time interval of interest,
let t € [0, 7] be the time variable and let z € () be the spatial variable. We introduce
the spaces

H={v=(v); vi € L*(Q), 1 <i<d},
Hy ={v=(v); v € H(Q), 1 <i<d},
Q={{=(&;); &J &ji €L (@), 1<,

j <dj,
{geQ Za”eLQ( <i< d}
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Note that H, @, H; and Q; are real Hilbert spaces endowed with the inner products
given by

(w,v)g = /Qw-vda:, (0,7)o = /Qa-rda:,
(wﬂv)Hl = (wav)H + (8(10),6(1)))@7
(07 7—)Q1 = (DlV o, Div T)H + (Ua T)Qa

where e: H; — Q is the deformation operator, defined by

(81}1 n o0v;

2(v) = (e (0)): eiy0) = 5 (50 + 52), 1<, j<d, VveHy,
i [

Div: @1 — H is the divergence operator for tensor functions, defined by

Diveo = (0i5,), 045, = Zaajjj <i<d, Vo€ Q.

The associated norms on the spaces H, Q, H; and Q; are denoted by ||||x, |‘]lo,
[Ilzz, and ||| o,. We note that the real-valued function v — ||v|| defined by

|v|—(2/ o) dx+22/ (2 x)/2 Voe H,

i=1 j=1

and |||z, are equivalent norms on H;. Let 5: H; — L?(I')% be the trace map. We
recall that 7 is a compact operator, i.e., for any bounded sequence {v,} in H; there
is a subsequence of {v,,} which is convergent in L?(I")¢. For every element v € H;
we denote by 7(v) the trace of v on I" and for all v € H; we denote by v, and v, the
normal and tangential components of v on the boundary T,

vy =0V, vy =v—v,v onl.

In a similar manner, the normal and tangential components of a regular (say C*)
tensor field o are defined by

o, =0V-V, 0 =0V —o0,v onl,
moreover, Green’s formula
(2.1) (DiVJ,U)H+(J,€(U))Q:/O'l/"l)da Vv e H;
r
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holds, where da is the surface measure element. For every real Banach space
(X, |Illx), we denote by C([0,T]; X) the space of continuous functions from [0, T]
to X with the norm

x) = t .
Ivlleqoan = mas (0] x

Also, we use the standard notation for the spaces LP(0,T; X) and W*P(0,T; X),
p € [1,00] and k > 1. Finally, we conclude this section with the following Gronwall
type inequality.

Lemma 2.1. Assume that @ and b: [0,T] — R are two functions in L'(0,T)
satisfying

(2.2) a(t) < b(t) +é/ota(s) ds Vtel0,T],

where ¢ is a nonnegative constant. Then,

t
(2.3) a(t) <B(t) + ¢ / =h(s)ds Vit € [0,T].
0
Proof. Use arguments similar to those in [8], proof of Proposition 2.1. O

3. PROBLEM STATEMENT

The physical setting is as follows. A deformable body occupies a bounded domain
Q C R4 (with d = 2,3). The body is assumed to obey a viscoelastic law with long
memory and the process is quasistatic in the time interval of interest [0,7]. We
assume that the boundary I' of the domain 2 is Lipschitz continuous and is divided
into three disjoint measurable parts I'1, I's, I's such that meas(I';) > 0. The body
is clamped on I'; and therefore the displacement field vanishes there, while volume
forces of density fy act in €2 and surface tractions of density fo act on I's. The body
is supposed to be in adhesive contact over I'3 with the foundation and, moreover,
both normal compliance and a version of Coulomb’s law of dry friction are included.
To simplify the notation, we do not indicate explicitly the dependence of various
functions on the spatial variable z € Q UTI'. Under the above assumptions, the
classical formulation of our problem is the following.
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Problem 3.1. Find a displacement field u: Q x [0,7] — RY, a stress field
o: Qx[0,T] — S? and a bonding field 3: I's x [0,T] — R such that

(3.1) o(t) = As(u(t)) + /Ot B(t—s)e(u(s))ds in Q x (0,7),
(3.2) Divoe+ fo=0 inQx(0,7T),

(3.3) u=0 onTly x(0,7T),

(3.4) ov=fa onTyx(0,T),

(3.5) =0y =py(uw) = @ (B)Ry(uy) on T x (0,7),

0 + 47 (B) R ()] < pr (),
e |1 e OR] <) > i =0

(0 + 40 (B) R ()] = pr (i) = 3A > 0

such that o + ¢, (8) R, (u,;) = =Ai, on Tz x (0,7),
(3.7) B = Haa(B,Ry(u,)) onTsx(0,T),
(3.8) B(0) =By on I,

u(0) =ug in Q.

We now briefly comment on the problem (3.1)-(3.9). Equation (3.1) represents
the viscoelastic law with long memory. Equation (3.2) is the equilibrium equation
posed on the domain 2. Conditions (3.3)—(3.4) are the displacement-traction bound-
ary conditions where ov represents the Cauchy stress vector. Relations (3.5)—(3.6)
characterize the contact boundary conditions. Here and below, the dot above a vari-
able represents its derivative with respect to the time variable. Relation (3.5) is the
normal compliance condition in which the contribution of the adhesive to the normal
traction is represented by ¢, (8)R, (u,), where u, is the normal displacement and g,
is a nonnegative prescribed function. A possible choice of the function g, is

@ (B) = wp?,

where 7, is a given positive material parameter (see, e.g. [4], [21], [24]). The nor-
mal compliance function p, is a nonnegative prescribed function which vanishes for
negative arguments. An example of the normal compliance function p, is

pV(r) = CV(T)-H

where (r); denotes the positive part of r, that is (r); = max{r, 0}, ¢, is the surface
stiffness coefficient. We note that an early attempt to study the quasistatic contact
problem with the normal compliance model was done in [1], [15]. The relations (3.6)
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represent a version of Coulomb’s law of dry friction, where p, is a prescribed non-
negative function, the so-called friction bound. Given p,, we may choose the friction
bound function

pr(r) = ppu(r),

where p > 0 is the coefficient of friction (for more details, see, e.g. [20]). The func-
tion ¢, is a nonnegative function which acts as the tangential stiffness. In particular,
the following form of the function ¢, was considered for instance in [13], [24],

qr (6) = 67627

where ¢, is a given positive material parameter. Here and below, R,: R — R and
R.: RY = R? are truncation functions defined by

0 if 0 < s,
(3.10) R,(s)=<¢ —s if —L<s<0,
L ifs<-—L,
v if0< vl <L,
3.11 R, (v) =
(3.11) (®) L|”—| if o] > L.
v

The introduction of the operators R, and R, is motivated by the mathematical
arguments where L > 0 is the characteristic length of the bond, beyond which it
stretches without offering any additional resistance (see, e.g. [19], [21]). As in [3],
[4], [13], equation (3.7) describes the evolution of the bonding field where H,q is
a general function. An example of the adhesion rate function H,q is

(3.12) Haa(B,7) = —(,8r* —e4)+ on T3 x (0,T),
where €, €, are given positive material parameters. We note that in (3.12), the

process is irreversible and once debonding occurs bonding cannot be reestablished
(see, e.g. [20], [21]). Finally, (3.8)—(3.9) are the initial conditions.

4. ASSUMPTIONS AND VARIATIONAL FORMULATION

In order to obtain the variational formulation of the mechanical problem
(3.1)—(3.9), we introduce the space V' defined by

V={ve H, v=0o0nT4}.
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Since meas(I';) > 0, Korn’s inequality
(4.1) Ckllvla, <lle)le VveV

holds, where C'x > 0 is a positive constant depending only on 2 and I';. A proof of
Korn’s inequality can be found, for instance, in [17], page 79. Over the space V, we
consider the inner product and its associated norm, given by

(4.2) (w,0)y = (e(w),e(v))g; wllv = lle(w)lle Vw,veV.

It follows from Korn’s inequality (4.1) that ||-||g, and ||-|[y are equivalent norms
on V. Therefore, (V, (-,-)v ) is a real Hilbert space. Moreover, by the Sobolev trace
theorem, there exists a positive constant ¢y depending only on the domain 2, T'y
and I's such that

(4.3) loll gy < colloly Vo € V-

In the study of the mechanical problem (3.1)-(3.9), we consider the following
assumptions. We assume that A: Q x S¢ — S? satisfies:

(a) There exists m4 > 0 such that
(A(w,e1) — A(z,62)) - (61 — €2) = maler — e2]?
for a.e. x € Q Veq,e0 € ST
(4.4) < (b) There exists L4 > 0 such that
|A(z,61) — A(z,e2)| < Laler — e2| for ae. 2 € Q Vey,eq €S9

(c) The mapping x — A(z,¢) is Lebesgue measurable on  for any ¢ € S¢.

(d) The mapping x — A(x,0sa) belongs to Q.

We assume that the operator B satisfies
(4.5) BeW">®(0,T; Qu),
where Q. is the space of fourth-order tensor fields defined by
Qoo ={€ = (Eiji); Eiji = Ejirr = Erij € L(Q) Vi, 5.k, 1€ {1,...,d}},
which is a real Banach space with the norm
(4.6) I€lqw = _max_ 1€kl (@-
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We assume that the function p,: I's x R = R (a = v, 7) satisfies:

(i)  There exists L, > 0 such that
(47) |pa(z,71) — Palz,72)| < La|r — 72| V71,72 € R for ae. x € Ts.
' (ii)  palxz,r)=0 Vr <0 for ae x €T3,

(iii) The mapping = +— ps(x,r) is Lebesgue measurable on I's Vr € R.
We assume that the function ¢, : I's x R = RT (a = v, 7) satisfies

(i)  For all by, be € R, there exists Myp,p, > 0 such that
|9 (7, C1) = qa(@; C2)| < Mab,b, |G — 2

(4.8) YV (1,Ca € [b1,bo] for a.e. x € Ts.

(ii) The mapping x — ¢o(z, () is Lebesgue measurable on I's

for any ¢ € R.

(iii) The mapping z — gq(z,0) belongs to L>(T's).
The adhesion rate function Huq: I's x Rx[—L, L]— R is assumed to satisfy:

(i)  There exists Ly,, > 0 such that
|Haa(%,C1,7) = Haalw, G2,7)] < Li,alG — G
forae. z€ls V@, €eRVre|-L, L]
(ii) For all b1, be € R, there exists Lp,p, > 0 such that
|Haa(z, (1,71) — Haa(z, C2,72)| < Lpyp, (|G — Co| + |11 — 72])
(4.9) V(1, G2 € [b1,bo] Vry,7ma € [-L, L] for a.e. z € T's.
(iii) The mapping ¢ — Haa(x,(,r) is Lebesgue measurable on I's
V(e RVYrel-L, L]
(iv) Haa(z,0,7) =0 Vre[-L,L]fora.e xe€ls.
(v)  Haa(z,(,r) 20 V(<LO0Vre[-L,L]for a.e. z € I'3 and
Haa(z,¢,r) <0 V(=2 1Vrel|-L,L] for ae. z €Ts.

The densities of forces satisfy
(4.10) (i) fo e Wh(0,T; H), (i) fo€ WH>(0,T;L*(T2)?).
Finally, we assume that the initial data satisfy

(4.11) Bo e L>®(T3), 0< By <1 forae ze Iy,
(4.12) u € V.
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It follows from (4.10) that the function f: [0,7] — V, defined by
@13)  (f(t)w)y = / folt)-wda+ | folt)-wda VweV Vielo,T),
Q Iy

has the regularity
(4.14) fewhe=,T;V).

In the sequel, we use the functionals ¢: VxV — R, jaq: L®(T3)xV xV — R and
p: L*(T3) x VxV — R defined by

(4.15) w(v,w)z/F pl,(vu)wl,da—i—/ pr(vy)|wr| da,

s

4 (O)Ro (v, ), da + / 4 (O)Re (v7) - wr da,

s

(4.16)  jaa(C,v,w) = —/

s
(417) 50(471}711)) :jad(gavaw) ‘H/J(an)a

respectively, for all v,w € V and for all ( € L>°(T'5). Using the Riesz representation
theorem, we can introduce the operator F: V — V defined by

(4.18) (Fv,w)y = (Ae(v),e(w))g Yv,weV.
Also, we introduce the operator G: [0,7] — L(V') defined by
(4.19) (G(t)w,v)y = (B@t)e(w),e(v))g Yw,v eV Vite|0,T],

where £(V') represents the space of linear and continuous operators from V to V with
the norm [|-|| £(v). We turn now to derive a variational formulation of the mechanical
problem (3.1)—(3.9). To do that, let us assume that (u, o, 3) are smooth functions
satisfying (3.1)—(3.9). Let w € V and let ¢t € [0,7]. We use (3.2) and the Green
formula (2.1), to obtain

(4.20) (o(t),e(w))o — /Q fo(t) - wdz = /Fa(t)z/ -wda.
Moreover, since w € V, it follows from (3.4)—(3.5) that
(4.21) /Fa(t)l/ cwda = /1“ o(t)v-wda+ /1“ oy (t)w, da + /1“ o.(t) - wrda
= [ att)-waa— / el (8w do
+ /1“3 0 (B(t)) Ry (uy (t))w, da + /1“3 o (t) - wy da.
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Thus, (4.13), (4.20) and (4.21) lead us to

= Jr, (B )) v (w () (wy — (1)) da

(o(t),e(w) — (i) o + Jr, ot (1) (wy — i (1)) da
(4.22) {
= Jr, 02 () - (wr — iz (1)) da = (f (1), w — a(t))v.

On the other hand, using (3.6), we get

/F (07(8) + ¢ (B(t) Br (ur (1)) - ir(t)da = — [ |or(t) + ¢7(B(8)) Br (ur ())]]ir ()| da

I's

_ / P (t (£) it (1)) da,
s

and using the fact that

- / (0+(t) + 4 (B(1) R (ur (1)) - wr da < / (02 (8) + 4 (B(E) R (1 (£)))] [0 |

'z

< [ potwte)lurda
I's
we obtain

(4.23) —/F Ur(t)'(wr—’ftr(t))daé/Pr(uu(t))(lwrl—Iﬂr(t)l)da

I's

+ [ (B Reur0) - (07— (1) da
I's
Now, from (4.22) and (4.23), we find that

(o(t),e(w) — e(i(t)))o + / P10, () (0, — i (£)) da

s

+ pr(uw (1)) (Jwr| — [ (t)]) da
(4.24) /FJ

/qu (wy, — i,(t)) da

s

/F qr(B(2)) By (ur () - (wr — r(t)) da = (f(¢), w — a(t))v.

Therefore, combine (4.24) with (3.1), (4.15), (4.16), (4.17), (4.18) and (4.19), inte-
grate (3.7) on (0,t), and use the initial conditions (3.8)—(3.9) to obtain the following
variational formulation in terms of displacement and adhesion fields.
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Problem 4.1. Find a displacement field u: [0,7] — V and a bonding field
B:[0,T] — L*°(I'3) such that

(Fult), w — () V+</gt—s dsw—u@>

1%
(4.25) (B, ult), w) — p(BE), ult), ilt))
> (f(t),w—a(t))y VweV and for ae. t € (0,T),
(4.26) /H@ Ru(uy(s)))ds + B0Vt € [0,T],
(4.27) u(0) = wuo.

To study the problem (4.25)—(4.27), we need the additional assumption on the
initial data

(4.28) (A(e(uo)),e(w))a + @(Bo, uo, w) = (f(0),w)y YweV

and we make the smallness assumption

ma
(4.29) L.+L, < o

where ¢g, m 4 and L, (o =v,7) are given in (4.3), (4.4) and (4.7), respectively.
We end this section by presenting some properties of F, G, ¥, R,, R, and jaq. It
follows from (4.4) and (4.18), that the operator F satisfies

(4.30) mallw — w2||v < (Fwy — Fwg,wy —we)y Vwy,ws €V,
(431) ||.7:U)1 — .7:11)2”\/ < LA||w1 — U)QHV le,wg eV

Thanks to (4.19), (4.5), (4.2) and (4.6), we conclude that there exists Lg > 0 such
that

(4.32) 1G(t) = G(s)wllv < Lglt = sl[|wllv,

which gives

(4.33) IG@wllv < (T'Lg + G(0) [y lwllv

for all w € V and for all ¢, s € [0,T]. Using (4.3), (4.7) and (4.15), we deduce that

(4.34)  ¥(g,0) — (g, w) + ¥(z,w) = P(z,0) < G(Lr + L)|lg = z[v]v — wllv,
(4.35) (g, —2) — (g, 9 — 2) < 5 (Lr + L) lgll3,

(4.36) ¥(g,v) = ¥(g,w) < Y(g,v — w),

(4.37) U(g,w) = P(z,w) < Ly + Ly)|lg — 2llv [[wl|v,
(4.38) [¥(g,v) = ¥(g, w)| < G(Lr + L) lgllvlv = wllv,
(4.39) P(g,w) < co(Lr + Lo)llgllv[|wll L2 (ry)e
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for all v, g,w,z € V. Also, using (3.11), we find that
(4.40) IR ()| < Jv|, |R-(v)| <L YwveR™

Let w,v € R%. Using the properties of the inner product, we get

0if lw] < L and |v| < L,
L

(ﬂ N 1)<le| + [0 =20 w) if [w] < L < Jol,
v

|R7(v) = Rr(w)[* — v —w|? =

v-w

ar) — (= le)?

if L <|w|and L < |v|.

2L — Jolfw)) (1 -

Therefore, using the inequality

we obtain

which leads to
(4.41) IR (w) — R, (v)| < |lw—v| Yw,veR™
Using again (3.11), we infer that

|v —w|? if |[v| < L and |w| < L,
v-w
follw]
v-w
L— — —v- L -
(L = lol) (] = [ol) + (el =0 w) + £ (Jel = o)

if |v]| < L < |w|,

L(|v|+|w|)<1— )ifL< lv] and L < |wl,

(Rr(v) = Ry (w))-(v—w) =

which yields
(4.42) (R (v) = Rr(w)) - (v —w) =0 Yw,ve R
On the other hand, keeping in mind (3.10), it is straightforward to show that

(4.43) IRy (s)| < |s], |Ru(s)| S L VseR,
(444) |R,,(81) — Ry(82)| < |81 — 82| VSl,SQ c R.
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Moreover, since R, is a decreasing function, we get
(4.45) (RV(Sl) — RV(SQ))(Sl — 82) <0 VSl,SQ € R.

It follows from (4.40), (4.41), (4.43), (4.44), (4.3), (4.8) and (4.16), that for each
¢ > 0, there exists M. > 0 such that the following inequalities hold:

|Jad (0, v, w) = jaa (C, v, w cll0 = Cllz2 oy lwllv,

(4.46) (
(4.47) |jaa(C,v cllvllvllwll 2grg)e,
(4.48) (
(4.49) (¢,

<M,

<M,
|jad(<7vvg) jad C < MCHU_U)”V”QHV,
< M,

|
w)|
9)|
|jad(<7gv ) _jad |

cllgllvllv = wllv

for all v, g, w € V and for all 6, ¢ € L>*(I'3) with (|| ;o r,) < cand ||| oy < €
Finally, we use (4.16), (4.45) and (4.42) to obtain

(450) jad(vavv - U)) - jad(vavv - U)) 2 07
(4.51) Jad(Gyw,w) =0

for all v,w € V and for all ( € L>(T'3).

5. EXISTENCE OF A WEAK SOLUTION

The following theorem is the main result of this paper.

Theorem 5.1. Assume that (4.4)—(4.12) and (4.28)—(4.29) are fulfilled. Then,
the problem (4.25)—(4.27) has at least one solution {u, 3} which satisfies

(5.1)  we Wh(0,T;V),
(5.2)  BeWh™(0,T;L>(I'3)),0 < B(t) <1 forae x€l3Vte|0,T]

We divide the proof of Theorem 5.1 into several steps.

First step. For each m € N*, we introduce a uniform partition of the time inter-
val [0, T, denoted by " = ihy,, by = T/m, i =0,...,m. For a sequence {w? }™,
we put dwift = (wift —w! ) /hy, and for a continuous function 2z € C([0,T]; X)

with values in a normed space X, we use the notation 2" = z(t/*), ¢ = 0,...,m. We
consider the following incremental problems P:rt i € {0,...,m — 1}.
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Problem 5.2 (Pif!). Find a function u/! € V such that

i
(Fubtt w — oult My + (han Z Gity jrw — Sultlyy

j=0
(5.3) !
4 sO(/B’L-‘rl, z—',—l7 ) _ s0(51+17 z+175uz+1)
> (ffy,w—oultt)y Ywev,
where v/, is the unique solution of problem P, j =1,...,1,
(5.4) T =G, — M, i=0,...,m—1,j=0,...,1i,
i
(5.5) Bt = hm Y Haa(Bh Ru(ud,)) + By, i=0,...,m—1,
j=0
(56) iyjbrlzf(tﬁl)v i=0,...,m—1,
(5.7) (i) up =uo, (i) By =Po.

Thanks to (4.9) (i), (4.9) (iv) and (5.5), we deduce that
|8 — B | < Ly hm|Bl,| forae xzeTs 0<i<m-—1,
which implies that if 8¢, € L>°(T3), then g1 € L>°(T3), 0 < i < m — 1. Now, by

setting w = (v — ul,)/hm in (5.3), it follows that PiH! is formally equivalent to the
following problem.

Problem 5.3 (Q41). Find a function u%f! € V| such that

i+1 +1 +1
o=t + ngm i)
1%

(5'8) +1 +1 +1 +1 i+1 i
+ Bt unt v — ) — (B unt untt — )

> ( Z_H,v—u“rl)v Vv eV,

where {G7) i}, {85}, {fi11}, uj, and B9, are given by (5.4)~(5.7) and u/, is the
unique solution of problem PJ,, j =1,...,i.

Lemma 5.4. Problem Pf,fl, 0 < i< m — 1, has a unique solution.

Proof. Let A: V — V be the operator defined by

(5.9) (Av,w)y = (Fv,w)y + ( Zgzﬂj,w) + jaa (B v, 0)
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for all v,w € V. From (4.30), (4.31), (5.9), (4.48) and (4.50), we deduce that A
is a strongly monotone Lipschitz continuous operator. Let g € V, using (4.15)
and (4.38), we find that the functional ©,: V — R, defined by

Q,(v) = (g, v —ul,) YveV,

is a proper convex continuous function. Thus, using a standard result on elliptic
variational inequalities of the second kind (see [12], p. 60), we find that the problem:
Find ulf) € V, such that

> (fmv—uifl)y VoeV,

K3

has a unique solution uﬁ,‘fgl € V. To continue, we define the operator ¥: V — V by

(5.11) U(g)=ultl VgeV.

mg

Let g1, g2 € V. Using the notation u; = v} and up = ultl, we get by (5.10)

mgi mgz2’?

(Auy — Aug,uy — u2)y < ¥(g1,uz — ub,) — (g1, w1 — uly)
+ (g2, u1 — ul,) — (g2, u2 — ul),

which together with (4.34), (4.50), (4.30) and (5.9) implies that
mallur = wally < G(Lr + Lu)llgr = gollvlur — uzllv,

and using (5.11), we have

C(Q)(LT + LV)

[Wgo — Vg1l <
ma

g1 = g2llv-

This last inequality implies that, under the smallness assumption (L, +L,) < m_/c3,
¥ is a contraction in the Hilbert space V. Therefore, there exists a unique element
g* € V, such that ui;fgl = Wg* = g*. We have now all the ingredients to prove
Lemma 5.4. Let g* be the unique fixed point of ¥ defined by (5.11) and let ui! =
gt = uif{gl be the unique solution of the problem (5.10) for g = g*. Keeping in
mind (5.9) and (4.17), we deduce that u’'! is a solution to problem Q! which is
formally equivalent to problem P/ !. The uniqueness of the solution is a consequence
of the uniqueness of the fixed point of the operator ¥ and of the uniqueness of the

solution of the problem (5.10). O

In the rest of this paper, the same letter ¢ will be used to denote different positive
constants which depend neither on m € N* nor on t € (0,7).
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Second step. In this step we have the following result.
Lemma 5.5. There exists ¢ > 0 such that for all m € N*,

(5.12) gt v + 180 gy <€, 0<i<m—1,
(5.13) |6ubtty <e, 0<i<m—1.

Proof. It follows from (5.7) that there exists ¢ > 0 such that
(5.14) [umllv + 1Bl oe(ray < ¢ Vm € N™.

Using (4.9) (i), (4.9) (iv) and (5.5), we obtain
1B | oo ra) < Chum ZHﬂ lzo(rg) + 1Bmllers), 0<i<m—1.

Applying a discrete version of the Gronwall lemma (see, e.g. [12]) in the last inequality
leads us to

(5.15) 1B | Loo(ryy < e, 0<i<m—1.
Taking v = Oy in (5.8) and keeping in mind (4.17), we get
(Fup v o+ Jaa (B e ™) < (g™ =) = ™ ™ =)o

( ZgH_l J7 )V (f?,—i—l) H_l)v

and using (4.30), (4.51), (4.33), (5.4), (4.35 ), we arrive at

i
mallupt 3 < Ly + L) upf 13 + (chm S, ||V) iy
=0

A vl v+ 1FOv) v lugt v

By virtue of the assumptions (4.29) and (4.14), the last inequality becomes

(5.16) lubt v < chm Y llud,llv +c.
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Employing again a discrete version of the Gronwall lemma in (5.16) yields
Juitly <e, 0<i<m-—1,

which with (5.15) gives (5.12). To continue, using (4.9) (i), (4.9) (iv) and (5.5), one
has
180" = Binllzoe(rs) < chml|BllLos(rg)ys 0 < i <m—1,

and thanks to (5.14) and (5.15), we get
(5.17) 080 | Lo (ry) < ¢, 0<i<m—1.

Setting v = u?, in (5.8) for i = 0 and w = u}, — u?, in (4.28), and summing up the
two inequalities, we obtain

(Fub, — Ful  ul —ul)y

+]ad(6m7u}nvu}n_u0 ) _jad( 9n7u9nau}n_u9n)
]wd( 0 u}naul _U’O )_.]ad( , U’%)wu%n_ugn)
—(hmG1y, g, — U ) v + Py, uy, — up,)

(U Uy — ) + (1" = fo Uy = U )V
We then use (4.30), (5.14), (5.15), (4.46), (4.50), (4.33), (5.4) and (4.37) to see that
malltg, = upll} < cllBr = Bl lum — unllv

ehm g, [Vt = up v + §(Lr + L) ug, = up, 3,

HIA™ = f5 v g = ui v,

and thanks to (4.14), (4.29) and (5.17), we get

Uy~ U, Bin =1 :
- m - 7 < oo V).
H hom H C+CH ‘Lg(pg) CH B Hv c+c|| fllLe0,m;v)
Thus, we have
(5.18) g, llv < e

Taking w = Oy in problem Pi! and w = (ufF' —u;*)/h,, in problem P!, and
summing up the two inequalities, we obtain

(Fut ! = Fotp Ui )y + dua (B w00t = Jua (B35 i)

i—1
ghm(Z(g:’rz - ﬁl,j)’(sugl) _h ( 7I+1“(5U1+1)V
\4

§=0
+(¢(%W%ﬂ) 0 ) i, )
+iad (Br Upns Ot ) — Jaa (Brd W&%l)ﬂ T — £ ount v
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So, from (4.30), (4.50), (4.32), (4.33), (5.4), (5.15), (4.46), (4.37), (4.36), it follows
that

1—1
malui — 3 < ch?, (Z ||uzn||v) st — Iy
=0

tehm|up, [[v]lustt = i, lv
+ell B = Brallzawa luntt = unllv + (Lr + L) uglt — g, |3

HIL = v Il = udllv,

which gives

i—1

(5.19) [5ui v < chun (Z ||%|V) T el + el 85 e + ell fll= o).
j=0
Now, (5.13) is a consequence of (5.19), (5.12), (5.17) and (5.18). O

Third step. In this step we construct an approximate solution to the problem
(4.25)—(4.27). To this end, for each m € N*, let u/, be the unique solution of prob-
lem PJ,, j =1,...,m. We introduce the functions u,,: [0,T] =V, i,,: [0,T] = V,
Bm: [0,T] = L2(T'3), Gm: [0,T] = V and f,: [0,T] — V defined by

(5.20) um(0) = uo, um(t) = ul, + (t —t")ouitt Vte (" t7,], 0<i<m—1,
(5.21) m(0) = uo, G (t) = ult' Vte (], 0<i<m—1,
(522) 3m(0) = ﬂoagm(t) = B;r—zi_l Vit e (tzmv :‘11]7 0<i<m—1,

]

(5:23) G (0) = O0v, Gm(t) =hm » Gy, Vte (], 0<i<m—1,
=0

(5.24) fu(0) = F(0), funlt) = fI} VEE (80 0<i<m—1,

respectively. Here {G, ;}, {85}, {fI%1} and u), are given by (5.4)~(5.7). From
(5.20), the function wu,, has a derivative function which is given by

(5.25) Um(t) = Subtt Vte (7, t0,), 0<i<m—1.

We have the following estimate results.
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Lemma 5.6. There exists ¢ > 0, such that for all m € N*,

(5.26) lam(t)|lv <c Vtel0,T],

(5.21) By < ¢ V€ 0.7,

(5.28) lum(t)|lv <c Vtel0,T],

(5.29) [im )|y < ¢ fora.e tel0,T],
(5.30) ltm () — um (®)|lv < chy, V€ (0,77,
(5.31) ) = F@)llv < ch i € 0,7,
(5.32) [t (£) — wm(s)||v < clt —s| Vi, s€][0,T],
(5.33) 1w (t) = um(s)|lL2(rgye < clt —s| Vi, s €[0,T].

Proof. It is clear that (5.26)—(5.29) are the consequences of (5.20)—(5.22),
(5.25) and Lemma 5.5. On the other hand, using (5.20)—(5.21) we get

st = wpllv + [t = 616wt v

chmll6uif |y Vte (P emy], 0<i<m-—1,

[t () = um (t)|lv <
<

which with (5.13) gives (5.30). To establish (5.31), observe that f,,,(0) = f(0),
moreover, by the regularity (4.14), we have

th
1) = £Oly < [ 156 v ds < chn Ve (@) 0< T <m -1
t
To continue, using (5.29), we obtain
< cft — s

[t (£) = um (8)lv <

[ i)l ar

for all ¢, s € [0, T]. Finally, (5.33) is a direct consequence of (5.32) and (4.3). O

In the next we need the following result.

Lemma 5.7. There exists ¢ > 0, such that for all m, n € N* with m > n,

(5.34)  [Gm(t) — Gu(®llv < c/o i (s) — @n(s)||v ds + chn VYt € [0,T].

Proof. Let m, n € N* with m > n. It is obvious that (5.34) holds for ¢ = 0.
Now, let ¢ € (0,T], then, there are three cases, (i) t € (¢, t7"] N (t5,¢7], (i) t €
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(t;n,tg;l] N (g, t7] with ¢ € {1,...,m — 1}, (i) ¢ € (¢, ¢m,] N (7, ¢7,,] with
ge{l,....m—1} and p € {1,...,n — 1}. Using (4.33), (5.4), (5.7) (i) and (5.23),

we get

(5.35) G (1) = Gu(®)llv = [hmG(# u, = hnG (Y llv
< Chm + chy Yt E (47N (2, 17].
On the other hand, let ¢ € (7,7 ;] with ¢ € {1,...,m —1}. We use (5.4), (5.23)
and (5.21) to obtain
q [

Gn() =3 [ Gy — )i (s)ds + hinG(E 1)l

tm

j=1"7t"1

which gives

(5.36) Gn(t) = zq:
j=1
+ Z/ (tgh1 — ) = G(t = 5))um(s)ds

m
t q

— 8) U (s)ds — 8)Um(s)ds m Nl
+/09<t >m<>d+/t Gt — )i (5) ds + hnG(E ),

/ (E% 1 = ) = Gt = 5))iim(s) ds

2

Thus, for all ¢ € (t7*, ¢ 1] N (7, 7] with ¢ € {1,...,m — 1}, we have
a_

(5.37) [Gm (t) = Gn(B)llv < Z/ s = t7"[[[am (s)[lv ds
j=1"t]

q t m

+cZ / £y — ] () v ds

+c/ 1G(t = $)im(s)ll ds
0

+ Gt um v + 1hnG (@) llv

a q
< thfn+thfn
j=1 j=1
m

+c/“ i (5)|[v ds + el +
0

<ec ds + chy, + chy,
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Now, it follows from (4.32), (4.33) and (5.36), that

q t m

1Gm(t) = Gn(®)]lv < Z/ s = 5" [[[tm (s)[|v ds
+CZ/

—I-CZ/ i, — t||\an(s)||vds+c/ iin(5) — i (5)v ds + chm + ch
0

t n m

5 — £ [[En(s ||vds+c2/ ) — el ()l ds

for all t € (t;*, ¢y 4] N (8, tp 1] withge {1,...,m =1} and p € {1,...,n — 1}, and
keeping in mind (5.26), we obtain

[Gm(t) = Gn(D)]lv < thQ +th2 —|—th2 —|—th2
+C/ |t (8) — tn(s)||v ds + chpy, + chy,
c/ iin(5) — i (5)]|v ds + chom + chin,
0

which, with (5.35) and (5.37), gives (5.34). O

Lemma 5.8. There exists a function u € W2(0,T;V) and two subsequences
of {u,,} and {i,,} again denoted by {u,,} and {u,,}, respectively, such that

(5.38) Uy, — u weakly in L*(0,T; V),

(5.39) Uy — 1 weakly in L*(0,T; V),

(5.40) Uy — u strongly in C([0,T]; L*(T'3)%),
(5.41) U, — u strongly in C([0,T]; V),
(5.42) Ty — u strongly in L*(0,T; V).

Proof. We notice that L?(0,T;V) is a real Hilbert space equipped with the

canonical inner product

T
(w,v) 2(0,1;v) z/ (w(s),v(s))y ds Vw,v € L*0,T;V).
0

Using standard compactness arguments, see [2], it follows from (5.28) and (5.29)
that there is an element u € L?(0,T;V) and a subsequence of {u,,} again denoted
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by {um}, such that the convergences (5.38) and (5.39) hold. We now use (5.33) to
see that F = {u,,: [0,T] — L?(I'3)%; m € N*}, the set of the traces of {u,,} on I's,
is equicontinuous. Moreover, since the trace map is a compact operator, it follows
from (5.28) that E(t) = {um(t); um € E} is relatively compact for all ¢t € [0,T].
Therefore, using a version of the Arzela-Ascoli theorem, see [11], and taking another
subsequence if necessary, we obtain (5.40). We turn now to the proof of (5.41). To
this end, we need to show that the subsequence {u,,}, obtained in (5.38)—(5.40), is
a Cauchy sequence in the Banach space C([0,T];V). It follows from (5.8), (4.16),
(4.17), (4.36), (4.28), (5.21), (5.22), (5.23) and (5.24) that {Gm?}, {@m}, {Bm} and
{fm} satisfy the inequality

(]:'llm(t)vzi_ am(f'))\/ + (gm(t)7U - am(t))\/

(5'43) + jad(ﬁm(t)v 'am(t)v V= am(t)) + w(am(f')a U= 'am(t))
2 (fm(t),v —am(t))y YoeV Vtell,T]

Now, let m,n € N*, such that m > n > T. By taking (gm,ﬂm,ﬁm,fm,v) =

(gm7 U, Bmv S, an)a (gwu U, Bmv S, U) = (gna Up, Bna fn 'am) in (5~43) and adding
the two inequalities, we get

(}—ﬁm(t) - }—ﬁn(t)a ﬁm(t) - ﬁn(t))v

< w(ﬂm(t)a ﬁn(t) - ﬂm(t)) + 1/1(%(15)7 ﬂm(t) - ﬁn(t))
( ) + Jad (B (1), @ (8), T (t) — i (1))

+ (fm(t) - fn(t)aam(t) - an(f'))\/ Vit e [O,TL
which combined with (4.30), (5.26), (5.27), (4.39), (4.47) and the inequality

Cl2 m

ab< — + AR vabeR
ma 4

leads us to

(5:44) [ (t) = @a@®F < cllim(t) = @n(®)llz2(rg)a + clGn(t) = Gm ()
+ellfm() = FOIT + el f(E) = fa®I YVt € [0,T].

Using (5.30), we get

(5.45) () = i (®) v < () = an(B)lv + el + cha.
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Also, from (5.30) and (4.3), we deduce that

(5.46) ||tm(t) — wn(t)llL2(rsye < [Um () — wm @)l L2(s)a + lum(t) — un(t)]|L2(ry)e
+ [Jun (t) = @n ()| £2(rg)e
< um(t) = un(t)|| L2 (rgye + chm + chn.

Now, it follows from (5.44), (5.45), (5.46), (5.34 ) and (5.31), that

t

Il (t) — ﬂn(t)”%/ < cllum(t) - un(t)”L?(Fg)d +C/O l|un(s) —um(s)H%/ ds+chy, + chy.
This, together with the fact that

[[um () = un (@)} < cllum(t) = am @O + llim(t) = an®)F + cllin ) — un @)

implies that

lum(t) = un@®} < cllum(t) = un(®)lL2(rga + 0/0 [un(s) = um(s)[} ds

+ chy, +ch, Yte[0,T].

We now use Lemma 2.1 in the last inequality to obtain

t
[t () = un (O < ellum(t) = wn(®)llz2(rg)a + C/o [tm(s) — un(8)llL>(rs)e ds

+ Chp + ch, Yt € [0,T).

Therefore, we have

l[tm — un”?)([O,T];V) < cllum = vnlleqo,rL2 sy + chn,

which combined with (5.40) implies that {u,,} is a Cauchy sequence in C([0,T]; V).
Thus, using the convergence (5.38), we obtain (5.41). Finally, the convergence (5.42)
is a consequence of (5.30) and (5.41). O

In the rest of this paper u is the function obtained in Lemma 5.8, {um}, {Gm},

{tm}, {Bm} and {f,} represent appropriate subsequences of {um}, {Gm}, {tm},
{Bm} and {f,n} such that the convergences (5.38)—(5.42) hold. Now, consider the
following problem.

Problem 5.9. Find a function 5: [0,7] — L*°(I's), such that

(5.47) B(t) = Haa(B(t), Ry (uy (1)) for a.e. t € (0,T),
(5.48) B(0) = fBo.
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Lemma 5.10. The problem (5.47)—(5.48) has a unique solution which satisfies

(5.49) { (i) BeWbhe(0,T; L=(Ty)),

(i) 0<B(t) <1 Vtel0,T] forae x €Ts.
Moreover, we have

(5.50) B — B strongly in L?(0,T; L*(T's)).

Proof. The proof of the existence and uniqueness of the solution to the prob-
lem (5.47)—(5.48) which satisfies (5.49) can be obtained by arguments similar to
those used in the proof of [13], Lemma 4.3. To continue, we use (5.5), (5.7), (5.21)
and (5.22) to obtain

(551) G / Hat (B (), R (i (5))) ds + / " Haa(Ba(5), Ro (il (5))) ds

+ hmHad(Bm RV(U‘OV)) + 60

for all t € (t",t]},] with i € {0,...,m — 1}. It follows from (4.9), (4.43), (4.44),
(5.27), (5.51) and (5.47)~(5.48), that

1B (8) = BE) 12 ry) < / 1Bm(s) = B(s)l| 2(ry ds +e / () — u(s)[lv ds+ ch

for all ¢ € [0,T]. Using Lemma 2.1 in the last inequality, we obtain

1B (8) = B 2(ry) < C/O [tm(s) = u(s)|lv ds + chm Vi €[0,T],

which gives

1Bm — Bll2(0.1:12(rs)) < cllitm — ullL2(0.7:v) + Chim.

Passing to the limit as m — oo in the last inequality by using (5.42), we get (5.50).
(I

Lemma 5.11. The following convergences hold:

(5.52) Fily, — Fu strongly in L*(0,T;V),
(5.53) fm — f strongly in L?(0,T; V),
(5.54) G — G strongly in L*(0,T;V),
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where the function G: [0,T] — V is defined by
_ ¢
(5.55) Gg(t) = / Gt —s)u(s)ds Vtel0,T].
0

Proof. Obviously, (4.31) and (5.42) gives (5.52). On the other hand, (5.53)
follows from (5.31). For the proof of (5.54), we use arguments similar to those in [14],
Lemma 4.10. g

We have the following convergence results.

Lemma 5.12. For allv € L?(0,T;V) we have

T ~

(5.56) lim ¢(5m(s),am(s),v(s))ds:/o p(B(s), u(s),v(s))ds,

m—r oo 0

(5:57)  lm [ [p(B(s), Um(s), im(s)) — (B(s), u(s), im(s))]ds = 0,

m—r0o0 0

T
(5.58)  liminf w(ﬂm(S)aﬂm(S),ﬂm(S))@?/o P(B(s), uls),u(s)) ds.

m—00 0

Proof. Using the properties of the functional ¢ defined by (4.17), (4.3), (5.27)
and (5.49), we deduce that

T
/O [p(Bin(8), @i (3), v(5)) = (B(s), u(s), v(s))] ds

(5.59)

< c(l1Bm = Bllrzo,r522(rs)) + lm — ull 20,75 0l 120,757

for all v € L2(0,T;V). Therefore, the convergences (5.56)—(5.57) follow from (5.42),
(5.50), (5.59) and (5.29). To continue, let ®: L2(0,7;V) — R be the functional
defined by

T
(5.60) D(v) :/0 ©(B(s),u(s),v(s))ds Yuv € L*(0,T;V),

where (3 is the unique solution of the problem (5.47)—(5.48). We use (4.17), (4.15),
(4.16), (4.38), (4.49), (5.49) and (5.60) to see that ® is convex and continuous.
Therefore, we deduce that ® is a weakly lower semicontinuous function, see [2],
which with (5.39) gives

(5.61) lim inf ® (i) > B (1).

m—r0o0
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On the other hand, one has
T ~
(5.62) / (B (3), i (5), lim(5)) ds
0
T ~
= /0 [(Bm(s), tim(s), itm(s)) ds — p(B(s), u(s), im(s))] ds + P (tm).
Thus, taking into account (5.57) and (5.61) when passing to the liminf as m — oo

n (5.62), we obtain (5.58). O

Fourth step. We have now all the ingredients to prove Theorem 5.1.

Proof of Theorem 5.1. It follows from (5.41) and (5.20) that u(0) = ug. Let
be the unique solution of the problem (5.47)—(5.48). Let ¢t € (0,7T), let » > 0, such
that t +r € (0,7). For each w € V we define a function v € L?(0,T;V) by

w for s € (t,t + 1),
v(s) =
u(s) elsewhere.
We now use (5.3), (5.21), (5.22), (5.23), (5.24), (5.25) to obtain the inequality

T

T
| Fin().00) = (s ds [ (Grn(s),0(5) = i)y ds
0 0

(5.63) +/0 ¢(Bm(s),am(s),v(s))ds—/o P(Bm (), im (s), i (s)) ds

T
> /0 (Fun(5),0(5) — it (5))y .

Passing to the limsup as m — oo in (5.63), by using Lemma 5.11, Lemma 5.12 and
the convergence (5.39), we obtain

t+r t+r
%/t (Fu(s), w — a(s))y ds + %/t (G(s),w — s))v ds
1 t+4r
(564 1 [ B, ). ) = o(8(s) () i) s
t+r
> %/t (F(s),w —i(s))y ds Vw e V.

Letting » — 0 in (5.64) and keeping in mind (5.55), we conclude that {u,S} is
a solution of the problem (4.25)—(4.27). On the other hand, using (5.32), we obtain

[u(t) = u(s)llv < u) = um(@llv + [[um(t) = um(s)llv + um(s) —uls)|lv
< u) = um@llv +clt = s[ + [[um(s) —uls)llv Vit s €0, T].
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Passing to the limit as m — oo in the last inequality and using (5.41), we get
lu(t) —u(s)|v <clt—s| Vt,se€[0,T)].

Thus, u satisfies (5.1). The regularity (5.2) follows from Lemma 5.10. Finally, we
notice that the uniqueness of the solution remains, as far as we know, an open
question. (I
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