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Abstract. We construct some nondecreasing quantities associated to the first eigenvalue
of —Ay +¢cR (c > %(n — 2)/(n — 1)) along the Yamabe flow, where A, is the Witten-
Laplacian operator with a C? function . We also prove a monotonic result on the first
eigenvalue of —A, + %(n/(n — 1)) R along the Yamabe flow. Moreover, we establish some
nondecreasing quantities for the first eigenvalue of —Ay, 4+ ¢R* with a € (0,1) along the
Yamabe flow.
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1. INTRODUCTION

Eigenvalues of geometric operators are essential tools in understanding geometry
and topology of Riemannian manifolds. In 2002, Perelman in [10] introduced the
F-entropy functional and proved that it is nondecreasing along the Ricci flow coupled
to a backward heat-type equation. The nondecreasing of this functional implies the
monotonicity for the first eigenvalue of —4A 4+ R along the Ricci flow. Inspired
by this work (see [10]), much efforts have been devoted to study the monotonicity
for eigenvalues of geometric operators under different geometric flows, especially the
Ricci flow and the Yamabe flow in recent years. In 2007, Cao in [1] proved that
all eigenvalues of the operator —A + %R are nondecreasing under the Ricci flow.
Moreover, Cao in [2] showed that the first eigenvalue of general operators —A + cR
(c > i) is nondecreasing under the Ricci flow and obtained the monotonicity under
the normalized Ricci flow for the case of ¢ = % and the nonpositive average scalar
curvature. In 2018, Ho in [8] obtained that the first eigenvalue of —A + ¢R is
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nondecreasing if 0 < ¢ < $(n —2)/(n — 1) and mA}[nRg(O) > (n— 2)n’1m]\f}ng(0) >0
orifc> 4(n—2)/(n—1) and mA/iInRg(O) > 0.

Along the Ricci flow, Fang, Yang and Zhu in [6] and Fang, Xu and Zhu in [4]
generalized Cao’s results to eigenvalues of geometric operators related to the Witten-
Laplacian operator

Ayi=A-Vy,

for some C? function ¢. Zhao in [13] obtained an evolution equation for the first
eigenvalue of the Laplacian operator and gave some monotonic quantities under the
Yamabe flow. Moreover, he proved that the first eigenvalue of the p-Laplace operator
is increasing and differentiable almost everywhere along the unnormalized powers of
the mth mean curvature flow (see [14]) and the unnormalized H*-flow (see [15]).
More generally, Guo, Philipowski and Thalmaier in [7] derived an explicit formula
for the evolution of the lowest eigenvalue of the Laplace-Beltrami operator with
potential in abstract geometric flows. Considering the geometric operator —A,+ %R,
Fang and Yang in [5] established an evolution equation for the first eigenvalue and
constructed some monotonic quantities under the Yamabe flow.

Let (M™,¢g(t)) be a Riemannian manifold with the metric ¢g(¢) that evolves under
the Yamabe flow. Motivated by the works [2], [5], [8], we consider first eigenvalues of
geometric operators related to the Witten-Laplacian operator A, with ¢ € C?(M™).

Throughout this paper, o(t) and o(t) are two solutions to the ordinate differ-
ential equation y’ = y? with the initial values o(0) = nax Ry(0)(z) and 0(0) =

m]ivrll R0y (), respectively. The main theorems of this paper are the following.
zeMnr

First of all, we derive some monotonic quantities for the first eigenvalue of
—Ay 4 cR (¢ 2 2(n—2)/(n— 1)) under the Yamabe flow.

Theorem 1.1. Let g(t), t € [0,T), be a solution of the Yamabe flow on a closed
Riemannian manifold M™ with

. 2(n—1)
> - @7
(1.1) min Ry o) > max{ — A@,O}.

Assume that A(t) is the first eigenvalue of —Ay, + cR (¢ > 1(n—2)/(n — 1)), then
the quantity

(1.2) exp{/ot [2(n ~1eo(r) — gam} dT})\(t)

is nondecreasing along the Yamabe flow.

388



As a direct corollary of Theorem 1.1, we have:

Corollary 1.1. Let g(t), t € [0,T), be a solution of the Yamabe flow on a closed
Riemannian manifold M™ with Ry > 0. Assume that A(t) is the first eigenvalue of
—Ay+cR withc > (n—2)/(n—1) and ¢ € C?(M") is concave, then the quantity

(1.3) exp{ /0 t (20— V)co(r) ~ 2o(7)] dr}/\(t)

is nondecreasing along the Yamabe flow.

In special dimensions, we have monotonicity result for the first eigenvalue of
—Ay + 2(n/(n—1))R under the Yamabe flow.

Theorem 1.2. Let ¢(t), t € [0,T"), be a solution of the Yamabe flow on a closed
Riemannian manifold M™ with n € {2, 3,4} and
(1.4) IJI\HEI Ry = max{(n — 1)Ap,0}.

Then the first eigenvalue of —A,+%(n/(n — 1)) R is nondecreasing along the Yamabe
flow.

Moreover, we also consider monotonic quantities associated to first eigenvalues of
—A, + cR* (a # 1) along the Yamabe flow.

Theorem 1.3. Let g(t), t € [0,T), be a solution of the Yamabe flow on a closed
Riemannian manifold M™ with Ry > 0. Assume that A(t) is the first eigenvalue
of —Ay +cR* with0 < a<1landc>i(n—2)/(n—1). If

Ap _ o4
— Shyp sl

N

on [0,Ty] for some Ty € (0,T). Then the quantity

t n
exp{/ {26(71 —1)0%(r) — —O'(T):| dT}/\(t)
O 2
is nondecreasing along the Yamabe flow on (0,T}).

Theorem 1.4. Let g(t), t € [0,T"), be a solution of the Yamabe flow on a closed
Riemannian manifold M™ with Ry > 0. Assume that A(t) is the first eigenvalue
of —Ay,+cR* with0 <a <1andc>0. If

2¢(n —1) )a/(l—a)

15) max{ 520} < m < (1
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on [0,T] for some Ty € (0,T), then the quantity

exp{ /0 t [2¢(n — 1)0%(7) ~ 2o(7)] dr}/\(t)

is nondecreasing along the Yamabe flow on (0,T7).

We arrange this note as follows. In Section 2, we derive an evolution equation for
the first eigenvalue of geometric operators —A 4 cR under the Yamabe flow and we
finish the proof of Theorems 1.1 and 1.2 as applications. In Section 3, we consider
the evolution of the first eigenvalue of —A, + cR* (a # 1) and prove Theorems 1.3
and 1.4. Under the normalized Yamabe flow, we present evolution equations and
monotonic results for first eigenvalues in Section 4.

2. FIRST EIGENVALUES OF —A, + cR UNDER THE YAMABE FLOW

Let (M™, ¢(t)) be an n-dimensional closed Riemannian manifold with g¢(¢),
t € [0,T) being a smooth solution to the Yamabe flow. Let A(¢) be an eigen-
value of the operator —A, + cR at the time ¢y € [0,7) and f be the associated
eigenfunction with the normalization fM fle¥dV =1, ie.,

(2.1) —Auf +cRf = \f.

Since d[f, ;. f?e~¥ dV]/dt = 0, we obtain that

o _ o .
(2.2) /nf[afe AV + 2 (feav)| =o.

For any function satisfying (2.2), we define the functional

(2.3) Afot) = / (=Ayf + cRf)fe*dV.
At time ¢, if f is the eigenfunction of A\(¢), then

A(S 1) = A(t).

Proceeding as in [5], we have the evolution equation for the functional A(f,¢) under
general geometric flows.

Lemma 2.1. Assume that \(t) is the first eigenvalue of —A, + cR, [ is the
eigenfunction of A at time t( and the metric g(t) evolves by

ot

= Vij,
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where v;; is a symmetric 2-tensor. Then we have

d OR _
(2.4) a)\(fa t)|t=t0 = / i (Uijvivjf —UijViszJij—chf)fe ?dv
+/ (Vv - VitTr(v))ij-fe_“’ av.

Remark 2.1. By the eigenvalue perturbation theory, we may assume that the
first eigenvalue and first eigenfunction are C* in time along the Yamabe flow (see [9],
[11], [12] and the references therein). Since (2.4) does not depend on the evolution
equation of f, dA(t)/dt = dA(f,t)/dt.

Now we are ready to prove the following evolution equation under the Yamabe
flow for the first eigenvalue of —A, + cR (¢ > 1(n —2)/(n — 1)).

Theorem 2.1. Let ¢(t), t € [0,T"), be a solution of the Yamabe flow on a closed
Riemannian manifold M™. Assume that A(t) is the first eigenvalue of —A, + cR,
f(x,t) > 0 satisfies [,,, f?e~¢dV =0 and
(2.5) Ay f(z,t) + cRf(x,t) = A(t) f(x,t).

Then along the Yamabe flow, A(t) evolves by
d 2
(2.6) M) = (n - 1)0/ Rf [(gc -

- [2(71 —1)e— g})\(t)/ Rf?e % dV

n—2
2n — 2

)R — Aap}e“ﬁ dVv

n —

+ [(n—l)c— 2]/ RIVf[Pe¢dV

+(n - 1)0/ R|fVyp — Vf|?e ?dV.

Proof. Note that

(2.7) %—Jf =(n—1)AR+ R?

under the Yamabe flow.
Substituting v;; = —Rg,; and (2.7) into (2.4), we obtain that

(2.8) %A(t):/n(—RAwf+cf%—]:)fe*¢dv+

n—2

vafReﬂp dv

Mn

n

= —/ Rwafe*%@dV+(n—1)c/ ARf2e=? dV

n—2

+ c/ R*f2e=%dV + fVysRe™?dV.
n Mn
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Integrating by parts, we get

(2.9) / fVgsRe?dV = — [ RfA fe#aVv — / RIVf[2e=? AV
M Mn

Mn

and
2.10 fPARe ™% dV = —2 fVysRe ?dV + f?’Vy,Re % dV
! @
Mn Mn Mn
= 2/ Rqu,fe’*”dV+2/ R|Vf|?e % dV
Mn Mn

+ / Rf}Vy?e ?dV — / fPRApe?dV

Mn Mn

-2 fR(Vp, Vfe ¥ dV
Mﬂ,

:2/ Rwafe**”dV—k/ R|Vf|?e=%dV
Mn n

+ / R|fVyp — Vf[2e™ — fPRApe=?dV.
Mn

Mﬂ,
Plugging (2.9) and (2.10) into (2.8), we have

D= - ﬁ/ RfA,fe=?dV +2(n — 1)(:/ RfA,fe=?dV
at 2 i i

n—2
2

+ {(n— 1)c— } / R|Vf|?e ¢ dV
M’!L
+(n— 1)0/ R|fVy —Vf|2e?dV
M?L

—(n-— 1)0/ fPRApe? dV+c/ R%*f2e=?dV
M?L M’!L

[2(n —1)e— g} / Rf?*(cR — Ne ?dV
M’IL
n-—2

+ [ e - }/M RIVf[2e—¢ dV

+(n— 1)0/ R|fVe —Vf[2e ?dV +¢ R%f%e~%dV
Mn M

—(n—1)c 2RApe™? dV
( ) [*RAp
M7l

=(n-— 1)0/ i Rf? {(20— 27;__22)]% - Agp} e vdV
- [2(n —1)e— g] A(t) /M Rf%e=?dV
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n—2

+ [ e - }/ CRIVfPeeav

+(n—1)c | R|fVep—VfPe?dV,
M’Il
where we used (2.5) in the second equality. O
As we obtained Theorem 2.1, we are ready to finish the proof of Theorems 1.1

and 1.2.
Proof of Theorem 1.1. As in [5], by applying the maximum principle to (2.7),

we get

1 -1
2.11 R ggt—(i—g
(2.11) o <o) = (s
and

1 -1
(2.12) Ry = o(t) = <7 — t> .

! min Ry (o)

In particular, we have
(2.13) Ry(t) 2 min Ry o).

Since ¢ > 1(n—2)/(n—1) and I]\I}[ln Rgoy = max{2((n—1)/(n —2))Ap,0}, we

have

(2.14) ey f2] (20 - 27;__22)Rg(t) ~A¢| 20
and
(2.15) (= 1)e - "—_Q}Rg(t) > 0.

Therefore, we can derive from Theorem 2.1 that

(2.16) %)\(t) > —{Z(n—l)c—g}/\(t)/

Rf?e=?dV > [%(t)—Q(n—mcg(t)} A(t).
J\ n

2

Therefore, we have

(2.17) %exp{/ot [2(n —1)eo(r) — gam} dT})\(t)

- exp{/ot [Q(n ~1)co(r) — gam} dT}

x {%A(t) - [ga(t) —9n — l)cg(t)})\(t)} > 0.

This proves the theorem. ([
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Proof of Theorem 1.2. Assume A(t) is the first eigenvalue of —A,+1(n/(n — 1))
in this proof. Note that Ry > IJI\]IIH Ry by (2.12).

Substituting ¢ = (n/(n — 1)) into (2.6), we get

d n R 4—n
2.1 — = — 2 - A T —_— 2%
(218)  —A() 4/n Rf [n_l pleeav + T [ BIVSPeav

+%/ R|fVp— Ve ¢dV >0

if n € {2,3,4} and R > max{(n — 1)Ayp,0}.
We conclude that A(t) is nondecreasing under the Yamabe flow. (]

3. FIRST EIGENVALUES OF —A, + cR® (a # 1) UNDER THE YAMABE FLOW

It is not hard to derive the following evolution equation for the functional A(f,¢)
under general geometric flows.

Lemma 3.1. Assume that \(t) is the first eigenvalue of —A, +cR* (a # 1), f is
the eigenfunction of A at time t; and the metric g(t) evolves by

99ij _
ot R

where v;; is a symmetric 2-tensor. Then we have
d _10R _
(1) A, = / (04 ViV f = v ViV, f +acR* S0 ) feme av
J\I?L

+/ (Vivss - Vit;(”))vjf-fe*@ dv.

Remark 3.1. Since (3.1) does not depend on the evolution equation of f,
dA(t)/dt = dA(f,t)/dt.

Now we are ready to prove the evolution equation under the Yamabe flow for the
first eigenvalue of —A, + cR* (0 < a < 1).

Theorem 3.1. Let g(t), t € [0,T"), be a solution of the Yamabe flow on a closed
Riemannian manifold M™. Assume that A(t) is the first eigenvalue of —A, + cR*
(a #1), f(z,t) > 0 satisfies [, ffe~?dV =0 and

(32) _Atpf(xvt) + CRaf(iL',t) = A(t)f(xat)
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Then along the Yamabe flow, A(t) evolves by

(3.3) %A(t) = A(t) / [gR — 2¢(n — 1)Ra} Free v

-2
+/ {ZC(n - 1)R* — I 5 iy (n—1)Ap|cR*f2e™?dV

-2
+/ [c(n ~1)Re - HT}R|Vf|2e_‘P av

+a(l — a)e(n — 1)/ RO2VR]?f2e¢ dV

n

+e(n — 1)/ RV f — fVo|[2e ¢ dV.

Proof. Note that the scalar curvature R evolves under the Yamabe flow by

(3.4) or _ (n—1)AR + R*.

ot
Substituting v;; = —Rg;; and (3.4) into (3.1), we obtain that

d _ am1 ORN .
(35)  TAM)= / (RS +acke ST fee av
—~ fVvsRe™dV
M’!L
= —/ RfA,fe”?dV +ac(n —1) PR IARe™?dV

Mn

—9
tac [ RMpZeedv+ L2 [ fVg,Re ¢ dV.
M7l 2 M7l

Integrating by parts, we have

3.6 fQRa_lARe_‘Pd[/ = -2 fRa_lvv Re=%dV
f
M Mn

+(1— a)/ R2VRP fe ¢ dV
Mn
+ PR 'VWy,Re ?dV

Mn

and

fRIWyiRe ?dV = (1-a) [ fR* 'VysRe ?dV
Mn Mn

— | RUfA,fe*dV

M

- RV f|2e=%dV,

Mn
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that is

1 1
(3.7) fR* Vg sRe #dV = —5/ ROfA,fe ?dV — 5/ RV f|?e~#dV.
Mn n "
In particular, we get
(3.8) / fVgsRe #dV = — RfA, fe=?dV — / RIV f|?e#dV.
n Mn n

Moreover, we have

PR 'Vy,Re ¢ dV

Mn
= — fPRApe™?dV + (1 —a) PR 'Vy,Re ?dV
Mn J\[n
-2 fRVy,fe ?dV + PRV pPe ¢ dV,
J\[n Mn
that is
(3.9) fPR'Wy,Re ¢ dV
Mn
1 2 pa —p 2 a —@
= — = feRYApe™%dV — — fR*Vy,fe ?dV
a Mn a M
1
+= 2R V|?e ¥ dV.
a Mn

Applying (3.7) and (3.9) to (3.6), we obtain

(3.10) PR 'ARe™?dV
Mn

2 2
== ROfA, fe ¢ dV + —/ RV f|*e”?dV

a Jyn a n

1
+(1— a)/ R VR]*f2e~¢dV — - fPR*Ape™% AV
n Mn

2 1
- = fR*Vy,fe ?dV + - / PR V|?e=?dV

a Jymn a Jymn
2

1

:—/ ROfA, fe ¢ dV + — RV f|?e~?dV

a n a Jymn

1
+(1— a)/ RO VR]*f?e~¢dV — - fPR*Ape% AV
n Mn

1
+—/ RV f — fVp|2e % dV.

a Jyn
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Plugging (3.8) and (3.10) into (3.5), we obtain

(3.11) %/\(t) = — Rwafe_‘PdV—l—Zc(n—l)/ RYfA,fe”?dV

Mn Mn

+c(n — 1)/ RV f|*e~?dV
J\ n

n

+a(l — a)e(n — 1)/ RO2VR] e ¢ dV

—c(n—1) fPR*Agpe™%dV

Mn
+e(n — 1)/ RYVf — fVg|?e™? dV—l—ac/ R f2e=%dV
n—2 _ n—2 5 _
- RfAyfe ?dV — —— R|V f|7e™ ¥ dV.
e 2 Jum

Now (3.3) follows immediately by applying (3.2) to (3.11) and rearranging. O
As we obtained Theorem 3.1, we are ready to finish the proof of Theorems 1.3
and 1.4.

Proof of Theorem 1.3. Since 0 < a <1, ¢> 3(n—2)/(n—1) and (2.13), it is
easy to verify from condition (1.5) that

(3.12) Rywy 20,
a n—2
(3.13) c(n — 1R — —— =0,
-2
(3.14) 2e(n — 1)R% — = 5 “R—(n-1)Ap>0.

Therefore, we can derive the following inequality from Theorem 3.1, (2.11)
and (2.12).

(3.15) %A(t) > A(t) /Mn [gRg(t) — 2¢(n — 1)R;(t)] F2()dv
> [ga(t) —2¢(n — 1)ga(t)] A(t).

Moreover, we have

(3.16) %exp{ /0 t [2¢(n — 1)0(7) — 2o ()] dT})\(t)

This completes the proof of this theorem. O



Proof of Theorem 1.4. Since 0 < a < 1, ¢ > 0 and (2.13) holds, it is easy
to verify from condition (1.6) that the inequalities (3.12) to (3.14) still apply. We
conclude this theorem by the rest arguments as in the proof of Theorem 1.3. O

4. RESULTS UNDER THE NORMALIZED YAMABE FLOW

In this section, we consider an evolution equation of —A,+cR (¢ > 1(n—2)/(n—1))
and —A, 4+ cR* (0 < a < 1 and ¢ > 0) under the normalized Yamabe flow of

1o}
(4.1) agzj =—(R~- r)gijv

where r = [}, RAV/ [,,. dV is the average scalar curvature.

Note that the evolution formula for the scalar curvature (see, e.g., [3]) is

(4.2) %Rz (n—1)AR+ R(R —r).

By similar arguments as in the proof of Theorem 2.1, we can obtain the following
result.

Theorem 4.1. Let g(t), t € [0,00), be a solution of the normalized Yamabe flow
on a closed Riemannian manifold M™. Assume that A(t) is the first eigenvalue of
—Ay + cR, f(z,t) > 0 satisfies [,,, fe"?dV =0 and

(43) _Atpf(xvt) + CRf(iL‘,t) = A(t)f(xat)

Then along the normalized Yamabe flow, A(t) evolves by

@y o= [ re(e- g

57y )R— Ago}e_‘PdV

n—2

+[(n—1)c— 5 }/71R|Vf|2e_‘ﬁdV

+(n— 1)0/ R|fVo -V f|?e~?dV

n

~ 20— 1)e - a}x(t)/ CRf%eTF AV - A1),
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As we obtained (4.4), the similar argument as in the proof of Theorem 1.1 implies:

Theorem 4.2. Let g(t), t € [0,00), be a solution of the Yamabe flow on a closed
Riemannian manifold M™ with Ryy > max{2((n—1)/(n —2))Ap,0}. Assume
that A(t) is the first eigenvalue of —Ay,+cR (¢ = 4(n — 2)/(n — 1)), then the quantity

exp{/ot [r +2(n — 1)eo(r) — gam} dT})\(t)

is nondecreasing along the normalized Yamabe flow.

In particular, we can show a monotonicity quantity associated to the first eigen-
value of —A,, + 1(n/(n —1))R.

Theorem 4.3. Let g(t), t € [0,00), be a solution of the normalized Yamabe flow
on a closed Riemannian manifold with n € {2,3,4} and Ry > max{(n —1)Agp, 0}.
Assume that A(t) is the first eigenvalue of —A, + 1(n/(n —1))R, then e"'A(t) is
nondecreasing along the normalized Yamabe flow.

Proof. Substituting ¢ = $(n/(n — 1)) into (4.4), we have

d n 4—n

- _ = 2 1 _ - 2,—¢
(45) S0 =" / CRP[() R Ag]erav 4 1 [ Rvspeay
+ g / R|fVyp — Vf2e ™ dV —rA(t) = —rA(t)

M’H,
ifne{2,3,4}, R > max{(n — 1)Ay,0}.
Therefore, we get
d, . . d
—(e" =t — > 0.
(A1) = e (dt)\(t) —|—r/\(t)> >0
This completes the proof. O

Consider an evolution equation of —A, 4+ c¢R* (0 < a < 1 and ¢ > 0) under the
normalized Yamabe flow. By similar arguments as in the proof of Theorem 3.1, we
obtain the following evolution equation.

Theorem 4.4. Let ¢(t), t € [0,00), be a solution of the normalized Yamabe flow
on a closed Riemannian manifold M™. Assume that A(t) is the first eigenvalue of
—Ay 4 cR (a #1), f(z,t) > 0 satisfies [,,, f2e~#dV =0 and

(46) _Atpf(xvt) + CRaf(iL',t) = A(t)f(xat)
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Then along the Yamabe flow, A(t) evolves by

(4.7) %A(t) - A(t)/A [gR— 2(n — 1)Ra} FreP v

+/ {2c(n ~1)R° —

J\ n

+/ [c(n ~1)Re - "—_Q}R|Vf|2e—¢ av
. 2

n — 2a

R—(n—1)Ap|cRf?e~?dV

+a(l —a)e(n—1) R*2|VR|?f?e~?dV
M’!L

+e(n — 1)/ RV f — fVo[2e ¥ dV

+ (1 —a)er R f2e=?dV — r(t).
M’!L

Similarly, we can derive a monotonic quantity on the first eigenvalue of —A, +cR®
with 0 < a < 1 and ¢ > 0.

Theorem 4.5. Let g(t), t € [0,00), be a solution of the normalized Yamabe flow
on a closed Riemannian manifold M" with Ry > 0. Assume that (t) is the first
eigenvalue of —A, 4+ cR® with0 < a < 1 and ¢ > 0. If

Ap " 2¢(n — 1)\a/(1=a)
(48) max{ 2,0} < Ry < (T 257)

on [0, Ty] for some Ty € (0,00), then the quantity
t n
eXp{/ [r +2¢(n —1)p%(1) — 50(7’)} dT})\(t)
0

is nondecreasing along the normalized Yamabe flow on (0, T5).

Proof. From0<a <1, ¢>0and R* > 0, we know that
(4.9) (1- a)cr/ Rf?e % dV > 0.

Since 0 < @ < 1 and ¢ > 0 and (2.13) applies, it is easy to verify from condi-
tion (4.8) that (3.12) to (3.14) still hold.

Applying (2.11), (2.12), (3.12), (3.13), (3.14) and (4.9) to Theorem 4.4, we get
(4.10) (iA( t) > A(t) / |5 Rt — 2e(n = DRz | (0 Vv = rA)
[ ) = 2c(n = 1)"(t) = | A(8).
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Moreover, we have

(4.11) %exp{/ot [r 4 20—~ 1)o%(7) — 2o(r)] dr})\(t)
- exp{/ot [+ 2¢(n = 1)0(r) - ga(T)] dT}

x {%)\(t) + [r +2¢(n — 1)0%(t) — ga(t)} )\(t)} > 0.

This completes the proof. ([
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