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Abstract. We extend the Noble and Ulmer theorem and the Juhasz and Hajnal theorems
in set-theoretic topology. We show that a statement analogous to that in the former theorem
is valid for a family of almost topological convergences, whereas statements analogous to
those in the latter theorems hold for a pretopologically Hausdorff convergence.
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1. INTRODUCTION

For a set X we denote its cardinality by card X. For a topological space X
we designate the cellularity, the spread and the density of X by ¢(X), s(X) and
d(X), respectively. The starting point of our consideration is the following triplet of
theorems in set-theoretic topology.

(I) (Noble and Ulmer) Let {X;};er be a family of topological spaces, v an infinite

cardinal. Assume that ¢( [] X;) < a whenever J is a finite subset of I. Then

ieJ
we have C(H Xi) <a.
il
(IT) (Juhész and Hajnal) If X is a Hausdorff topological space, then

s(X)

card X < 22

(ITI) (Juh&sz and Hajnal) If X is a Hausdorff topological space, then
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The proofs and the sources of these theorems are supplied in [9], Chapter II. The
purpose of this paper is to extend these theorems in a setting of convergence theory.
Our main theorems are Theorem 1, Theorem 6 and Theorem 8, which extend (I),
(IT) and (III) above, respectively.

Now we briefly review the history of convergence theory. To this end we recall the
Kuratowski closure axioms:

(c11) 0 =0;
(c12) AC 4
(c13) AUB =

(c14) A=A

These axioms are equivalent to the standard definition of a topological space in the

AUE;

following sense: If X is a topological space, then its closure operator 2¥ > A
A € 2% satisfies (cl 1)—(cl 4). Conversely, given an operator cl: 2% > A+ A € 2%
satisfying (cl 1)—(cl 4), the family {O € 2%: cl(X \ O) = X \ O} gives a topology
on X, whose closure operator equals cl. Cech built the notion of closure spaces
(cf. [2], Chapter 14): A set X endowed with a map 2% > A +— A € 2% satisfying
(cl 1)—(cl 3) is called a closure space or a pretopological space. We will see later the
usefulness of this notion. Choquet (see [3]) put forward a further generalization of
the notion of topological spaces. He built the notion of pseudotopologies by means
of filters. He also investigated pretopologies. Pseudotopologies and pretopologies are
important subclasses of convergence spaces. The theory of convergence spaces has
been developed by many authors; see [5] and the references therein.

Let us describe the features of our work here. Theorem 1 asserts that the statement
of Noble and Ulmer’s theorem (I) remains true when {X;};cr is replaced with a
family of almost topological convergences. In its proof the following property of the
pseudotopologizer, designated by S, plays a crucial role: we have

(1.1) S<H5i> = I s

P€EA i€EA

for every family {&; }iea of convergences (see [5], Theorem VIII.3.9). This equality is
one of the most important results in convergence theory. A careful inspection of the
proofs of Juhdsz and Hajnal’s theorems (II) and (III) gives that the property (cl 4)
is not actually used there. This suggests that it may be possible to relax the usual
Hausdorffness condition when we extend these theorems in a Cech-Choquet pretopo-
logical setting. Theorems 6 and 8 show that this is the case; these theorems establish
that the statement of (II) and that of (III) remain valid when X is replaced with a
pretopologically Hausdorff convergence. We mention that a pretopologically Haus-
dorff convergence need not to be topologically Hausdorff; see [5], Example VIL.1.9.
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Though we employ the basic frameworks of the proofs of Juhdsz and Hajnal’s the-
orems in demonstrating our Theorems 6 and 8, we must deal with several technical
matters proper to our situation; see (4.1) and Lemma 9. Furthermore, the notion of
grills, which is due to Choquet, is effectively utilized in our proofs. Our work here
builds bridges between set-theoretic topology and the theory of convergence spaces.

2. PRELIMINARIES

From [5] we recall several notions and terminologies in the theory of convergence
spaces for the reader’s sake.

(a) We fix a set X. Let A and B be two families of subsets of X. A is said to be
coarser than B, in symbols, A < B, if for each A € A there is a B € B for
which B C A. We designate by A'™X the isotonization of A, that is,

A = {B € 2% there exists an A € A such that A C B};

X is called an ambient set. When there is no risk of confusion we will write
ATX as AT, A family F of subsets of X is called a filter base on X if F'is a
filter.

(b) Fix a set X. We designate by FX the set of all filters on X. A relation ¢ is said
to be a convergence on X if it is contained in FX x X and enjoys the following

properties:
(isotone) F <G = lime F C limg G;
(centered) z € limg {z}T,

where we define lim¢ 7 = {z € X: (F,z) € £} and use the abbreviation {z}T =
{{x}}T; we say that X is the underlying set of £ and write |¢| = X . For a filter
base F on X, we write lim¢ F for limg Fr.

(c) Let & and n be two convergences on X. We say that £ is coarser than 7, in
symbols, £ <7, if lim¢ F D lim,, F for every F € FX.

(d) Let & be a convergence. A subset O of || is said to be £-open if

Oﬂhmg./_'.?é@iOEf

for every filter F. Let x € |£| and let N be a subset of |{|. We say that N is a
&-neighborhood of x if there exists a £-open set O such that x € O C N.

(e) Let & be a convergence, C' a subset of |£|. We say that C' is ¢-closed if |¢] \ C' is
&-open.

217



(f) A convergence ¢ is said to be Hausdorff if card(limg .7-') < 1 for every F € FI¢|.
(g) For a family {F;};cx of filters on a set X, we denote by A F; the infimum of
ieK
{Fi}iex in the poset (FX, <); it holds that A F;i= () Fi.
ieK icK
(h) Let & be a convergence and let « € |£|. The vicinity filter of  at x is defined by

Ve(z) = /\ F.

xelimg F

A convergence ¢ is said to be a pretopology if x € lim¢ Ve(x) for each z € [£].

(i) Let A and B be two families of subsets of a set X. We say that A and B mesh,
in symbols, A#B, if AN B # () for every A € A and B € B; otherwise we say
that A and B are dissociated.

(j) Let A and B be two filters on a set X. The set {A, B} admits the least upper
bound in the poset (FX, <) if and only if .4 and B mesh.

(k) For a convergence £ and a subset A of |¢], we designate by adhe A the (principal)
adherence of A, that is,

adhe A = [ J lim¢ F,
F#A

where we write F#A for F#{A}. For a family G of subsets of ||, we define
adh] G = {adh¢ A: A € G}. Note that if G is a filter, then adh{ G is a filter
base.

(1) A pretopology ¢ is called a topology if the operator adh; is idempotent, that is,

adhg (adhg A) = adhg A

for every A € 2/¢l.
(m) A convergence ¢ is said to be regular at a point z if, for any filter F,

x € lim¢ F = x € limg adh] F.

A convergence ¢ is called regular if £ is regular at each x € [£].
(n) Given a convergence ¢ and a family A of subsets of |¢], let adh¢ A stand for the
adherence of A:
adhg A= U limg H.
Fle|>H#A
We say that a convergence § is compact if adhe F # ) for every filter F.
(0) Let X be a set. A maximal element of the poset (FX, <) is called an ultrafilter
on X. The set of all ultrafilters on X is designated by UX. For a filter F on X,
we set B(F) ={U e UX: F <U}.
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(p) A convergence ¢ is called a pseudotopology if

lime F = (] limeU
UEB(F)

for each filter F.

(q) For a set X, we designate by o = ox the coarsest convergence on X, that is,
lim,, F = X for every F € FX; we call ox the chaotic convergence on X.

(r) A convergence ¢ is said to be T} if lim¢{z}T = {z} for each x € |¢|.

For further background materials, one can consult [5].

3. EXTENSION OF NOBLE AND ULMER’S THEOREM (I)

By S and T we designate the pseudotopologizer and the topologizer, respectively;
for a convergence £, S¢ is the finest among pseudotopologies coarser than &, and T¢
is the finest among topologies coarser than £. A convergence £ is said to be almost
topological if S¢ = T¢E.

For a convergence &, we define its cellularity c(§) by

c(§) = sup{cardG: G is a family of disjoint nonempty £-open sets}.
The following result extends Noble and Ulmer’s theorem (I).

Theorem 1. Let {{;}icr be a family of almost topological convergences, « an

infinite cardinal. Suppose that c( I fi) < « whenever J is a finite subset of I. It
icJ
then holds that C(H §i) <a.
iel

For a convergence £ and an element z of ||, we denote by N¢(z) the set of all

the &-neighborhoods of z. Since N¢(z) = Ny¢(x) (see [5], page 141), the following
assertion holds.

Proposition 2. For a convergence £, we have c¢(§) = ¢(T¢).

Let us prove the following implication.

Lemma 3. Let {&;}icx be a family of almost topological convergences. Then

T(H @) = H T¢;.

€K iEK
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Proof. We have S¢; = T¢; for each i € K by assumption, from which and (1.1)
we obtain

(3.1) s(H gZ) =[] T

€K €K

Since [] T¢; is a topology by [5], Corollary V.4.33, so is S( I1 fi), and thus
€K €K
S( I fi) < T( 11 {i). But Sn > Tn for every convergence n; see [5], equa-
i€k icK
tion (VIIL3.2). So s( I gi) = T( I g) This, together with (3.1), yields the
ieK icK
implication. O

We are now in a position to complete the proof of Theorem 1.

Proof of Theorem 1. Combining the assumption with Proposition 2 and
Lemma 3, we have c( 11 Tfi) < « for any finite subset J of I. This, together with
i€J
Noble and Ulmer’s theorem (I), yields that C(H Tﬁi) < «a. Combining this with
iel
Proposition 2 and Lemma 3 again, we arrive at the conclusion. (]
An almost topological convergence is not necessarily topological. See [5], Exer-

cise VIII.3.14 for a simple example. Here is an even simpler one:

Example 4 (An almost topological convergence on {0,1} which is not a pseu-
dotopology). Let X = {0,1}. The filters on X are {0}, {1} and {0,1}T, and the
ultrafilters on X are {0}" and {1}'. We define a relation ¢ on FX x X by

lime {0} = {0,1}, lime{1}" = {0,1} and lim¢{0,1}" = {0}.
One can easily check that £ is a convergence on X. Because

() limedd =lime {0} Nlime{1}7 = {0,1} # lime{0,1}7,
Uep({0,131)

the relation £ is not a pseudotopology. Next, we will verify that £ is almost topo-
logical. To this end, let 77 be a convergence satisfying n < £. We then have n = o
or n = . Indeed, it holds that lim, F D lim, F D lim¢ F for every filter 7 on X
since 0 < 1 < &, from which we have lim,{0}T = lim,{1}" = {0,1} and either
lim,{0,1}T = {0} or lim,{0,1}T = {0,1}. In the former case, n = £, while in the
latter case, n = 0. Hence, S¢ = T¢ = o, that is, £ is almost topological.

It is useful to recall the following result, which gives a sufficient condition for a
convergence to be almost topological.
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Theorem 5 ([5], Corollary IX.2.4). A compact Hausdorff regular convergence is
almost topological.

We will give an extension of this theorem. To this end we recall a terminology
from [4]. For a convergence ¢, let r¢ stand for the partial regularization of £, that
is, € lim,¢ F if there is a filter G such that z € lim¢G and F > adhg G. We
have £ > r£. We also recall that a Hausdorff topological space X is called H-closed
if X is closed in any Hausdorff topological space in which it is embedded. In [8] a
reasonable extension of the notion of an H-closed topological space is presented in a
pretopological setting. In the same spirit we define the H-closedness of a convergence
as follows: A convergence ¢ is said to be H-closed if it is Hausdorff and r¢ is compact.
Now, the following assertion holds true: A regular H-closed convergence is almost
topological. This follows at once from Theorem 5 and the fact that & < r€ if € is
regular. We mention that the theory of H-closed topological spaces was initiated by
Alexandroff and Urysohn (see [1]) and has been extensively developed (cf. [7], [6]).

4. EXTENSION OF THE JUHASZ-HAJNAL THEOREM (II)

We recall several notions and terminologies from [5], which are needed to state
our second main theorem. For a convergence £, we denote by Sy the pretopological
modification of £, that is, Sp€ is the finest one among pretopologies coarser than £; we
say that £ is pretopologically Hausdorff if So€ is Hausdorff. Since Ve(x) = Vs ¢(z) for
each = € || (see [5], equation (V.1.9)), we infer that ¢ is pretopologically Hausdorff
if and only if it holds that whenever zg,z1 € || satisfy zo # x1, Ve(xo) and Ve(z1)
are dissociated.

For a map f: X — Y and a filter 7 on X, we define f[F]| = {f(F): F € F},
which is a filter base on Y.

Let (X, ) be a convergence space, A a subset of X. By i4: A — X we denote
the inclusion map of A in X, i.e. i4(x) = x for each € A. The convergence §la

induced on A by £ is defined by
z € limg , F & x € limg i [F].

For a set X, we designate by ¢ = ¢x the finest convergence on X, that is, for any
FelFX and z € X,
z € lim, F = F = {z}.

We call tx the discrete convergence on X. For a convergence £, we define its
spread by

5(§) = sup{cardY: Y is a subset of || for which §y is discrete}.
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We are now ready to state our second main result, which extends the Juhasz-Hajnal
theorem (II).

Theorem 6. Let & be a pretopologically Hausdorff convergence. It then holds that

card |¢] < 92"

We introduce some notation which is needed in the proof of this theorem. For
a cardinal «, we denote its cardinal successor by a™. For a set S and a positive
integer r, we put [S]” = {X € 2%: card X = r}. For a set X and a family A of
subsets of X, we designate by A# the grill of A, that is,

A* = {H € 2%: AN H # () whenever A € A}.

The following claim is also needed, which is an immediate consequence of [5],
Proposition IT1.1.11.

Proposition 7. If  is a T convergence and Y is a finite subset of |{|, then &y
is discrete.

Proof of Theorem 6. We proceed by an argument similar to that in [9], Chap-
ter II, (6). Set X = |{|. By the Zermelo theorem there exists a relation “<”
which well-orders X. Since ¢ is pretopologically Hausdorff, we infer that, for each
(z,y) € X? with x # y, there exist U,y € Ve(z) and V,, € Ve(y) such that
Uzy N Vyy = 0. We consider the four subsets Fy, Ib, F3 and Fy of [X]? defined
as follows: for z,y,z € X with x < y < z,

{z,y,2} € F1 & 2z € Uyy and = € V;;
{z,y,2} € Fh & 2 ¢ Uyy and € V;;
{z,y,2} € F3 & 2 ¢ Uyy and = ¢ V;;
{z,y,2} € Fy & z€ Uy and = ¢ V.

The sets Fy, Fy, F3 and Fy form a partition of [X]3.

First, we consider the case where a = s(§) is infinite. Seeking a contradiction,
we assume that card X > 22”. Tt follows from the Erddés-Rado theorem (see [9],
Chapter 1II, (4)) that there is a subset Y of X with cardY = a* such that [Y]? is a
subset of one of F}, Fy, F3 and Fy. We define

Z ={t €Y: t has an immediate predecessor in the well-ordered set (Y, <)}.
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We prove that &, is discrete. First, consider the case [Y]? C F». Pickate Z
arbitrarily. We designate by z the immediate successor of ¢ in (Y, <). Let us show
that t ¢ adhg ,{s € Z: s < t}. For any s € Z with s < t, we have s € Vj., so that
s € Uf,, U7, being the complement of Uy, in X. Thus, {s € Z: s <t} C U, NZ,
from which

adhg ,{s € Z: s <t} Cadhg,(U;,NZ).

So, it suffices to show that
(4.1) t ¢ adhg , (US, N 2).

By definition we have

Vg‘z(t) = /\ F.

Ferz
te€limg z)Z( [F]

We will verify that
(4.2) U NZ € Ve, (1)

Pick an F € FZ with ¢t € limg i%[F| arbitrarily. Since U, € Ve(t), we have Uy, €
iZ[F]", that is, there is an F' € F satisfying F C U;,. Thus U, N Z € F, so
that (4.2) holds. We have from (4.2) that U5, N Z ¢ VE\z(t)#' This, together
with [5], Proposition V.2.12, yields (4.1), and therefore ¢ ¢ adh¢ ,{s € Z: s < t}.
Next, we will show that ¢ ¢ adhg ,{s € Z: t < s}. For s € Z with 2z < s, we have
s € Ug,. Since z € V., we have also z € U;,. Thus {s € Z: t < s} C U, NZ,
whereupon
adhg ,{s € Z: t < s} Cadhg, (U, N2).

This, together with (4.1), yields ¢ ¢ adhg ,{s € Z: t < s}. Hence,
t ¢ adhg,{s€ Z: s<tfUadhg, {s€ Z: t <s}=adhg,{s€Z: s#t},

that is, adhg ,{s € Z: s #t} C {s € Z: s #t}. So, Z\ {t} is §z-closed.

Let us consider the case where [Y]? C Fy. Pick a t € Z arbitrarily. We designate
by z the immediate successor of ¢ in (Y, <). For s € Z with s < ¢, we have s €
Vi C Uf,, and therefore {s € Z: s <t} C U, NZ. So, we obtain t ¢ adhg ,{s € Z:
s < t} as in the discussion above. By w we denote the immediate predecessor of ¢ in
(Y, <). For s € Z with t < s, we have s € Uy C V5. So,

adhg ,{s € Z: t < s} Cadhg, (Vg N 2).
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Now, we have
t ¢ adhg , (Vi N 2)

as in the derivation of (4.1). Thus ¢ ¢ adh¢ ,{s € Z: t < s}, and hence Z \ {t} is
§|z-closed.

In the remaining two cases one can similarly verify that, for each t € Z, Z \ {t}
is §|z-closed. In any case, {7 is a discrete convergence and card Z = o, which is
absurd. Therefore, we obtain

(4.3) card X < 2%,

Finally, we consider the case where a = s(€) is finite. It follows from Proposition 7
that X is a finite set. Using Proposition 7 again, we have s(£) = card [¢], so that (4.3)
holds. (]

5. EXTENSION OF THE JUHASZ-HAJNAL THEOREM (III)
For a convergence £, we define its density by
d(§) = min{card S: S is a subset of |{| such that adh¢S = [¢|}.

This definition of the density is equivalent to the one given in [5], Definition IV.9.28
and extends the notion of the density of a topological space.
We state our third main theorem, which extends the Juhdsz-Hajnal theorem (III).

Theorem 8. Let £ be a pretopologically Hausdorff convergence. It then holds
that
d(¢) <279,

The following simple lemma is used in the proof of this theorem.

Lemma 9. Let £ be a convergence and let Z and A be two sets with Z C A C |].
Then we have

adhg‘A Z C (adhg Z) N A.
Proof. Put X = |{|. We obtain

adhg, Z = | J limg, F= | J limgig[F]' ¢ (] limeG = adhe Z.

F#Z F#Z G#Z
FeFA FeFA GeFX
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We introduce a new term. We designate by Ord the class of all ordinals. Fix
a € Ord. A function is said to be an a-sequence if its domain is {5 € Ord: 8 < a}.
We will identify the latter set with a.

Proof of Theorem 8. We employ a method parallel to that in [9], Chap-
ter II, (5). Put a = s(¢) and X = |¢|. First, we consider the case where « is
infinite. Seeking a contradiction, we suppose that d(§) > 2. For each ordinal £ with
B < (2*)" and for each X-valued S-sequence {r,},<s, we have X \adhe{r,} <5 # 0,
because S < d(§). By transfinite induction one can construct a sequence P =
{pp}p<(22)+ such that pg € X \ adh¢{p,},<p for each § < (2%)*.

We will construct a sequence {qs}s<qo+ such that g ¢ adhg{q,},>p for each
B < a™. We proceed by a ramification argument. For v < o™, let

F, ={f: fisa{0,1}-valued y-sequence}.

Set FF = |J F,. By transfinite induction we will construct a family {Ps}er of
y<at
subsets of P as follows. We fix v < a™ and suppose that we have defined P, for

every g € |J Fs.
6<y
First, we consider the case where v = 0. We have F, = {0}. Put Py = P. Next,

we consider the case where v is an ordinal successor; let § be such that v = § 4 1.
Consider two elements f and g of F, such that f|s = g|s and f(0) # g¢(d). We
consider the following two cases:

(a) card Py, < 1. We put Py = Py = 0.

(b) card Py, > 1. Choose a,b € Py, with a # b. Since ¢ is pretopologically
Hausdorff, there exist U, € Ve(a) and U, € Ve(b) for which U, N U, = 0. Put
Py = Pf\s \ U, and P, = Pf|5 \ Up. We have PrUP, = Pf\s'

Finally, we treat the case where v is a limit ordinal which is not 0. For each

J € F,, define Py = () Py;.
o<y
We will prove that there is a p € P such that {p} # Py for each f € F. Since

card I, = gcardy < 92 for each v < at, we have card F < 2%. We define /' =
{f € F: P # 0}. For each f € F’, we choose an element [; of P;. Because
card P = (2%)* > card F”, there is a p € P such that {; # p for each f € F’. Hence,
{p} # Py for every f € F.

Let us prove that there is a sequence of functions ¥ € F,, v < a™, such that
p € Py, for each v < ot and f7|s = f° whenever § < v < at. We proceed
by transfinite induction. We fix 79 < ot and suppose that there is a sequence of
functions 7 € F,, vy < 7o, such that p € Py~ for eachy < vy and 7|5 = f? whenever
0 < v < . We define f7° as follows. First, consider the case where 7 is an ordinal
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successor. Let v be such that y9 = v + 1. Since p € vaé and {p} # vaé, we

have carde% > 1. Pick f,g € F,, for which fro = flyy = glyy and f # g. Since
PrUP, = vaé and p € wa(/), we have either p € Py or p € P,. If p € Py, we put
f7° = f; otherwise, we set f7 = g. Next, we consider the case where 7 is a limit
ordinal which is not 0. We define f7°(5) = fo+1(8) for § < 0. Finally, we treat the
case where 7o = 0. We define f7° = (). In any case we have p € P and f7|5 = I
for each 6 < 7. Thus, there exists a sequence of functions f7 € F,, v < at, such
that p € Py for each v < a™ and f7|s = f° whenever § <y < a™.

We are now in a position to define {gs}scqn+. Fix vy < at. Then, there exist
a € Py and Uy € Ve(a) such that Ppyi1 = Ppy \ U,. We define ¢, = a.

Let us prove that ¢, ¢ adh¢{gs}s>~ for eachy < at. Fixy < a™. We have ¢5 ¢ U,
for every 6 > v, because qs € Pps C Ppy+1. This, combined with U, € Ve(q,),
implies that {gs: & > v} ¢ Ve(g,)?; from which and [5], Proposition V.2.12 we
obtain ¢, ¢ adhe{¢s}s>~-

Set @ = {qy: v < aF}. We define a sequence {04}, <+ as follows. Fix v < a™.
There is a unique ¢ < (2%)* for which ¢, = p,. We define g, = o. Put

Fi = {{g¢s5,qy}: 6 <, 05 <oy},
Fy = {{as,qy}: 0 <, 05 > 04}

The sets I} and Fy form a partition of [Q]?. We claim that there exists no infinite
subset A of @ for which [A]? C Fy, because there is no infinite decreasing sequence
of ordinals. This, combined with the Erdés theorem (see [9], Chapter II, (3)), yields
that there is a subset A of @ such that card A = ot and [A]? C F;. We will
demonstrate that & 4 is a discrete convergence. Put I' = {y < a’: ¢, € A}. Fix
v € I'. Since ¢, ¢ adhe{gs}s>~, we have ¢, ¢ adhe{¢s}s>~.6er; from which and
Lemma 9 we obtain ¢, ¢ adhg ,{g¢s}s>,6er. Since {gs}ser.s<y C {Py}n<,, and
since p,., ¢ adhe{py,}y<,,, it holds that ¢, ¢ adhe{gs}ser,s6<,. Combining this with
Lemma 9, we get ¢, ¢ adhg ,{gs}sers<- Hence, adhg (A \ {g,}) C A\ {g,},
whereupon A\ {g,} is § 4-closed. Thus |4 is a discrete convergence. This is absurd,
since card A = o > 5(¢). Therefore, we obtain d(¢&) < 2°(9).

We consider the case where « is finite. It follows from Proposition 7 that o =
card |¢|, from which d(§) < a < 2% = 2509, O
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