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Abstract. In this article, we study the existence of nontrivial weak solutions for the
following boundary value problem:

—Ayu = f(z,u)in Q, u=0on dQ,

where (Q is a bounded domain with smooth boundary in RN, QN {z; =0} # 0 for some j,
A~ is a subelliptic linear operator of the type

N
2 0
Ay = ;ax] (Vi 0z,), Oz = ooy N >2,
where v(z) = (y1(x),v2(x),...,vn(x)) satisfies certain homogeneity conditions and degen-

erates at the coordinate hyperplanes and the nonlinearity f(z,&) is of subcritical growth
and does not satisfy the Ambrosetti-Rabinowitz (AR) condition.

Keywords: A~-Laplace problem; Cerami condition; variational method; weak solution;
Mountain Pass Theorem

MSC 2020: 35J70, 35J20, 35J25, 35D30

1. INTRODUCTION
In the last decades, the boundary value problem for semilinear elliptic equations
(1.1) —Au = f(z,u) in Q, u=0on9dQ,

has been studied by many authors. The following AR condition, introduced in [2],
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(AR) For some 6 > 2, and R > 0, we have
F(z,8) < f(z,)¢ VI 2R, Vael,

where F(z,£) fo z,7)dr, plays an important role in their studies. With
this (AR) condition, one can use the classical version of the Mountain Pass The-
orem of Ambrosetti and Rabinowitz to study the existence of solutions (see, for
example, [1], [2], [28] and references therein). Although the (AR) condition is quite
natural and important, there are many problems where the nonlinear term f(z, &)
does not satisfy the (AR) condition, for example,

f(@,8) = EIn (1 + [£]).

For this reason, in recent years, some authors have studied problem (1.1) by trying
to drop the (AR) condition, for instance, Schechter and Zou [29], Miyagaki and
Souto [27], Lam and Lu [14], [15], Liu [18], Liu and Wang [19].

Boundary value problems for nonlinear degenerate elliptic differential equations
were treated in [10] and subsequently in [8], [11]. In [33], the critical exponent
phenomenon was observed for a model of the Grushin-type operators. The results
were then generalized in [30] for a large class of semilinear degenerate elliptic dif-
ferential equations. Recently, in [31], Thuy and Tri have extended the research to
a more complicated class of nonlinear degenerate elliptic differential operators. Very
recently, in [12] the authors investigated the A,-Laplace operator under the addi-
tional assumption that the operator is homogeneous of degree two with respect to
a semigroup of dilations in RY.

In this paper, we study the existence of nontrivial weak solutions to the following
problem:

(1.2) —Ayu= f(z,u) in Q, w=0on0dN,
where Q is a bounded domain with smooth boundary in RY, Q N {z; = 0} # 0 for
some j, and A, is a subelliptic operator of the form

N
Za% 'VJ % = (1,72, IN): RY 5 RV,
Jj=1

Here, the functions v;: RY — R are assumed to be continuous, different from zero
and of class C! in RY \ I, where

N
IT:= {x—(xl,xg,...,xN)eRN: ij—()}.

J=1
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Moreover, we assume the following properties:
(i) There exists a semigroup of dilations {d:}+~¢ such that

8;: RN — RV,

(xla' ..,CL’N) — 5t(x1a' ..,iL'N) = (tglxla' . atENxN)a
where 1 =¢1 < e3 < ... < ep, such that v; is d;-homogeneous of degree ¢; — 1, i.e.,
v (0i(x)) =ty (x) Yo e RN, Vt>0,j=1,...,N.

The number
N N
N = Z Ej
=1

is called the homogeneous dimension of RY with respect to {&; }+=o-
(i)
71:]-; P)/j(x):Vj(xlax%"'vxj*l)v j:27aN

(iii) There exists a constant ¢ > 0 such that
0 < 20,7 (z) < ov(x) Vke{l,2,...,j—1}Vj=2,...,N,

and for everyxe@f ={(z1,...,on) €ERN: z; >0 Vj=1,2,...,N}.
(iv) Equalities v;(z) = v;(z*) (j = 1,2,...,N) are satisfied for every z € R",
where

' =(lz],...,|zn|) i x=(x1,29,...,2N).

The class of A,-operators includes many degenerate elliptic operators such as the
Grushin-type operator

Go = Ay +|2[**A,, a>0,
where (r,7) denotes a point of RVt x Rz (see [9]), and the operator of the form
Popi=A0p + Ay + 2]y AL, (2,y,2) € RM x RN2 x RY3

where «, § are non-negative real numbers (see [31]). Many aspects of the theory of
degenerate elliptic differential operators are presented in monographs [35], [36] (see
also some recent results in [3], [7], [13], [20], [21], [22], [23], [24], [26], [32], [34]).

To study problem (1.2), we make the following assumptions:
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(A1) f is a real Carathéodory function on {2 x R such that there exist ¢1 € (2,23)
(where 2% := 2N /(N —2)), w € Ka4, (see Definition 2.2) and some positive
constant Cy such that

[f(@,6)] < lw(@)e| "+ Co V(2,6) € QxR

(A2) there exist C' € [0,00) and h € L'(Q) such that |f(x,¢&)| < h(z) for every =
in Q@ and [¢| < C
(A3) there exists a non-positive function k in L% (1), ¢» > N/2 such that k(z) <

f(z,8)/¢€ for every (z,€) € Q x R;
(A4) f(z,0) = 0 for every z in  and the following limit holds uniformly for a.e.

r e Q:
f(z,§)

lim 2222 = 0;
en0 € ¢

(A5) Elim f(z,8)/€ = o0 or glim f(x,8)/€ = o0 a.e. in
—00 ——00
(AB) f(x,&)/¢ is increasing in £ > C and decreasing in £ < —C for every z in Q.

Our main result is given by the following theorem.
Theorem 1.1. Suppose that f satisfies (A1)-(A6). Then the boundary value
problem (1.2) has a nontrivial weak solution.

Remark 1.2. Suppose that f is continuous on Q x R and satisfies the following

conditions:

(A1') There exist g3 € (2,2%) and a positive real number C; such that
|f(x,6)] < CL(1 4 €)=Y V(x,6) € A xR,
(A4") f(z,0) =0 for every z in Q and glir% f(z,€)/€ = 0 uniformly in Q.
—

(A5") Elim f(z,8)/€ = o0 or c 11131 f(z,€&)/€ = oo uniformly in Q.

Then f satisfies (A1)—(A5). Therefore, our theorem improves the corresponding
results in [31], [35], [36].

This article is organized as follows. In Section 2 we present some definitions and

preliminary results. In Section 3 we give the proof of our results.
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2. PRELIMINARY RESULTS

2.1. Function spaces and embedding theorem. For a function u of class C*,
we put

N 1/2
Vo = (710p, U, ¥205,U, . . ., YNOpyu),  |Vyul := (Z |’yj8xju|2> .
j=1
If © is a bounded domain in RV, we denote by
53 .0(9)

the closure of C3 () with respect to the norm

1/2
lullss o= ([ (970 az)

From Proposition 3.2 and Theorem 3.3 in [12], we have the following embedding
result.

Proposition 2.1. Assume Q is a bounded domain in RV, N > 2. Then the
embedding S2 ((Q) — LP(Q) is continuous for any p € [1,2%], ie., there exists
Cp > 0 such that |u|rr) < C’,,HuHKgg)O(Q) for all u € S2 (). Moreover, S2 ;(Q)
is compactly embedded into LP({2) only for p € [1,2%), where LP(S2) denotes the
Lebesgue space with the standard norm ||-|| 1»(q)-

Definition 2.2. Let o be a measurable function on 2. We put
Tou=o0u Vuc Sﬁ,o(Q)-

We say that

(i) o is of class Cap, if T, is a continuous mapping from S2 ((Q) into LP(9),
(ii) o is of class Ky, if T is a compact mapping from S? ;(Q2) into LP(Q2).

We have the following results.

Theorem 2.3. Let us assume that wy € Cap,, wa € Ca p, such that w; and wy are
non-negative, where p1,ps € [1,00), p1 < p2. Put

= wh (p2—p)/(p(P2 —pl))ng (p—p1)/(p(P2—p1))

w for any p € (p1,p2).

Then w € Ca .
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Proof. From w; € Cap,, w2 € Ca p,, hence there exists a positive real number Cy
such that

ey (for

By p = pi(p2 —p)/(p2 — p1) + p2(p — p1)/(P2 — p1), applying Holder’s inequality
and (2.1), we get

1/p
(/ wP|ul? dx) — (/ wfl(pzfp)/(l’rpl)|u|p1(pz—p)/(p2—p1)
Q Q

1/p
x wh? (p—p1)/(p2—p1) |u|p2(:0—;01)/(:02 —p1)p2 dx)

(p2—p)/(P2—p1) (p—p1)/(p2—p1)\1/p
< {(/ Wit ulP da:> (/ wh? |uP? da:> }
Q Q

<Calullsz @) Yue S2 0(Q).

u

1/pi
pi dx> < C2||u||3310(9) Yue 5370(9), i=1,2.

The proof of Theorem 2.3 is complete. U
Theorem 2.4. Let us assume that w € Cy ), and 0 are measurable functions on §)
such that w > 0 and |0] < w®, where p € [1,2}),a € (0,1). Then 0 is of class Ky .

Proof. Since w is of class Cz , T, is continuous from 52 () into LP(Q) and by
Proposition 2.1, we have

1/p
(2.2) (/Q |u|Pw? dx> < CpHuHSs’O(Q) Vuée 5310(9).

By w*(z) < 1+ w(z) for every z in Q and 1,w € C2, hence w® belongs to Cs p.
Thus 6 is of class C2 . Let M be a positive real number and {u,}>2; be a sequence
in S2 (), such that H“"Hsi,o(ﬂ) < M for all n. By Proposition 2.1, we have (by
passing to a subsequence if necessary)
(2.3) un — u weakly in 52 () as n — oo,

Un, — u strongly in LP(Q) as n — occ.
Therefore

HU'HSEY’O(Q) < hnHLiOIéf Hun||s?h0(n) < M.

We shall prove that {Tp(u,)}52, converges to Ty(u) in LP(2). Let € be a positive
real number. Choose a positive real number § such that

P
(2.4) (20, M)P§e=DP < %
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Put @ ={x € Q: w(z) > §}. From (2.2) and (2.4), we get that

(2.5) / |6(wpn, — u)|P do = / |ty — ulP|0)P dz
Q Q
< / |ty — ulPw da + / |ty — u|Pw™ da
o o\

<@ VP [ |y, — ufPw? dx—i—éap/ |ty — u|® da
% o\

< 5(‘171)’)/ |tr, — u|Pw? dz + (5‘”’/ [tr, — w|P dz
Q Q
< 5 P(Cun — ullsz () + 5‘1?/Q lun — ul? d
< 8@=VP(20, M)P 4 5P / [ — ulP do
Q
P
< = —|—5pa/ |ttr, — ulP da.
2 Q
By (2.3), there exists an integer ng such that
P
(2.6) / [t —ulPdze <67 P—= Vn =ne.
Q 2
Combining (2.5) and (2.6), we complete the proof. O
Corollary 2.5. Let p € [1,23), n € (2pN /(2N — p(N —2)),00) and 6 € L7(Q).

Then 0 is of class Ko p.

Proof. Let a € (0,1) such that an = 2pN /(2N — p(N —2)) and w = ||/,
Then w is in L2PN/CN-p(N=2))(Q). By

2N — p(N - 2) +p(ﬁ—2) _q
2N ON

)

applying Holder’s inequality, we obtain

/ wulP dz < (/ |w|2p1\~//(2ﬁ—p(1\7—2)) dz
Q Q

o p(N-2)/2N
X (/ |u|2N/(N=2) dx) Yue S?/’O(Q),
Q

)QJV—p(ﬁ—Q)/QJV

which implies that T, is continuous at 0 in 3370(9). Thus T, is a linear continuous
map from S2 ((Q) into LP(2). By Theorem 2.4, we have 6 is of class Ko, O
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Example 2.6. Lety= (1,1, |x1x2|) Q= {z = (z1,79,23) € R®: |z| < 1} and
p=3 Then N =3, N =5 2pN/(2N —p(N —2)) = 2-3-5/(5-2—3(5— 2)) =
30 < 40. Put wo = |2|~1/%9sin(2017|z|), then wp is in L*°(Q). Thus by Corollary 2.5,
wo is of class Ky 3.

Corollary 2.7. Let p € [1,2}), a be in (0,1) and n € C22. Then

0 = o220/ ((25-2))

is of class K2 p.

Proof. Put wy =1, we =1, p1 = 2, po = 2. By Proposition 2.1, wy € 0272:.
By Theorem 2.3, we see that n?(~P)/(P(25-2) ¢ Cap. Thus by Theorem 2.4,
no2&=P)/(P(25=2) is of class Ka . O

Example 2.8. Let v = (1,1,|z122]), Q = {z = (21,22,73) € R3: |z| < 1},
p=3,a=1 andn( ) = (1—|z|?)~'/2 for every z in €, hencenECQQ,N—& Note
that 27 = 2N/(N —2) =1 and

Put O(x) = (1 — |z|?)~!. Then 6 € Ko 3.

Example 2.9. Let v = (1,1, |z122]), Q = {z € R®: [z <1}, p=3, a =2
and o(z) = (3 — |z[*)2(1 — |z|*)~! for every z in Q. By Example 2.8, o0 € K2 3. Put
a(z) = o(z)? = (3 — |z[*)*(1 — |#|?)~2. Thus a is not integrable on Q.

Theorem 2.10. Let p € [1,2}), w be in K2, a function g € Lr/®P=1(Q) and f
be a Carathéodory function from Q2 x R into R. Assume

f(2,8)] < w(@)PHEPT! +g(2) V(2,6) € QxR

Then @ (u) € C'(S2 ((Q),R) and

(@1(w),v) = [ fla,u(x))v(z)dz

Q

for all v € S2 ,(2), where

Dy (u) = A F(z,u(z))dx,

and F(z,€&) = fo
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Proof. With a slight modification, the proof of this lemma is similar to the one
of Lemma 2.3 in [25]. We omit the details. O

Define the Euler-Lagrange functional associated with problem (1.2) as follows:

B(u) = %/Q|V7u|2da:—/QF(x,u(x))dm.

From Theorem 2.10 and the fact that f satisfies (A1), we have that ® is well-defined
on 52 ((Q) and ® € C'(S2 ((2), R) with

(@ (u),v) = /viu'vadx—/ﬂf(x,u(x))v(x) dz

for all v € Sg}o(ﬂ).
Recall that a function u € S2 () is called a weak solution of problem (1.2) if

/ Vyu-Vyvde = / flz,u(x))v(z)de Ve S?/’O(Q).
Q Q

Hence, the weak solutions of problem (1.2) are critical points of the functional ®.

2.2. Mountain Pass Theorem.

Definition 2.11. Let X be a real Banach space with its dual space X* and
® € CY(X,R). For ¢ € R we say that ® satisfies the (C). condition if for any
sequence {u,}>2; C X with

O(up) = and (14 [unllx)]|® (un)llx- — 0,

there exists a subsequence {u,, }?° ; that converges strongly in X.

We will use the following version of the Mountain Pass Theorem:

Lemma 2.12 (see [5], [6]). Let X be a real Banach space and let ® € C'(X,R)
satisty the (C). condition for any ¢ € R, ®(0) = 0 and

(i) there exist constants p,« > 0 such that ®(u) > « for all u € X, ||ul|x = o;
(ii) there exists a u; € X, ||u1]|x > o such that ®(u;) < 0.

Then § := inf max ®(A(t)) > « is a critical value of ®, where
A€A 0<t<1

A= {xe([0;1],X): A0) =0, A(1) = u1}.
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3. PROOF OF THE MAIN THEOREM

We prove Theorem 1.1 by verifying that all conditions of Lemma 2.12 are satisfied.
First, we check condition (i) in Lemma 2.12.

Lemma 3.1. Assume that f satisfies conditions (A1) and (A4). Then there exist
0, a > 0 such that

Ou) > a Yue S (Q), lullsz, @ = e
Proof. Suppose by contradiction that
inf {B(u): u € 520(Q). Jullgz o) =~} <O ¥neN.
7,0 (2)

Then, there exists a sequence {uy}52; in S2 ((Q) such that [u,]ls2 (@ = 1/n and
®(uy) < 1/n3. Hence, we have

Lo el L [ Houie)
n 7 flun % 2 ||“n||s2 o(Q)
and thus
F 1 1
(3.1) de> :
oTunlZ o 72 7

y (A4), for each £ > 0, we can find a number ¢ > 0 such that

(3.2) F(a,€)| < € for [¢) <6

From (A1), we deduce that

1
(3.3) [F(z, )| < (]—lw(a?)lqulflq1 + OO forl¢] =6

1
It follows from (3.2), (3.3), Proposition 2.1 and Hélder’s inequality that
/ F(z,up(z))de| < 6/ |y, (2)]? do + i/ lw(2)|? g (x)]9 dz

Q Q q1 Ja
+ ) / ()| da

(n—1)/q1 /a1
(/ |w(z)wp, (x)] dx> </ |t ()| dx)

+ 5||Un||L2(Q) + C(0)]lun|Tay Q)

(&%
< 5C22||un|@5’0(52) + ﬁ”un”qs% o) +C(6 )qu ||un|| ()7
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hence

/ F(z, un(z))
Q

5 dx‘ — 0 asn — oo,
Hu"Hb“i,o(Q)

which yields a contradiction to (3.1). Lemma 3.1 is proved. O
Next, we check condition (ii) in Lemma 2.12.
Lemma 3.2. Let g be as in Lemma 3.1 and assume that f satisfies conditions (A3)

and (A5). Then there exists u1 in S2 ((Q) \ B(0, ¢) such that ®(u1) < 0.

Proof. We limit ourselves to consider the case

o f@)

(3.4) Jim

Take a point u € S2 () such that HUHS§ J@ =1, u>0and |lul|p2) # 0. Then,
for any constant R > 0

2
®(Ru) = R? - / F(z, Ru(x))dz.
Q
Since we are assuming (3.4), there exists a number M > 0 such that f(z,£) >
4§/Hu|\%2(9) for £ > M; moreover, from (A3) we get
M M2
F(z,€) > / k(x)rdr = k‘(m)T for 0 <& < M,
0
M 3
Fag) = [ fandrs [ fanar
0 M
M? 262 2M?

> k(z)— + —
2 ||u||2L2(Q) ||u||2L2(Q)

for £ > M.
As 0 < Ru< M on Qyy p = {z € Q: |u(z)| < M/R}, we have

/Q F(z, Ru(z)) dz = /Q .

2 2,,2 2M2
> / Rgi(x)dx—f—M2/ k(z)dr — —5—— meas(Q2),
N 5 HUHL2(Q) Q ||u||L2(Q)

F(z, Ru(z))dz + / F(z, Ru(x))dx

Q\QXUR

where meas(+) denotes the Lebesgue measure of a set in RV. By Lebesgue’s theorem,
there exists a number Ry such that

2
ull4.

/ w?(z) dz > HH&
Q\Q’U/ 2

M/ Ry
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Therefore, if R > Ry, then

2M?
/ F(z, Ru(x))dz > R* + MQ/ k(x)dr — —=—— meas(Q).
Q Q HuHLz(Q)

Consequently, if

2M?2
R > max < 2 —MQ/k(x)dx—l—Qimeas(Q),Ro )
Q ||u||L2(Q)

then ) )
2M R
®(Ru) < —MQ/ k(x)dz + 5 meas(Q2) — — < 0.
Q HuHLz(Q) 2
Thus, ® satisfies the condition (ii) in Lemma 2.12. O

Lemma 3.3. Assume that f satisfies conditions (A2) and (A6). Then there exists
a positive real number C3 such that

f(z,8)s — 2F(x,8) < f(z,t)t — 2F (z,t) + C3h(z) Ve Q, |s| <]t

Proof. Since (A6) holds, by Lemma 2.3 in [18], we have that, for any = € Q,
£ f(z,6)§ —2F(z,8)
is increasing in £ > C and decreasing in ¢ < —C'. Hence,
flz,s)s — 2F (z,s) < f(z,t)t —2F (z,t) Ve, C<s<t

Let € Q and € € [-C, C]. By (A2), we get that

£
F@6)| < h(@), |F(z.0) < / h(z)dr < Ch(z).

Thus,
f(z,s)s — 2F (z,s) <f(z,t)t — 2F (z,t) + 6Ch(x) Vee, 0<s<t<C,
f(z,s)s —2F(z,s) <f(z,C)C — 2F(z,C) + 6Ch(x)
<flx,t)t — 2F (x,t) + 6Ch(x) Ve 0<s<C <t

Thus we get the lemma for 0 < s < ¢. Similarly we obtain it for ¢ < s < 0. The
proof of Lemma 3.3 is complete. O
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We now show the main lemma of this paper.

Lemma 3.4. Assume that f satisfies conditions (A1)—(A3), (A5) and (A6).
Then ® satisfies the (C). condition for all ¢ € R.

Proof. Let {un}pz; C 52 ((Q) be a (C). sequence, i.e.,
(35)  @(un) »c asn oo, lm (1+unlls2 @)@ (un)ll(s2 @) =0,

hence,

(3.6) lim (% F (@, un(2))un (@) — Flz, un(x))) da

n—oo Q

= lim (@(un)—1<¢'(un),un>) —c

n— oo 2

We first show that {u,}32, is bounded in S2 ;(2) by a contradiction argument. By
passing to a subsequence if necessary, we can assume that ||u,|| g2 (@ >1and
Y

(3.7) ||un|\55’0(9) — 00 asmn — oo.

Setting
Un

W, )

B ||Un||sg10(n)

we get [|[wnlls2 (o) = 1, so we can extract a subsequence relabelled {w,}72; such
that {w, };2, converges weakly to w in S2 ((€2). Since Q is bounded, Proposition 2.1

implies that
(3.8) wy, — w strongly in LP(Q), 1 <p < 2] asn — oo,
w, — w a.e. in ) as n — oo.

Now, we consider two possible cases: w = 0 or w # 0.
Case 1: If w = 0, then for any n € N there exists ¢,, € [0,1] such that

(3.9) O (tpun) = max{®(suy): s € [0,1]}.

Fix a positive integer m and put v, = (4m)1/ 2w, for every positive integer n.
Therefore, we have

(3.10) v, — 0 weakly in S?/’O(Q) as n — 0o,
vy, — 0 a.e. in Q as n — oo,
vp, — 0 strongly in LP(2), 1 <p < 2] asn — oo,

wv, — 0 strongly in L9 (2) as n — oo.
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By (A1), applying Holder’s inequality, we get

(3.11) < /Q|w(x)vn(x)|q1*1|vn(x)|dx—i—CO/Q|vn(x)|dx

+co/ lon(2)] da.
Q

/QF(x,vn(x)) dx

From (3.10) and (3.11), we have

— 0 asn— oo,

/Q Fla, vn(2)) dz

hence,
lim | F(x,v,(x))de =0.

n—oo Q

Since lim (4m)'/?|juy | o () = 0, there exists an integer Ny, such that
n—oo ~,0

D(tpun) = P(v,) =2m — / F(z,vp(z))de =2 m VYn = Ny,
Q

that is, lim ®(t,u,) = co. Since ®(0) =0 and lim ®(u,) = ¢, it implies ¢,, € (0,1)
n—oo n—oo

for any sufficiently large n and

/Q|VA,(tnun)| dx—/Qf(x,tnun(x))tnun(x)dx

d

:(I),tnn;tnn:tn_
(D (tnun), tntin) Qi

O (tuy) = 0.
Therefore, by Lemma 3.3, we get

> /Q(%f(x,tnun(x))tnun(x) ~ F(a, tnun(a:))) dz — Cs |kl £ 0y

1
- / (§|V7tnun|2 — F(x,tnun(x))> dz — C3|h|| L1 (o)
Q
= @(tnun) — C?,HhHLl(Q) — 00,
which contradicts (3.6).
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Case 2: If w # 0, the Lebesgue measure of the set © = {x € Q: w(z) # 0} is
positive. We have li_>m |un(x)] = oo for every = in ©. Hence, by (A5) we deduce
n—oo

5.12) (@, unz)

By (3.8) and Theorem 4.9 in [4], there exists a function wy € L?(2) such that

— 00 asn — oQ.

|wn] Kwo  Vn, a.e. on Q.

Now, using condition (A3) we have

fbun(@)  Elun()?
§un () ||un|‘%’2y)0(9)

> Ck(r)wi(r) YoeQ, £€(0,1);

thus, since kw3 € L'(Q2) (as k € L9(Q2) for some g5 > N/2), using (3.12), (A3) and
the fact that ®(u,) — ¢, we deduce via the generalized Fatou lemma that

1 1 D (uy, .. F(z,u,
— = lim inf [— - #} = hmmf/ M dz
2 n—oo L2 HU'TLHSQ o () n—oo [ ||Un||830(9)

= lhginf/ / il x&fun) E|lwy (z)*dédz (since w =0 on Q\ O)
I, un(z))

- liminf/ / J@8un@) e )12 de do
n—00 Eun( )
/ / hmmf (= fun(x)) Elw, (z)[* dé da = oo

n—00 (aj)
which is impossible. In any case, we obtain a contradiction. Thus, the sequence
{un}s2, is bounded in S2 (). Therefore, we can (by passing to a subsequence if
necessary) suppose that
(3.13) U, — u weakly in 5'370(9) as n — 0o,

U, — U a.e. in  as n — oo,

Upn — u strongly in LP(Q), 1 <p < 2% as n — 00,

wi, — wu strongly in L (Q) as n — oco.

Thus by (A1), we have

< CO/Q () — ()] dz

+/ Jun(2) = u(@)||w(@)un ()P~ do < Collun — ull1(g)
Q

+ ( /Q lun (z) — u(z)|® dm)l/ql ( /Q lw(z)tn ()| dm)wl_l)/m.
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In view of (3.13), we can conclude that

/Qf(%un(@)(un(x) —u(x))der -0 asn— oo.

Thus,

(3.15) /Q(f(a:, un(x)) — fz,u(@)))(un(x) —u(z))de = 0 asn — oc.

It follows from lim ®'(u,) =0 and (3.13) that

n—oo

(3.16) (@ (uy) — D' (u),un —u) =0 asn — oo.

By (3.15) and (3.16), we obtain
/ IVyun — V7u|2dx —0 asn — oo.
Q

Therefore, we conclude that u,, — u strongly in 5370(9). The proof of Lemma 3.4 is
complete. ([

Proof of Theorem 1.1. By Lemmas 3.1, 3.2, and 3.4, all conditions of
Lemma 2.12 are satisfied. Thus, problem (1.2) has a nontrivial weak solution (]
Example 3.5. Let v = (1,1,|z120|), N =3, Q = {z € R3: |2| < 1}, N = 5,
@ =3,
wo(z) = |z| 710 sin(2017|z]) Vz € Q,

(@) = (3 - 2) - p2)7 veeq

2
21— |t)) if [t <1,
eolt) = {o it el € R\ [1,1],
0 it <1,
e1(t) = Ut} —1)In(1 + [¢) if |¢] € (1,2],
tln(1 + |¢)) it e > 2,

fx,t) = wi(@)po(t) + wi(x)p1(t) V(x,t) € QxR.
Let w = |wo| + w1, C =1, h(x) = |z|~V/%, k(z) = —h(z) for every z in Q. We see
that h € L'(Q) and k € LN/2(Q). By Examples 2.6 and 2.8, w is in K23. Thus f
satisfies conditions (A1)-(A5).

We have f(x,t)/t = wi(z)(|t| — 1)In(1 + |t|) for every t € [-2,2] \ [-1,1] and
f(z,t)/t = w?(x) In(1+t]) for every t € R\ [~2,2]. Thus f satisfies (A6). Therefore,
we can apply Theorem 1.1 to f with C' = 1. We have that w? is not integrable on .
Hence, the results in [2], [3], [12], [16], [17], [18], [22], [25] cannot be applied to solve
of problem (1.2) in this case.
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