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Abstract. We consider limit cycles of a class of polynomial differential systems of the
form

=Y,
{ g =~z — e(ga1(2)y** T + for(2)y??) — €2 (g22(2)y** T + faz(2)y?P),

where 8 and « are positive integers, g2; and f2; have degree m and n, respectively, for each
j =1,2, and ¢ is a small parameter. We obtain the maximum number of limit cycles that
bifurcate from the periodic orbits of the linear center & = y, § = —x using the averaging
theory of first and second order.
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MSC 2020: 34C07, 34C23, 37G15

1. INTRODUCTION

One of the main problems in the qualitative theory of real planar differential
equations is to determine the number of limit cycles for a given planar differential
system. As we all know, this is a very difficult problem for a general polynomial sys-
tem. Therefore, many mathematicians study some systems with special conditions.
To obtain as many limit cycles as possible for a planar differential system, we usually
take into consideration the bifurcation theory. In recent decades, many new results
have been obtained (see [9], [10]).

The number of medium amplitude limit cycles bifurcating from the linear cen-
ter & = y, y = —x for the following three kind of generalized polynomial Liénard
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differential systems, were studied in the papers [2], [4], [5], [6], [1] and [14], [15],
respectively:

=y, y=—z—g2(x) + f2(2)y,

t=y—gq),  y=-v—gz)+ falr)y,

t=y—f@)y, §=-7-0@) + fa(x)y.

In [13], Llibre and Valls studied the polynomial differential systems
(1.1) { &=y —e(gu(@) + ful@)y) —(gi2(z) + frz(x)y),
§=—a —e(g21(2) + far(2)y) — €*(g22(x) + foa(2)y),

where g14, f1i, 92i, foi have degree [, k, m, n, respectively, for each i = 1,2, and ¢
is a small parameter. They proved an sharp upper bound of the maximum number
of limit cycle that (1.1) can have bifurcating from the periodic orbits of the linear
center & = y, y = —x using the averaging theory of second order.

In 2014, Garca, Llibre and Pérez del Rio (see [7]) using the averaging theory
studied the maximum number of limit cycles which can bifurcate from the periodic
orbits of a linear center perturbed inside the class of generalized polynomial Liénard
differential system of the form

(1.2) { .
g =—z—c(hi(z) +p1(2)y + q1(2)y?) — 2 (ha(2) + p2(2)y + 2(2)y?),

where hi, ha, p1, q1, p2 and g2 have degree n and ¢ is a small parameter. More
precisely, they found the maximum number of medium amplitude limit cycles which
can bifurcate from the periodic orbits of the linear center & = y, y = —z perturbed
as in (1.2).

In [11], the authors proved that the maximum number of limit cycles of the fol-
lowing generalized Liénard polynomial differential system

&=y,
y= -2t —ef(a)y !

is at most [%m], where p, ¢ and n are positive integers, m is the degree of the
polynomial f(z).
In this paper, first we consider the system

(1.3) { =y

§=—z —e(g21(x)y** T + for () y*P),
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where 8 and « are positive integers, go1 and fs; have degree m and n, respectively,
and ¢ is a small parameter. We find the maximum number of limit cycle that (1.3)
can have bifurcating from the periodic orbits of the linear center & = vy, y = —=x
using the averaging theory of first order.

Let [z] denote the integer part function of € R. Our main result is the following
one.

Theorem 1. For |e| sufficiently small, the maximum number of limit cycles of
the polynomial differential systems (1.3) bifurcating from the periodic orbits of the
linear center & = y, y = —x using the averaging theory of first order is [%m]

The proof of the above theorem is given in Section 3.
Now we consider the system

(1.4) { =y

§=—x—e(g21(x)y** T + for(2)y?P) — e2(gaa (2)y?* T + far(2)y??),

where 8 and « are positive integers, ¢go; and fo; have degree m and n, respectively,
for each j = 1,2, and ¢ is a small parameter. We find the maximum number of limit
cycle that (1.4) can have bifurcating from the periodic orbits of the linear center
& =y, y = —x using the averaging theory of second order. Our main result is the
following one.

Theorem 2. For |¢| sufficiently small and [3m] > 8 — 1, the maximum number of
limit cycles of the polynomial differential systems (1.4) bifurcating from the periodic
orbits of the linear center & = y, y = —x using the averaging theory of second order is

rema[3] 3]+ 252 45}

The proof of the above theorem is given in Section 4.

2. PRELIMINARIES

The averaging theory of first and second orders. In this section we present
the basic results from the averaging theory that we shall need for proving the main re-
sults of this paper. The averaging theory up to second order for studying specifically
periodic orbits was developed in [13], [3], [12]. It is summarized as follows.

Consider the differential system

i(t) = eFy(t,2) + 2Fy(t, ) + 3 R(t, x,¢),
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where F,F>: Rx D — R, R: Rx D x (—¢f,e5) = R are continuous functions,
T-periodic in the first variable, and D is an open subset of R™. Assume that the
following hypotheses hold.
(i) Fi(t,-) € C*(D), Fy(t,-) € CY(D) for all t € R, F1, F», R are locally Lipschitz
with respect to x, and R is twice differentiable with respect to .
We define Fio: D — R for k =1,2 as

Fo) =7 [ " (s ) ds,
P(o) = 7 | T((Dzm(s,x)) / R () dt+ F2<s,x>) ds.

(ii) For V. C D an open and bounded set and for each € € (—¢f,ef) \ {0}, there
exists a. € V such that Fig(a.) + eFa(ac) = 0 and dp(Fio + €F2o, V, a.) # 0.

Then for |e| > 0 sufficiently small there exists a T-periodic solution ¢(-, &) of the
system such that ¢(0,¢) — a. when ¢ — 0.

The expression dp(Fio + €Fag, V,a:) # 0 means that the Brouwer degree of the
function Fig+eFby: V — R™ at the fixed point a. is not zero. A sufficient condition
for this inequality to hold is that the Jacobian of the function Fig+eFyg at a. is not
ZETo.

If Fi1o is not identically zero, then the zeros of Fyy + €Fbg are mainly the zeros
of Fyq for e sufficiently small. In this case the previous result provides the averaging
theory of first order.

If F1g is identically zero and Fyg is not identically zero, then the zeros of Fg+¢eFbq
are mainly the zeros of Fyj for ¢ sufficiently small. In this case the previous result
provides the averaging theory of second order.

Descartes theorem. In order to confirm the number of zeros of certain real
polynomial, we will make use of the following Descartes theorem (see [11]).

Theorem 3. Consider the real polynomial p(z) = a;,x" + a;,x + ... + a;, '
with 0 < iy < iy < ... <y and a;; # 0 real constants for j € {1,2,...,k}. When
ai;a;;, ., < 0, we say that a;; and a;,,, have a variation of sign. If the number of
variations of signs is m, then p(x) has at most m positive real roots. Moreover, it is
always possible to choose the coefficients of p(x) in such a way that p(x) has exactly
k — 1 positive real roots.
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3. PROOF OF THEOREM 1

For the proof we shall use the first order averaging theory as it was stated in
Section 2. We write

(3.1) g21(x) = Zci$i7 for(z) = Zdixi-
i=0 i=0

Then in polar coordinates (r,6) given by x = rcosf and y = rsin6, the differential

system (1.4) becomes
= —€G1(T, 9),

9- = -1 EGQ(T, 9),
r
where
n ‘ m A
Gi(r,0) = dihiapa ()T + )~ it paya(O)r>
=0 i=0

Ga(r,0) = Z dihi+172ﬁ(9)7”2/6+i + Z Cihi+1,2(y+1(9)’r2a+i+1a
=0 i=0

where h; j(0) = cos’ fsin’ §. Taking 6 as the new independent variable, system (1.4)

becomes
dr 9
(3.2) — =¢eFi(r,0) + O(e%),
dé
where
(3.3) Fi(r,0) = G1(r,0).

First, we shall study the limit cycles of the differential equation (3.2) using the
averaging theory of first order. Therefore, by Section 2 we must study the simple
positive zeros of the function Fig(r) = %ﬂ OQTE Fi(r,0)df. For each of these zeros we
will have a limit cycle of the polynomial differential system (1.3).

Taking into account the expression of (3.3), in order to obtain Fio(r) it is necessary
to evaluate the integrals of the form fOQT[ h; ;(0) d6, where h; ;(0) = cos' 6 sin? 6.

In the following lemma we compute these integrals.

Lemma 4. Let h; j(6) = cos® 0sin? 6 and M; ;(0) = fe

o hi,j(s)ds. Then

0 if i is odd or j is odd,
(3.4) M; ;(2n) =

& jm if @ and j are even,
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where
S = (j+(£(;i)gj—_2?)-::.(il+ 2) 2"1—1 (;) wnd <%ZZ) - (%Z!!)Q'

Proof. Using integrals (5.3) and (5.4) given in the Appendix with § = 2t and
taking into account that h; ;(2n) = 0 if j # 0, we have that

2a—1)(2a—3)...1
2a+i)2a+i—2)...(i+2)

(35) Mi,Qa(2TE) = Mi,O(ZTE); Mi,2a+1(2n) = 0

Again, using integrals (5.1) and (5.2) given in the Appendix, with § = 2n we have
that Ma; o(2n) = 2n(2i — 1)(2¢ — 3)...1/(2%!) and Ma;41,0(27) = 0. Substituting
Ma;.0(21) and Ma;41,0(27) given as above into (3.5) we obtain (3.4). O

Using this lemma we shall obtain in the next proposition the integral of the func-
tion Fio(r).

Proposition 5. We have

[m/2]
(36) 2TEF10(’I“) = 7“2a+1 Z CQiM2i72(y+2(2T[)T2’L.
i=0
Proof. Since
n ) 21 m ) 27
2nFio(r) = Y dir® T [ hiaga(0) + Y cir® T [ Rygaya(6) d6,
i=0 0 i=0 0

taking into account that fozr' hi2a+2(0)d0 = 0 if i is odd andfOQr' hi2p+1(0)d6 = 0,
for all i, 8 € N (see Lemma 4), we have that

2 m [m/2] 2%
2nFo(r) = / Z Cihizata(0) dOr? ettt = Z 7’2”2&“/ c2ih2i2a42(0) dO
[ P 0
ilevgn 0
[m/2] .
= 7’2a+1 Z CQiM2i72a+2(2TE)7“2’L.
i=0
This completes the proof of Proposition 5. (]

Proof of Theorem 1. From Proposition 5, the polynomial Fyo(r) has at most
A1 = {[3m]} positive roots, and we can choose cy; in a way that F(r) has exactly Ay
simple positive roots, hence Theorem 1 is proved. ([
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4. PROOF OF THEOREM 2

Now using the results stated in Section 2 we shall apply the second order averaging
theory to the previous differential equation. We write go1(x) and f21(z) as in (3.1),
m ) n )
and goo(z) = > Cixt, fao(x) = > D;a*. Then in polar coordinates (r,6) given by
i=0 '

=0
x =rcosf and y = rsin @, the differential system (1.4) becomes

r= —EGl(T, 9) — €2H1 (’I“, 9),

2
. 9 g
0=—-1- ;GQ(ra 0) - 7H2(7“, 9)7

where

Gy(r,0) = Z dihiops1(0)r?P T+ Z cihi a2 (0)r2o it
i=0 i=0

Hy(r,0) = > Dihiapra(0)r*" 7 +3 " Cihigasya(0)r*
=0 =0

n m
GQ (7’, 9) = Z dihiJ’,l’QlB (9)7“2ﬁ+i —+ Z Cihi+1’2a+1(9)7“2a+i+1,
=0 1=0

Hy(r,8) = Z Dihiy1,25(0)r*P T 4 Z Cihit1 2041 (0)r? T
i=0 i=0

where h; ;(f) = cos’ §sin? §. Taking 6 as a new independent variable, system (1.4)
becomes 4

r ;
W= eFy(r,0) + 2 Fy(r,0) + O(e%),

where

Fi(r,0) =G1(r,0), Fy(r,0) = Hi(r,0) — %Gl(r, 0)Ga(r,0).

If Fio(r) is identically zero, applying the theory of averaging of second order (see
again Section 2), every simple positive zero of the function

(4.1) Foo(r) = ! /O2K <%F1 (r,0) (/06 Fi(r,s) ds) +Fy(r, 9)) do

T 2n

will provide a limit cycle of the polynomial differential system (1.4).

In order to compute Fso(r), we need Fio to be identically zero. Then from (3.6)
in what follows we must take co; = 0, for all 7 € N.

We must study the simple positive zeros of the function Fyg(r). We split the
computation of the function Fyy(r) in two pieces, i.e. we define

2nFo(r) = L(r) + J(r),
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where

L(r):/:K%Fl(r,e)(/:m(r,s)ds) a0, J(r):/OQKFQ(r,H)dH.

Proposition 6. If Fio(r) =0, then

[n/2] ((m—1)/2 |
T(r) = 22820t N " N dyiap 1 Mapyatoigatas 2 (25)r7P T
=0

p=0
/2] |
+ potl Z CQiMQi,Qoz-i-Q(ZTE)er-
i=0

Proof. Taking into account the expression of Fy(r,#), first we shall compute
the function fo% Hi(r,0)df. Using the expression of Hj(r, ) and taking into account
that fozr" hi2a+2(0)d0 = 0 if i is odd and fozr" hi2p+1(0)df = 0 (see Lemma 4), we
have

21 m 2n [m/2]
H1 (7“, 9) d9 = Z Ciri+2a+1 hi,2a+2 (9) d9 = 7“2a+1 Z CQiM27;72a+2 (27‘[)7”2i.
0 =0 0 i=0

Next, we shall study the contribution of the second part fozr" r=1G1(r,0)Ga(r,0)do
of F5(6,7) to Fao(r). Using the expression of Gi(r,8) and Gy(r,0) and taking into
account that co; = 0, for all 7 € N, we have

n m
Gi(r.0) = > dihippr (0)r*P T + 3~ cihi gara(0)r® T
= iodd
((n=1)/2] 2
- Z daiy1haig1,2p41(0)r* 20 + Z daihai 2541 (0)r* 20

=0 i=0
[(m—1)/2]

+ Z C2i41h2i41,2a42(0)r* T20+?

i=0
and
Ga(r,0) = dehlﬂrlﬂﬁ(e)rwﬂj + Z phpt1,2a11(0)r?FPH!
p=0

p=0
p odd
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[n/2] [(n—1)/2]
= Y daphoyiropO)r* 0 £ Y dopirhopraap(0)r T

p=0 p=0
[(m—1)/2]
+ Y caprihaprosar (B)rTHT,
p=0

By using Lemma 4, from the 9 main products of fOQr' r~1G1(r,0)Ga(r,0) df only the
following 2 are not zero when we integrate them between 0 and 2n. So the terms
of f02n r~1G1(r,0)Ga(r,0) dd which will contribute to Fa(r) are

2n
/ lGl(T, Q)GQ(T, 9) dg
0 r

[n/2] [(m—1)/2]
= Z doicopt1Mopiot2i20+28+2
i=0  p=0
[(m—1)/2] [n/2] A
+ Z Z62i+1d2pM2p+2i+2,25+2a+2(QW)TQIH%HHQQH
i=0  p=0
[n/2] [(m—1)/2]

20+28+1 2p+2i
= 22020t Z Z daiC2p+1Mapiot2i20+25+2(2m)r2P T2,
i=0  p=0

(27_[)7,2p+2a+2i+2ﬂ+1

This completes the proof of Proposition 6. O

In order to complete the computation of Fo(r) we must determine the func-

tion L(r). First we compute the integrals fOQr' M; ;(0)hp q(0)dE. In the following
lemma we compute these integrals.

Lemma 7. Let ¢}’/(2n) = fOQr' M; ;(0)hy q(0)d0. Then the following equalities
hold:
(a) The integral ¢3;%, ((27) is zero if p is odd or q is even, and equal to

1 L o= 1) (i)
%1 (M2i+p,q+1(2ﬂ) + ; G- D2i—3).. . @i—2= 1)M2i+p+2l2,q+1(2ﬂ)>

if p is even and q is odd.
(b) The integral 5012)%?2]'“(271) is zero if p is even or q is odd, and equal to
1 Ji 2Li(j—1)...(j —1+1)
2j+2i+14= (2j+2i—1)(2j+2i—3)... (2 +2i—2+1)

1
X Maiypi1,2j-214+4(27) — mM2i+p+L2j+q(2ﬂ)

if p is odd and q is even.
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(¢) The integral gogf_]‘_mj(?n) is zero if p is odd or q is even, and equal to

(25 - D2i-3)... ,
; 2
(25 +2i+1)(25+2i—1).. (21+3)<P21+1 0(2m)
1 1

My, , 2 - -

YT 2i4p+2,2j+q+1(27) + 2Tl
= 2]—1)(2j—3)...(2j—2l—|—1)

(2j+2i—1)(2j+20—3)...(2j+2i —2[+1

)M2i+2+p72j—2l+q—1 (2m)
=1

if p is even and q is odd.

Proof. Using integral (5.2) from Appendix and taking into account

hi j(0)hp,g(0) = hitp,j+q(0),

we have

1 2n i1 2HH14( — 1 .y
/ ( ( ). (=D hoi—214p—2,q+1(6) dé

8012)%11,0 (2n) =

2i+1)y &~ @i-D@i-3)... 221
1 2n
torT | heipara(6)dO

Statement (a) now follows from Lemma 4. Using integrals from Appendix and taking
into account h; ;i (0)hp q(0) = hitp,j+q(6), we have

gpg;ﬁil,Qa(Zﬂ)
(2a—1)(2a—3)...1 P
(2
Gat2itDRat2i—1).. @i+3) el

1
20 -+ 2i + 1
— 2a—-1)2a—=3)...2a—-2l+1)
Ma; _ —1(2
g 2012~ )20 + 2 - 3)... (20t 2i 21 ¢ 1) zrez2o=ia- (27)
1
o Moai a 2
t oa i 1 Maitera2 tgr1(2m)
and
ol (2n) = _ -t
b2t 20 +i+ 1
a—1
2lafa—1)...(a—1+1)
M; a—21+4¢(2
2 a+i—1)2a+i—3)...2a+i—20+1) P2 20+4(27)
1
—— 2
toa i1 Mitp+L2a4(27),
Statements (b) and (c) now follow again from Lemma 4. O
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Proposition 8. If Fio(r) =0, then

[(m=1)/2] [n/2]
. 2i+1,2a42 i+2a
L(r) = Z Z 200+ o+ 1)Czi+1d2ptp2p+25+1+ (2m)r Zp+26+2i+2a+1

[n/2] [(m—1)/2]

F2p+20+2i+26+1
+ Z Z 2(i+ B) d2102p+1902p+1 2a+2(2“) p2ok2i2pH
i=0  p=0

Proof. Since

L(r)—/()2m<<%F1(r,9)) /00 Fl(r,s)ds) a6,

using the expression of Fi(r,#) and taking into account that co; = 0, for all ¢ € N,
we have

n m
0) = > dihipper(0)r* T + Y cihipara(O)r20 T
i'odd
[(m=1)/2] | /2] |
= Y caiprhair12042(0)r7 2T 4 Y " dyihog; pp (0)r7 P
=0 i=0
[(n—1)/2]

+ Z dait1hoir1,0p11(0)r 2+
i=0

Next we calculate the terms of this integral. First we have that
[(m—1)/2]

dFl(’I“, 9) _ Z

dr 2(i 4+ o+ 1)egiqa h2it1,20+2 (9)T2i+2a+1

i=0
[(n=1)/2 |
+ Z (2t +26+ 1)d2i+1h2i+1,2,6+1(9)7“2“_26

[n/2]
+ Z 2(i + B)daihaiopy1(0)r?T2P~1
i=0

and

6 [(m—1)/2] [n/2]
/ Fi(r,s)ds = Z Coi41 Mait1 2042(0)r*T20+2 4 Z inMQi,Qﬁ-i-l(e)'rQH_Qﬁ
0 i=0 i=0
[(n—1)/2]

+ Z d2i+1M2i+1,26+1(9)T2i+2’6+1-
i=0
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By using Lemma 7, from the 9 main products of L(r) ounly the following 2 are not
zero when we integrate them between 0 and 2n. So the terms of L(r) which will

contribute to Fyo(r) are

[(m—1)/2] [n/2]
L(r) = Z Z i+a+1) 021+1d2p90§$1ﬁi‘§+2(2n) 2p+28+2i+2a+1
[n/2] [(mfl)/2] 4
+ Z Z 2(i 4+ 6)d2102p+14p2p+1 2a+2(2ﬂ) p2pH2042i+25+41
i=0  p=0
This completes the proof of Proposition 8. 0

Proposition 9. If Fio(r) = 0, then the function Fs(r) defined in (4.1) can be
expressed as %rQa"’ln_lP(r), where

[(m—1)/2] [n/2]
(4.2) P(r) = Z Z i+ @+ )egig1dapp?i L2042 (220421426
[n/2] [(m,1)/2] 4
)0 ) 26+ B)daicap 19511 e o (20T T2
=0 p=0
[n/2] [(m—1)/2]
+2 Z Z d2iCopt1Mapiot2i20-+2p+2(2m)r?PT2H28
i=0  p=0
[m/2]
+ Z O Ma; po2(21)r?
i=0

Proof. The proof of the proposition follows immediately from the results of

Proposition 6 and Proposition 8. O

Proof of Theorem 2.  Taking into account the above arguments and [2m] >

8 — 1, we deduce that according to the Descartes theorem stated in Section 2, we

can choose the appropriate coefficients ¢;, d;, C; and D; in order that the simple

positive roots number Fyo(r) = 3r?**1z=1P(r) can have at most A\ = max{[1m)],

[1n] + [4(m —1)] + 8} simple positive zeros. This completes the proof of Theorem 2.

O

Example 10. We consider the differential system (1.4) with m = 2, a = 1,
n=0and =2

4.3 . 1 1 1 .
(4.3) y = —x—a(mgﬁ—k?y“) —62(<—1—6+2x+ 37 )y‘3+3y4).
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An easy computation shows that Fio(r) =0 and

Fao(r) = =557 (% = 1) = 3.

Therefore from the periodic orbits of radius 1 and 3 of the linear center & = y,
1y = —x, it bifurcates two limit cycles.

Example 11. We consider the differential system (1.4) with n = 2, a = 2,
f=1and m=3

T =y,
y=—-x— 5((—ix + ix‘3)y5 + x2y2)
10 29
1 11
_ 62((1—60 _ 1—20x2 _ xB)y5 ¥ xQ)y2>.

An easy computation shows that Fio(r) =0 and

(r? — 1)(r2 — 2)(r2 -3).

F: = -
20(") =~ 557"
Therefore from the periodic orbits of radius 1, 2 and 3 of the linear center & = y,
Yy = —ux, it bifurcates three limit cycles.

Remark 12. The function P(r) defined in (4.2) can be expressed as P(r) =

A

> A;r¥, where A = max{[im],[sn] + [3(m — 1)] + 8}. Then if [3m] > B —1 we
§=0
can choose arbitrary values for ¢;, d;, C; and D; and, in addition, these coefficients

appear multiplied by nonzero constants, it is possible to reach this upper bound and
if [%m] < B —1, the coefficients A; = 0, for [%m] < i < [, then according to the
Descartes theorem it is not possible to reach this upper bound.

5. APPENDIX

Here we list some important formulas used in this article; for more details see [8].
For i > 0 and 7 > 0 we have

0 i—1 s a+1 . 0
. cos’ “fsin®" 0 -1 o .
(5.1) cos’ ssin® sds = _ + - cos 2 ssin® s ds
0 1+« 1+ o fy
cost1@sin® 19 a—1 (% . .,
= — - + = cos’ s sin sds,
1+« 1+ a Jy
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9 . i—1 . .
2 sin 0 (20—-1)(21—3)...(2i = 2l4+1) 5 o4
(5.2) /0 cos™ sds 5 l; i -1-2).. (=) cos 0

(2 —1)(2i —3)...1

0 .
+ L cos? 19 +

2i 21 ’
sin2(i —10)0 1 (2
= 92— 1Z< >27—l)+ﬁ(i>0’
=0
0 . i—1 lJrl .
; 0 2 -1 —1 )
(5.3) / cos?tl s ds = —o Z (i-1).. (Z ) cos2i—21-2 g
0 241 — (20 —1)(20—3)...(2ei — 21— 1)
9
g
2t + 1
1 < 1 sin(2i — 20+ 1)0
PR 2 —2+1

where (3) = (20)!/p!(2i — )%

0
(5.4) / cos’ ssin** s ds
0

cost1 g az_:l (2a —1)(2a—3)...(2a — 20+ 1) in2e—2-1

C 2040 & (20+i-2)2a+i—4).. (2a+i-2])

20— 1)(2a—3)...1 o ) i+l
( - )( 3) - / cos' sds — co8 QsinQa“H.
a+3)2a+i—2)...(i+ a+i

(2 )(2 2) ( 2) 2

0
(5.5) / cos’ ssin?* ! sds
0

1 2lafa—1)...(a—1+1
_ _ _cos Z 2o ‘) (a—1+ ). sin2e—2l g
2a+z—|—1_ a+i—1)2a+i—-3)...2a+i—2l+1)
it1
__cos ' 0 sin2e
20+ +1
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