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Abstract. We study the multiplicative lattices L which satisfy the condition a =
(a:(a:b))(a:b) for all a,b € L. Call them sharp lattices. We prove that every totally
ordered sharp lattice is isomorphic to the ideal lattice of a valuation domain with value
group Z or R. A sharp lattice L localized at its maximal elements are totally ordered sharp
lattices. The converse is true if L has finite character.
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1. INTRODUCTION

We recall some standard terminology. A multiplicative lattice is a complete lat-
tice (L, <) (with bottom element 0 and top element 1) which is also a commutative
monoid with identity 1 (the top element) such that

a(\/ ba) = \/(ab(y) for each a,b, € L.

When z < y (z,y € L), we say that x is below y or that y is above x. An element z
of L is cancellative if xy = xz (y,z € L) implies y = z. For xz,y € L, (y : «) denotes
the element \/{a € L; ax < y};s0 (y: )z < y.

An element ¢ of L is compact if ¢ < \/ S, with S C L, implies ¢ < \/ T for some
finite subset T of S (here \/ W denotes the join of all elements in W). An element in L
is proper if x # 1. When 1 is compact, every proper element is below some maximal
element (i.e., maximal in L — {1}). Let Max(L) denote the set of maximal elements
of L. By “(L,m) is local”, we mean that Max(L) = {m}. A proper element p is
prime if zy < p (with x,y € L) implies z < p or y < p. Every maximal element is
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prime, L is a (lattice) domain if 0 is a prime element. An element x is meet-principal
(or weak meet-principal) if

yNze=((y:z)Nz)x Vy,z€L (or(y:x)r=xAyVyelL).
An element z is join-principal (or weak join-principal) if
yV(z:z)=((yxrVz):z) VYyz€L (or(zy:x)=yV(0:2)Vzel).

And z is principal if it is both meet-principal and join-principal. If z and y are
principal elements, then so is xy. The converse is also true if L is a lattice domain
and zy # 0. In a lattice domain, every nonzero principal element is cancellative.
The lattice L is principally generated if every element is a join of principal elements.
Moreover, L is a C-lattice if 1 is compact, the set of compact elements is closed under
multiplication and every element is a join of compact elements. In a C-lattice, every
principal element is compact.

The C-lattices have a well behaved localization theory. Let L be a C-lattice and L*
the set of its compact elements. For p € L a prime element and = € L, the localization
of x at p is

Tp = \/{a € L*; as < z for some s € L™ with s £ p}.

Then L, := {zp; x € L} is again a lattice with multiplication (z,y) — (zy),, join
{(ba)} = (V ba)p and meet {(ba)} — (A ba)p- For x,y € L, we have:

< T, (Tp)p = Tp, (T ANY)p =2p AYp, and x, = 1 if and only if z £ p.

x =y if and only if x,, = y,, for each m € Max(L).

(y:x)p < (yp : xp) with equality if x is compact.

The set of compact elements of L, is {¢,: ¢ € L*}.

v VvV VvV Vv V

A compact element z is principal if and only if 2, is principal for each m € Max(L).

In [1] a study of sharp integral domains was done. An integral domain D is a sharp
domain if whenever A1 Ay C B with Ay, As, B ideals of D, we have a factorization
B = B1By with B; D A; ideals of D, ¢ = 1,2. Moreover, sharp domains and some
of their generalizations have been investigated by various authors, see also [8]. In
the present paper we extend almost all results in [1] to the setup of multiplicative
lattices. Our key definition is the following.

Definition 1. A lattice L is a sharp lattice if whenever ayas < bwithay,as,b€ L,
we have a factorization b = b1bs with a; < b; € L, i =1,2.
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In Section 2 we work in the setup of C-lattices (simply called lattices). After
obtaining some basic facts (see Propositions 2 and 3), we show that if (L,m) is
a local sharp lattice and m =z V...V z, with z1,..., 2, join principal elements,
then m = x; for some i, see Theorem 6. While a lattice whose elements are principal is
trivially a sharp lattice (see Remark 5), the converse is true in a principally generated
lattice whose elements are compact, see Corollary 8.

In Section 3, we work in the setup of C-lattice domains generated by principal
elements (simply called lattices). It turns out that every nontrivial totally ordered
sharp lattice is isomorphic to the ideal lattice of a valuation domain with value
group Z or R, see Theorem 16. A nontrivial sharp lattice L is Priifer (i.e., its
compacts are principal) of dimension one (see Theorem 17), thus, the localizations
at its maximal elements are totally ordered sharp lattices. The converse is true if L
has finite character (see Definition 18) because in this case (a : b)y = (am, : byy) for
all a,b € L — {0} and m € Max(L), see Proposition 19. A countable sharp lattice
has all its elements principal, see Corollary 23.

For basic facts or terminology, our reference papers are [2] and [11].

2. BASIC RESULTS

In this section, the term lattice means a C-lattice.
We begin by giving several characterizations for the sharp lattices. As usual, we
say that a divides b (denoted a | b) if b = ac for some ¢ € L.

Proposition 2. For a lattice L the following statements are equivalent:
(i) L is sharp.
(i) a=(a:(a:b))(a:b) for all a,b € L.
(i) (a:b)|a for all a,b € L.
(iv) (a:b)|a whenever a,be L,0 < a <b<1 anda is not a prime.

Proof. (i) = (iii) Since (a : (a : b))(a : b) < a, and L is sharp, we have
a factorization a = ajag with a1 > (a: (a: b)) and ag > (a : b). We get

az < (a:a1)<(a:(a:(a:d)))=(a:b) < ag,

where the equality is easy to check, so (a : b) = ag divides a.
(iii) = (ii) From a = z(a : b) with z € L, we get < (a : (a : b)), so

a=z(a:b)<(a:(a:b))(a:b)<a.

(ii) = (i) Let a1,a2,b € L with b > ajaz. By (ii) we get b= (b: (b: a1))(b: a1)
and clearly a; < (b: (b:a1)) and as < (b: aq).
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(iv) < (iii) Follows from observing that:
(1) (a:b) =(a:(aVvb)) and (2) (a:b) € {a,1} if a is a prime. O

Proposition 3. If L is a sharp lattice and m € L a maximal element, there is no
element properly between m and m?.

Proof. If m? < z < m, then (x : m) = m, so (z : (z : m)) = m, thus

2

x = (xz:m)(z: (x:m)) =m?* acontradiction, see Proposition 2. O

Recall that a ring R is a special primary ring if R has a unique maximal ideal M
and if each proper ideal of R is a power of M, see [9], page 206.

Corollary 4. The ideal lattice of a Noetherian commutative unitary ring R is
sharp if and only if R is a finite direct product of Dedekind domains and special

primary rings.

Proof. Combine Propositions 2 and 3 and [6], Theorem 39.2, Proposition 39.4.
O

Remark 5. Let L be a lattice.

(i) If all elements of L are weak meet principal, then L is sharp (see Proposition 2).
In particular, this happens when a A b = ab for all a,b € L.

(ii) If L is sharp, then every p € L — {1} whose only divisors are p and 1 is a prime
element because (p : b) = por 1 for all b € L (see Proposition 2). The converse is
not true. Indeed, let L be the lattice 0 < a < b < ¢ < 1 with a? = b? = ab =0,
ac = a, bc = b, ¢> = c. Here every z € L — {c, 1} has nontrivial factors, while
the lattice is not sharp because (a : b) = b does not divide a.

(iii) A finite lattice 0 < a1 < ... < an < 1, n > 2, is sharp provided a?_; > a;
for 1 < ¢ < mn— 1. By Proposition 2 (iv), it suffices to show that whenever
(a; s a;) = ap with 1 < ¢ < j,k < n, it follows that aj divides a;. Indeed, from
(a; : a;) = ar, we get ajar < a; < a%H < ajak, SO a; = a;jay.

(iv) Using similar arguments, it can be shown that a lattice whose poset is 0 < a <
b < ¢ < 1is sharp if and only if ¢ > b and either b2 > a or (b*> = 0 and be = a).
In this case, a computer search finds 13 sharp lattices out of 22 lattices.

We give the main result of this section.
Theorem 6. Let L be a sharp lattice.
(i) If z,y € L are join principal elements and (z : y)V(y : ) = zVy, then zVy = 1.

(ii) If (L,m) is local and m = x1 V ...V &, with x1, ...,x, join principal elements,
then m = x; for some 1.
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Proof. (i) Since L is sharp and (z V y)? < 22 V y, we can factorize 2% V y = ab
with  Vy < a Ab. Since z is join principal and (y : ) < 2 V y, we get

rVy<a< (@®Vy):b< (@2 Vy):(zVy) =(@*Vy) iz=aV(y:az)=xVy.

Thus a = Vy = b, as a and b play symmetric roles. So 22Vy = ab = (zVy)?. Asy
is join principal and (22 : y) < (z : y) < 2 V y, we finally get

1= (*VayVvy?):y)=(@*:y)VaVy=aVy.

(ii) Suppose that n > 2 and no z; can be deleted from the given representation
m = x1 V...V, Itis straightforward to show that a factor lattice of a sharp
lattice is again sharp. Modding out by z3 V...V x,, we may assume that n = 2. As
(1 :x2) V (z2: 1) < m =21 V z2, we get a contradiction from (i). O

Before giving an application of Theorem 6, we insert a simple lemma.

Lemma 7. Let L be a sharp lattice and p € L a prime element. If L is sharp,
then so is L.

Proof. Let ai1,a2,b € L with (a1a2), < bp. As L is sharp, we have b, = c¢y1cq for
some a; < ¢; € L (i =1,2), 50 by, = (c1c2)p and (a;)p < (¢i)p. O

Following [3], we say that a lattice L is weak Noetherian if it is principally
generated and each x € L is compact.

Corollary 8. Let L be a weak Noetherian lattice. Then L is sharp if and only if

its elements are principal.

Proof. The “only if part” is covered by Remark 5 (i). For the converse, pick
an arbitrary maximal element m € L. It suffices to prove that m is principal,
see [3], Theorem 1.1. As m is compact, we can check this property locally (see [3],
Lemma 1.1), so we may assume that L is local (see Lemma 7). Apply Theorem 6 (ii)
to complete the proof. O

595



3. SHARP LATTICE DOMAINS

In this section, the term lattice means a C-lattice domain generated by principal
elements.

First we introduce an ad-hoc definition.

Definition 9. A lattice L is a pseudo-Dedekind lattice if (x : a) is a principal
element whenever x,a € L and x is principal.

Proposition 10. Every sharp lattice is pseudo-Dedekind.

Proof. The assertion follows from Proposition 2 because a factor of a nonzero
principal element is principal [3], Lemma 2.3. O

Example 11. There exist pseudo-Dedekind lattices which are not sharp. For
instance, let M be the (distributive) lattice of all ideals of the multiplicative monoid
No = N U {0}, see [2], page 138. Every a € M has the form a = [J{yNo| y € S}
for some S C Ng. If z € Ng, then (zNg : a) = N{(2No : yNg): y € S} = 2Ny (for
some z € Np) is a principal element. So M is a pseudo-Dedekind lattice. But M
is not sharp because for a = 4Ny U 9Ny and b = 2N U 3Ny, we get (a : b) = b?
and (a : (a : b)) =b,s0 (a:0b)(a: (a:b)) =0b3+# a. See also [1], Example 8 for
a ring-theoretic example of this kind.

A lattice L is a Priifer lattice if every nonzero compact element of L is principal.
It is well known (see [2], Theorem 3.4) that L is a Priifer lattice if and only if L, is
totally ordered for each maximal element m.

Indeed, the “if part” follows from the fact that a locally principal nonzero compact
element is principal. For the converse, we may assume that L is a Priifer local lattice.
Let a, b be principal nonzero elements of L. Then a V b = ¢ is compact, hence
principal. We get c = (a: ¢)cV(b:c)e=((a:c)V(b:¢))e,s01l =(a:c)V(b:c)
since ¢ is cancellative. As L is local, one of the terms, say (a : ¢), equals 1, hence
b < ¢ < a. So every two principal elements are comparable, thus, L is totally ordered.

We show that a sharp lattice is Priifer.

Remark 12. If L is a pseudo-Dedekind lattice, then the set P of all principal
elements of L is a cancellative GCD monoid in the sense of [7], Section 10.2. Indeed,
the LCM of two elements z,y € Pis x Ay = y(z : y).

Proposition 13. Every sharp lattice is Priifer.

Proof. As L is principally generated, it suffices to show that a V b is a principal
element for each pair of nonzero principal elements a,b € L. Dividing a, b by
their GCD (see Remark 12), we may assume that (a : b) = a and (b: a) = b. Then
aVb=1 (see Theorem 6). O
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Example 14. Let Z_ denote the set of all integers < 0 together with the sym-
bol —oco. Then Z_ is a lattice under the usual addition and order. Note that Z_ is
isomorphic to the ideal lattice of a discrete valuation domain, so Z_ is sharp.

Let Ry denote the set of all intervals (r,o00] and [r,o0] for r € Ry together
with {oco}. Then R; is a lattice under the usual interval addition and inclusion.
To show that Ry is sharp, it suffices to check that a = (a : (a : b))(a : b) for all
a,b € Ry — {{oco}} with a < b, see Proposition 2. This is done in the table below.

a b (a:b) (a:(a:b))
[r, 00] [t, 0] [r —t,o0] [t, o0
(r, 00] (t, 0] [r —t,00] (t, 0]
[r, o] (t, 0] [r —t,00] [t, o0]
(r, 0] [t, o0 (r —t,00] [t, o0

Note that R; is isomorphic to the ideal lattice of a valuation domain with value
group R.

We embark to show that every nontrivial totally ordered sharp lattice is isomorphic
to Z_ or Ry above. Although the following lemma is known, we insert a proof for

reader’s convenience.

Lemma 15. Let L # {0, 1} be a totally ordered lattice with maximal element m
and p € L, 0 # p # m, a prime element. Then
(i) p is not principal.
(ii) (z:(z:p)) = p for each nonzero principal element z < p.
(iii) If L is also pseudo-Dedekind, then Spec(L) = {0, m}.

Proof. As p # m, there exists a principal element p < y < m.

(i) As y is principal, we get p = y(p : y) = yp because p is a prime so p = (p : y).
Hence, p is not cancellative, so it is not principal.

(ii) Let z < p be a nonzero principal element. Note that (z : (z : p)) # 1, otherwise
zy=(z:p)y = (2 :y)y = z, so zy = z, a contradiction because z is cancellative.
Since p < (2 : (2 : p)), it suffices to show that z £ (z : (¢ : p)) for each principal
x € p. As p is prime, we have z < p < 2%, If z < (2 : (2 : p)), then 2(z : p) < 2, so
z=a2%(z:2?) < 2%(2: p) < zz, hence z = zx, thus z = 1, a contradiction. O

Theorem 16. For a totally ordered lattice L # {0, 1}, the following are equiva-
lent:
(i) L is sharp.
(ii) L is pseudo-Dedekind.
(iii) L is isomorphic to Z_ or Ry of Example 14.
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Proof. (i) = (ii) follows from Proposition 10.

(if) = (iii) Let m be the maximal element of L. Let G be the monoid of nonzero
principal elements of L. Then G is a cancellative totally ordered monoid with respect
to the opposite of the order induced from L. Let a,b € G. Since L is totally ordered,
we get that a divides b or b divides a. Moreover, since Spec(L) = {0,m} (see
Lemma 15), a divides some power of b. By [5], Proposition 2.1.1, the quotient
group of G can be embedded as an ordered subgroup K of (R,+); hence K is
cyclic or dense in R. If K is cyclic, it follows easily that L is isomorphic to Z_
of Example 14. Suppose that K is dense in R, so there exists an ordered monoid
embedding v: G — R3¢ with dense image. We claim that v is onto. Deny, so
there exists a positive real g ¢ v(G). Let a € G with v(a) > g and set b :=
V{z € G: v(x) > g}. Since L is pseudo-Dedekind, it follows that ¢ = (a : b) is
a principal element. On the other hand, a straightforward computation shows that

(3.1) c:\/{mEG: v(x) =2 v(a) — g},

sov(c) > v(a)—g, in fact v(c) > v(a)— g because g ¢ v(G). As K is dense in R, there
exists d € G with v(c) > v(d) > v(a) — g, so ¢ < d. On the other hand, formula (1)
gives d < ¢, a contradiction. It remains that v(G) = Rxo. Now it is easy to see
that sending [r, 0o] into v~1(r) and (r, 00] into \/{x € G: v(x) > r} we get a lattice
isomorphism from Ry to L.

(iii) = (i) follows from Example 14. O

We prove the main result of this paper.

Theorem 17. Let L # {0,1} be a sharp lattice. Then L,, is isomorphic to Z_
or Ry (see Example 14) for every m € Max(L) and L is a one-dimensional Priifer
lattice.

Proof. As L isa Priifer lattice (see Proposition 13), we may change L by L,, and
thus assume that L is totally ordered and sharp (see Lemma 7). Apply Theorem 16
and Lemma 15 to complete. O

We extend the concepts of “finite character” and “h-local” from integral domains
to lattices.

Definition 18. Let L be a lattice.
(i) L has finite character if every nonzero element is below only finitely many
maximal elements.
(if) L is h-local if it has finite character and every nonzero prime element is below
a unique maximal element.
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The next result extends [10], Lemma 3.8 to lattices.

Proposition 19. Let L be an h-local lattice. If a,b € L — {0} and m € Max(L),
then (a : )y = (am : bin).

Proof. We first prove two claims.

Claim 1: If n € Max(L) — {m}, then a,, £ m.

Suppose that a, < m. Let S be the set of all products bc, where b,c € L are
compact elements with b € m and ¢ € n. Note that S is multiplicatively closed.
Moreover, a is not above any member of S. Indeed, if b¢c < a and ¢ € n, then
b < a, < m. By [2], Theorem 2.2 and its proof, there exits a prime element p > a
such that p is not above any member of S. It follows that p < m A n, which is
a contradiction because L is h-local. Indeed, if p € m, then b € m for a compact
b<p,sob=>b-1€ 5. Thus, Claim 1 is proved.

Claim 2: The element s := A{a,: n € Max(L), n # m} is not below m.

Indeed, as L is h-local, a is below only finitely many maximal elements nq, ..., ng
distinct from m, hence s = ap, A ... Aap,. By Claim 1, s is not below m, thus
Claim 2 is proved. To complete the proof, we use element s in Claim 2 as follows.
We have

sb(am : b)) < /\{aq: q € Max(L)} = a,

S0 S(am : bm) < (a : b), hence (am : by) < (a : b)my because s £ m. Since clearly
(a:b)m < (am : bm), we get the result. O

Theorem 20. For a finite character lattice L # {0, 1}, the following statements
are equivalent:
(i) L is sharp.
(ii) Ly, Is isomorphic to Z_ or Ry (see Example 14) for every m € Max(L).

Proof. (i) = (ii) is covered by Theorem 17.

(if) = (i) From (ii) we derive that L has Krull dimension one, so L is h-local. Let
a,b € L —{0}. It suffices to check locally the equality a = (a : (a : b))(a : b). But
this follows from Theorem 16 and Proposition 19. (]

Say that elements a, b of a lattice L are comazimal if a Vb = 1. The following

result is [4], Lemma 4.

Lemma 21. Let L be a lattice and z € L a compact element which is below
infinitely many maximal elements. There exists an infinite set {a,: n > 1} of
pairwise comaximal proper compact elements such that z < a,, for each n.
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Proposition 22. Any countable pseudo-Dedekind Priifer lattice L has finite char-
acter.

Proof. Suppose on the contrary there exists a nonzero element z € L which is
below infinitely many maximal elements. Since L is principally generated, we may
assume that z is principal. By Lemma 21, there exists an infinite set (a,)n>1 of
proper pairwise comaximal compact elements above z. As L is Priifer, each a, is

principal. Since L is countable, we get 7 := A a, = A a, for two nonempty
ncA neB
subsets B € A of N. Pick k € B — A, so a; > 7. Since every a,, is above z, we get

z = apby, for a nonzero principal element b,, € L and (z : b,,) = a,,. We have

T= /\an: /\(z:bn)z(z: \/bn)a

neA neA neA

so 7T is a principal element because L is pseudo-Dedekind. From aj > 7 we get
T = ayc for a nonzero principal element ¢ € L. Hence,

c< (trag) = /\(an:ak): /\an:T:akc

ncA neA

because a, V ap = 1 for each n € A. From axc = ¢, we get ar = 1, which is
a contradiction. O

A lattice L is a Dedekind lattice if every element of L is principal.

Corollary 23. A countable sharp lattice L is a Dedekind lattice.

Proof. Let m € Max(L). As L,, is countable, Theorem 17 implies that L, is
isomorphic to Z_, so each element of L,, is principal. By Proposition 22, L has finite
character. It follows easily that every element of L is compact and locally principal,
hence principal. ([

Our concluding remark is in the spirit of [11], Remark 4.7.

Remark 24. Let L be a Priifer lattice. Then L is modular because it is locally
totally ordered. By [2], Theorem 3.4, L is isomorphic to the lattice of ideals of some
Priifer integral domain. In particular, it follows that a sharp lattice is isomorphic to
the lattice of ideals of some sharp integral domain.
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quality of this paper.

600



References

(1] Z. Ahmad, T. Dumitrescu, M. Epure: A Schreier domain type condition. Bull. Math. Soc.
Sci. Math. Roum., Nouv. Sér. 55 (2012), 241-247. MR
[2] D.D. Anderson: Abstract commutative ideal theory without chain condition. Algebra

Univers. 6 (1976), 131-145. MR

[3] D.D. Anderson, C.Jayaram: Principal element lattices. Czech. Math. J. 46 (1996),

99-109. MR

[4] T. Dumitrescu: A Bazzoni-type theorem for multiplicative lattices. Advances in Rings,
Modules and Factorizations. Springer Proceedings in Mathematics & Statistics 321.
Springer, Cham, 2020.

[5] A.J. Engler, A. Prestel: Valued Fields. Springer Monographs in Mathematics. Springer,

Berlin, 2005. MR

[6] R. Gilmer: Multiplicative Ideal Theory. Pure and Applied Mathematics 12. Marcel
Dekker, New York, 1972. MR
[7] F.Halter-Koch: Ideal Systems: An Introduction to Multiplicative Ideal Theory. Pure

and Applied Mathematics, Marcel Dekker 211. Marcel Dekker, New York, 1998. MR

[8] C.Y.Jung, W.Khalid, W. Nazeer, T. Tariq, S. M. Kang: On an extension of sharp do-
mains. Int. J. Pure Appl. Math. 115 (2017), 353-360. doi
[9] M. D. Larsen, P.J. McCarthy: Multiplicative Theory of Ideals. Pure and Applied Math-
ematics 43. Academic Press, New York, 1971. MR
[10] B. Olberding: Globalizing local properties of Priifer domains. J. Algebra 205 (1998),

480-504. MR

[11] B. Olberding, A. Reinhart: Radical factorization in commutative rings, monoids and mul-

tiplicative lattices. Algebra Univers. 80 (2019), Article ID 24, 29 pages. MR

Authors’ addresses: Tiberiu Dumitrescu, Faculty of Mathematics and Computer
Science, University of Bucharest, 14 Academiei Str., Bucharest, RO 010014, Romania, e-mail:
tiberiu_dumitrescu2003@yahoo.com, tiberiu@fmi.unibuc.ro; Mihai Epure (corre-
sponding author), Simion Stoilow Institute of Mathematics of the Romanian Academy
Research, Unit 5, P.O. Box 1-764, RO-014700 Bucharest, Romania, e-mail: epuremihai@
yahoo.com, mihai.epure@imar.ro.

601


https://zbmath.org/?q=an:1289.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2987061
https://zbmath.org/?q=an:0355.06022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0419310
http://dx.doi.org/10.1007/BF02485825
https://zbmath.org/?q=an:0898.06008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1371692
http://dx.doi.org/10.21136/CMJ.1996.127274
https://zbmath.org/?q=an:07242233
http://dx.doi.org/10.1007/978-3-030-43416-8_6
https://zbmath.org/?q=an:1128.12009
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2183496
http://dx.doi.org/10.1007/3-540-30035-X
https://zbmath.org/?q=an:0248.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0427289
https://zbmath.org/?q=an:0953.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1828371
http://dx.doi.org/10.1515/9783110801194
http://dx.doi.org/10.12732/ijpam.v115i2.12
https://zbmath.org/?q=an:0237.13002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0414528
https://zbmath.org/?q=an:0928.13013
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1632741
http://dx.doi.org/10.1006/jabr.1997.7406
https://zbmath.org/?q=an:1420.13008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3954364
http://dx.doi.org/10.1007/s00012-019-0597-1

