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Abstract. In this paper, we present a sensitivity result for quadratic second-order cone
programming under the weak form of second-order sufficient condition. Based on this result,
we analyze the local convergence of an SQP-type method for nonlinear second-order cone
programming. The subproblems of this method at each iteration are quadratic second-order
cone programming problems. Compared with the local convergence analysis done before, we
do not need the assumption that the Hessian matrix of the Lagrangian function is positive
definite. Besides, the iteration sequence which is proved to be superlinearly convergent does
not contain the Lagrangian multiplier.
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1. INTRODUCTION

In this paper, we denote a vector z as (z(1);Z), where z(1) is the first entry of z
and Z is the subvector that consists of the remaining entries. The m;-dimensional

second-order cone IC; (i = 1,2,...,1) is defined as
" {zeR|z>0} if m; =1,
U {zayE) R X R 2y = |7} if ma > 2,

where ||-|| denotes the Euclidean norm, mi +ma + ... +m; = m.
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The following problem is a nonlinear second-order cone programming (NSOCP)

problem:
(1.1) min f(z)
s.t. h(z) =0,

gi(x) €Kiy, Ki CR™, i=1,2,...,1,

where f: R™ — R and h: R™ — RP, g;: R™ — R™ are smooth functions. The
NSOCP problem is a particular case of nonlinear semidefinite programming (see [1])
and has many applications (see [10]). Theoretical properties of NSOCP have been
studied in [2], [3], [6]. Kato and Fukushima [9] proposed an SQP-type algorithm
for (1.1). At each iteration, the algorithm solves a subproblem in which the con-
straints involve linear approximations of the constraint functions in the original

problem and the objective function is a convex quadratic function, i.e.

1
. To AT
(1.2) égﬁgvﬂxk) d+2d Byd

s.t. h(zg) + Dh(xy)d = 0,
gi(xg) + Dgi(xp)d € Kiy i=1,2,...,1,

where zj, is the current iteration point, Vf(z) is the gradient of f(z), Dh(x) and
Dgi(x) are the Jacobian matrices of h(z) and g;(z), respectively. The matrix By
is symmetric and positive definite containing the second-order information of prob-
lem (1.1). The solution dj, (if it exists) is defined as a search direction, its corre-
sponding Lagrangian multiplier is (Ag11, ttr+1) € RP x R™,

Prtt = (1,05 41,25 - - 5 ME4105 - - -5 Me+11), Mkt € R™

The trial step is xx+1 = xx + ady and the lj-penalty function is used as a merit
function to determine the step size a. Problem (1.2) has the form of the quadratic
second-order cone programming (QSOCP) below:

1
(1.3) min b'd+ ~d' Hd
deRn 2
st. Cd+c =0,
Aid+a; € Ky, i=1,2,...,1,

where C' € RP*" ¢ € RP, A; € R™i*" q; € R™i, b e R", H € R"™" (for a general
QSOCP, H may not be positive definite). Problem (1.3) is a generalization of the
quadratic programming (QP) in nonlinear programming (NLP).
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Kanzow et al. [8] discuss the local convergence of semismooth Newton methods
for linear and nonlinear second-order cone programs without strict complementarity.
The local convergence of the algorithm presented in [9] is analyzed by Wang et al. [14],
where Bj is taken as the Hessian matrix, and the local superlinearly convergent
sequence contains the Lagrangian multiplier. However, for nonlinear programming,
it has been proved that the iteration sequence without the Lagrangian multiplier
is superlinearly convergent [8] by introducing the projection matrix and the active
set. Motivated by this fact, we aim to prove a similar result for (1.1). To this
end, we first present a sensitivity result for certain local optimal solutions of the
general, possibly nonconvex QSOCP. We then apply this result to show that the
sequence {xj} generated by the algorithm in [9] converges to its local solution z*
with superlinear convergence rate under the nondegeneracy, strict complementarity
and the weak second-order sufficient conditions.

The paper is organized as follows. In Section 2, we introduce some notations
and preliminaries. In Section 3, we give the sensitivity result for (1.3). We apply
this result to (1.1) to analyse local convergence in Section 4 and conclude with final
remarks in Section 5.

2. NOTATIONS AND PRELIMINARIES

For any vectors a,b € R™, let a = (a@y;a) € R x R b= (b(1y; b) € R x R™—1,
their Jordan product (see [1], Section 4) is given by

aob=(a"bjam)b+bya).

For a closed convex and pointed cone K, its interior, boundary, and boundary ex-
cluding the origin are denoted by int(K), bd(K), and bd ™t (K), respectively. Denote
by O(t1) a sequence {vy } satisfying ||vy|| < Stx for some constant S independent of k&,
and by o(t) a sequence {v} satisfying ||vg|| < Brtx for some positive sequence {Gy; }
with lim By = 0.
k—o0

We introduce some useful properties which will be used later. The first and second
statement of Proposition 2.1 can be easily proved by the definition of the second-order
cone, Jordan product and Cauchy-Schwarz inequality, so the proof is omitted.

Proposition 2.1. If K is a second-order cone, then the following results hold.

(1) Ifa,b € K and a o b = 0, then one of the following three cases occurs:
(i) a=o,
(i) b=0,
(iii) a,b € bd*(K), and (a(1);a) = x(bq); —b), where > 0 is a constant.

415



(2) Ifaob = 0 and a € bd"(K), then there exists a constant s such that b =
n(a(l); —a).

(3) Ifa+ b € int(K) and ao b =0, then a,b € K.

(4) Fora = (a(1y;a) € bd*(K) C R™,b = k(a1); —a), £ > 0, if there exist c,d € R™
such that aoc+ bod =0, then we have that

a'c=0, b'd=0, c?l) —|lel)? = ke d.
(5) Ifa € bd*(K), bTa =0, then b%l) — ||b]]? < 0;
(6) Ifaob=0 and a € int(K), then b = 0.

Proof. (3) By a+b < int(K), we have that a¢;y + by > 0 and (a(1) + b(l))2 >
|l@+ b||2. We can assume, without loss of generality, that ay>0. Byaob=0, we
have that a(l)l_J +baya =0, amyba) + a'b =0, whence it follows that

b(l)(a(Ql) — C_ZTC_J,) =0.

Next we consider two cases.
If b(l) = 0, then b= —b(l)&/a(l)

=0, a € int(K). If by # 0, then a(Ql) — |lal|* = o,
so a € bd*(K). By Proposition 2.1(2),

we have |by)| = [|b]|. It follows from
(a(l) + b(l))2 > ||El + BHQ and a(l)b(l) + a'b=0
that
(aqy +bw))? = lla+b|* = aty) +2aa)ba) + bty — llall* — [|Bl|* — 2a"b = dab) > 0,

which implies that b1y > 0,50 b € bd™*(K). In both cases we have that a,b € K.
(4) Let ¢ = (c(1);€), d = (dy; d). By the definition of Jordan product, we have
that

(2.1) acce) + a'c+ Iia(l)d(l) —ka'd= 0,
(2.2) a(1)C + ¢)a + m(l)c?— Iid(l)d =0.

T

Let p = agyc) +a' ¢, ¢ = kaqyday — ka'd. By (2.2), we have that

(2.3) a(l)(é + Iid) + (C(l) - /@d(l))d =0.
It follows from (2.3) and a(;) = ||al that
(2.4) p—q= a(l)(c(l) - Hd(l)) + C_IT(E-F HJ) =0.
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Since (2.1) holds, p + ¢ = 0. It follows from (2.4) that p = ¢ = 0, i.e., a'c = 0,
b'd = 0. Note that (2.3) and (2.4) imply that a o (c¢(1) — kd(1)) = 0, so from
Proposition 2.1(2), there exists a constant g such that

(2.5) oa(1) = ¢y — Iid(l), oa = —(E + Hd).
Multiplying the two equalities of (2.5) by c(;) and ¢', respectively, we have that
(26) 0a(1)C(1) = (0(21) — IﬁJC(l)d(l)), QETC_Z = —(ETE + IiéTd_).

Adding the two equations in (2.6) together, it follows from a "¢ = 0 that c%l) —le)? =
Td
ke' d.
(5) Since a € bd™ (K) and b"a = 0, we have that by = —a ' b/a(1) and a(Ql) =a'a.
By the Cauchy-Schwarz inequality, we have that
(@bv? - (@a'a)(b"b)
Bl <
(1) (1)

bty — I1b]1* = = [lBl* = 0.

(6) If a € int(KC), then by a1)bn) + a'b =0 and the Cauchy-Schwarz inequality,
laqybeyl = la" 8l < |lalll[bll-
Note that a o b = 0, |b1)| = aq)||b]l/||@l|, which implies that a%l)”BH/H&H < |lal||o]l-
By a1y > [|a||, we have that ||b]| = 0, which yields that b = 0. O
3. SENSITIVITY RESULT FOR QSOCP

Let us now consider (1.3), which is a general, possibly nonconvex, quadratic
second-order cone problem. This problem is described by the data

D = [b7H7C’C7A’a:|’
where A = [A1, Ao, ..., Al], a = [a1,a9,...,q]. Let s; = A;d+ a; € R™i, p; € R™
po= (s p2; o5 -5 ) € R™, s = (s1582;...5845...581) €R™, i=1,2,...,1

The Lagrangian function of (1.3) is

l
1
L(d, A\ p) =b"d+ 5dTch — A (Cd+¢) =) pl (Aid + ay).

i=1
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Denote by d* the local solution of (1.3), s = A;d* + a; € R™, uf € R™,

= (s pss s pgse ) €R™ ST = (81585587 8) ER™L i=1,2,0 L

If the MFCQ constraint qualification [2] holds at d*, i.e.,

(3.1) C'T is of full column rank,
' 3d € R™ such that Cd =0, A;d+ a; € int(K;), i =1,2,...,1,

then there exist A\* € RP and p* € R™ such that

Aid* + a; = s,

Cd* +c=0,
(3.2) !
b+ Hd* —CT = A,
i=1
M?OSrzov M?aS?EKi

and (d*, \*, u*, s*) is called a stationary point of (1.3).
In the theorem below, we will present a sensitivity result for the solution of (1.3)
when the data D is changed to D + AD, where
(3.3) AD = [Ab,AH,AC, Ac, AA, Ad]
is a sufficiently small perturbation. To this end, we need the following assumptions.
Assumptions (A)
(A1) There exists a local minimizer d* of (1.3) where the MFCQ condition holds.
The Lagrangian multiplier pair (A\*, u*) corresponding to z* is unique.
(A2) The second-order sufficient condition holds at d* (see Definition 3.1 in [5]).
q"Hq+q " H(d*, p*)g>0 VqecC(d)\{0},

where

C(d*)={qeR"| q'b=0,Cq=0, Aiq € Ti,(s]), i=1,2,...,1},

l .
T, (sT) is the tangent cone of K; at sf, H(d*, u*) = > H"(d*, uf),
i=1

S (Ni)(l)AiTRiAi, st € bdt(Ky), 1 0T
H(dpup) =4 (D R; (0 g 1>,

0, otherwise,
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where (147 )(1) and (s)(1) denote the first entry of x; and sj, respectively (see the
definition in Section 1).

(A3) The following strict complementarity condition holds:
pi+si eint(K;), i=1,2,...,1.

Remark 3.1. H(d*,p*) is similar to the “sigma term” in nonlinear semidefinite
programming [3].

c(dr) =
Aig €Ki, s; =0, p; =0,
(Aig, 57) = ((Aiq) 1y, (7)) <O, 87 €bd™ (), pf =0,
geR™|Cq=0,{ A;qg=0, st =0, u; €int(K;),
Aiq € Ry ((155) ()5 —15), s; =0, p; €bd” (Ky),
(Aiq, 15) =0, sy €bd ™ (IG), p7 €bd ™ (Ky)

where A;q = ((Aiq)(l);A_iq). For ¢ € C(d*),
¢"H(d p)g= Y g H(d )
srebd*(K;)

- ¥ —E“?‘”«(Aiq)(n)?—|@|2>,

P + S') )
S My €bd (IC7)

(2

since (A;q, 1f) = 0 holds, it follows by Proposition 2.1(5) that ¢ H(d*, u*)q > 0,
which implies that the second-order sufficient condition with H(d*, u*) is weak. Be-
sides, under Assumption (A3), from Proposition 2.1(1) we can also give the simple
form of C(d*) as follows.

A;q=0, st =0, u; €int(K;);
C(d*) = {qE[R"|C’q:07

siTRiAig =0, sfebd™(K;), uebdt(K,).

The main result of this section can be stated as follows.

Theorem 3.1. Under Assumptions (A), let (d*, \*, u*, s*) be the stationary point
of (1.3) with the data D, then for all sufficiently small perturbations AD, there exists
a local stationary point (d(AD), \(AD), u(AD), s(AD)) of the perturbed program
(1.3) with the data D+ AD. Moreover, the point (d(AD), A(AD), u(AD), s(AD)) is
a differentiable function of the perturbation AD and we have (d(AD), \(AD), u(AD),
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s(AD)) = (d*, \*, u*, s*) for AD = 0. The derivative Dp(d*, \*, u*, s*) is character-
ized by the directional derivatives

(da j‘v f1,8) = Dp(d*, \*, u*, s*)AD
for any AD. Here (d, A, fi, §) is the unique solution of the system of linear equations

Aid:—AAid*—Aai-l—Si, i=1,2,...,1,
Cd = —ACd* — Ac,
. . l l
Hd—C" A=Y, Al = —-AHd* + ACTX\ + > AA] u,
i=1 =1

pios;+siop; =0, i=1,2,...,1
for the unknowns (d, A, 1, §) € R™ x RP x R™ x R™, where
§= (51580558055 61), fu="(f11; 0235 5.5 fu), S5 € R™, fi; € R™.

Finally, the second-order sufficient condition holds at (d(AD),\(AD),u(AD),
s(AD)) if AD is sufficiently small.

Remark 3.2. The sensitivity result for quadratic semidefinite programming
(QSDP) is analyzed by Freund et al. [4], where the second-order sufficient condi-
tion is of the form without the sigma term. Grace et al. [7] give the generalization
under the weak second-order sufficient conditions, i.e., the sigma term is taken into
consideration. We give the proof of Theorem 3.1 by a similar proof technique. How-
ever, since our constraints contain second-order cones, the details are quite different
from [4], [7].

Remark 3.3. Assumptions (Al) and (A2) imply that d* is a strict local mini-
mizer of (1.3). The MFCQ condition and the uniqueness of the Lagrangian multiplier
can be replaced by a stronger condition, i.e., the nondegeneracy condition, which cor-
responds to the LICQ condition in nonlinear programming (see [2], Section 4).

Proof of Theorem 3.1. The proof is divided into four parts.

Part 1. First, we establish the following result: if the perturbed program has a lo-
cal solution that is a differentiable function of the perturbation, then the derivative
is indeed a solution of (3.4).

Suppose that there exists a solution (d* + Ad, s* + As) of the perturbed problem
near (d*,s*), where As = (Asy; Asa;...;As;;...;As;) € R™, As; € R™i. Since the
MFCQ condition (3.1) is invariant under small perturbations of the problem data,
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there exist Ap = (Apg; Apo; ... 5 Api; ... Apy) € R™(Ap; € R™i) and AX € RP such
that pf + Ap, € K, s7 + As; € K; and

(A,L' + AAz)(d* + Ad) + (ai + Aaz) = S,zf + AS,L', 1= 1,2, .. .,l,
(C+ AC)(d* + Ad) + (c+ Ac) =0,

(3.5) (b+ Ab) + (H + AH)(d* + Ad) = (CT + ACT)(X" + AN)
(AT + AAT) (i + A,

(i +Apg)o(s; +As;)=0, i=12,...,1

Neglecting the second-order term in (3.5) and using the result of (3.2), we obtain the
result in (3.4).

Part 2. Now we prove that the system of linear equations (3.4) has a unique
solution. To this end, we will show that the homogeneous version of (3.4) only has
a trivial solution, i.e., the system

(3.6) Ad =3, i=1,2,...,1,
(3.7) Cd =0,
l
(3.8) Hd—CTA=> Aljp; =0,
=1
(3.9) pios;+sfop, =0, i=12,...,1,

only has the trivial solution (d, A, fz,$) = (0,0,0,0) € R” x R? x R™ x R™.,
Multiplying (3.8) by dT, by (3.6) and (3.7), we get

1 1

d"Hd=d"CTX+Y d"Al i => 5.
i=1 i=1

Since sfop; =0, if s7 € int(K;), then it follows from Proposition 2.1(6) that u = 0.

By (3.9), we have that f1;0s7 = 0, whence it follows by Proposition 2.1(6) that f; = 0;

If s7 = 0, by Assumption (A3), we have that pf € int(K;). By Proposition 2.1(6)

and (3.9), we have that $; = 0. From the discussion above, we have that

(3.10) d"Hd= > s
s¥ebdt(K;)

By Assumption (A3), we know that if s* € bd*(K;), then u* € bd*(K;). Let
35 = ((8)1); 80)s ki = (1) 1)/ (5) (1)~ It follows from Proposition 2.1(1), (4) and (3.9)
that

(3.11) (1/wa)fe] 8 = () ) — 1512
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Using the definition of H(d*, 1*) and (3.6), (3.11), we have that

(3.12) d"H(d p)d=d" Y H (" p)d
stebdt (K)
= Z —ri(Aid) " Ri(Aid)
s*ebdt(K;)

(3.6) . -
= =k Y () — 5P

srebdt(K;)

(3:11) - Z ‘u:s“

srebd* (k)

which gives, using (3.10), that
(3.13) d"(H +H(d*, u*))d = 0.

Next we will show that d € C(d*) which is defined in Remark 3.1. Tt is clear that
Cd = 0 holds because of (3.7). If s* = 0, then, by (3.6), we have A;d = 0; If s €
bd " (K;), then, by (3.9), Proposition 2.1(1) and (4), we have that u ' 5, = 0 and u} =
kiR;s; (where k; = (1) 1)/ (s7))), whence it follows by (3.6) that st TR;A;d = 0.
Thus we have that d € C(d*). It follows from (3.13) and Assumption (A2) that d = 0,
which implies immediately that $ = 0 because of (3.6).

At last, we will show that # = 0. Note that if s} € int(K;), then, by the proof
above, we have already shown that ji; = 0. Therefore, we only consider s} = 0 and
s¥ € bd"(K;). If there exists s} = 0 such that ji; # 0, then from Assumption (A3),
wi € int(KC;). We can define p] = pf 4 7/1;, where 7 > 0 is chosen to be a sufficiently
small constant such that u] € K;. If there exists s¥ € bd™(K;) such that fi; # 0,
since $; = 0, by (3.9), we have fi; o sf = 0. It follows from Proposition 2.1(2) that
fti = kp, where k # 0 is a constant. Similarly, we can define p] = pf + 7/1; such
that 1] € K; when 7 is sufficiently small. From the discussions above, we also have
that u] os¥ =0 holds for ¢ =1,2,...,l. Thus, let u7 = (p]; p5;...; 1] ) and

N =N+ 1A, 0" =pt + T

By (3.8), (3.9) and d = 0, it is easy to verify that all the relations in (3.2) still hold
for (d*, A7, u",s*). So (d*,\",u",s*) is a stationary point for (1.3) and (A7, u7) is
the corresponding Lagrangian multiplier, which contradicts Assumption (Al) that
the Lagrangian multiplier is unique. Thus, we have that A = 0 and j = 0.

Part 3. We will show that the following nonlinear system (3.14) has a solution
which depends smoothly on the perturbation AD. Using the result in Part 2, we can
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now apply the implicit function theorem to the system

A;d+ a; = s, 1=1,2,...,1,
Cd+c=0,
(3.14) )
b+ Hd—CT A= Al u;,
i=1
wios; =0, 1=1,2,...,1.
Since the linearization of (3.14) at the point (d*, \*,u*,s*) is nonsingular, sys-

tem (3.14) has a differentiable and locally unique solution (d(AD), A\(AD), u(AD),
s(AD)). By Assumption (A3), we have that pf + sf € int(K;) (¢ = 1,2,...,1).
By the continuity of u(AD), s(AD), we have that A%IEO(M(A ), s(AD)) = (u*, s*).
Therefore,

1i(AD) + s;(AD) € int(C;), i=1,2,...,1,

which implies by u;(AD) o s;(AD) = 0 and Proposition 2.1(3) that u;(AD),
si(AD) € K; (i =1,2,...,1). This implies that the local solutions of system (3.14)
are actually stationary points when the perturbation AD is sufficiently small.

Part 4. Finally, we will prove that the second-order sufficient condition is satisfied
at the perturbed solution (d(AD), A(AD), u(AD),s(AD)). Assume, by contradic-
tion, that the statement is not true. Let {ADy} be a sequence of perturbations with
ADy, tending to zero and g € C(d(ADy)) \ {0}. Then there exists a subset K such
that lim ¢ =4, ||¢]| =1 and

k—oo,ke K

(3.15) g (H + AHy) + H(d(ADy), 1(ADy) )i < 0.
Let k — oo, k € K, by the continuity and Assumption (A3), we have that

: C * : — * * .
Llim_ caD) Ce@), | lim_ HAAD), W(ADY) = H(d' i)
By (3.15), there exists ¢ € C(d*) such that

G(H +H(d", 1n"))q <0,

which is a contradiction to Assumption (A2). O
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4. LOCAL CONVERGENCE OF AN SQP-TYPE METHOD FOR NSOCP

In this section, we apply the sensitivity result of QSOCP to the local convergence
of the SQP-type method for NSOCP in [9]. Denote by h;(x) the ith component of
h(z), by Vh;(x) the gradient of h;(z) and by V?h,(z) the Hessian matrix of h;(z).
Denote by Dh(x) the Jacobian matrix of h(x). Denote by g; ;(z) the jth component
of g;(z), its gradient and Hessian matrix are denoted by Vg, ;(z) and VZ2g; ;(z),
respectively. We need the following Assumptions (B) for (1.1), which are for general
NSOCP and are different from Assumptions (A) for QSOCP.

Assumptions (B)

(B1) The functions f(z), h(z), g;(x) are twice continuously differentiable.

(B2) If {1} is an infinite sequence generated by an SQP-type algorithm, then
klg& xp = «* and 2* is a KKT point of (1.1).

(B3) The constrained nondegeneracy condition (see [2]) is satisfied at z*, i.e., the
vectors

Vhy(x*), k=1,2,...,p,
Dg;i(z*)T Rigi(x*), gi(z*) € bd™(K;),

Vgii(x*), i=1,2,...,my,
gi(z*) =0, i=1,2,...,1

are linearly independent, where

1 0"
R, = .
’ (0 —Imi_l)

(B4) The second-order sufficient condition holds at z*, i.e.,

dTV2, L(z* N, p)d +d H(z*, p*)d >0 VdeC(z*))\ {0},

~ [
where H(x*, pu*) = Y H'(z*,p}), pi; is the jth component of 7, A is the ith
component of \*, =

p I m;
V2L N ) = V2 f(a*) = 3 N VZhi(a®) =YY piV2gi (),
=1

i=1 j=1
Cla*)={deR" | Vf(z*)Td =0, Dh(z*)d =0, Dg;(z*)d € Tc,gi(z*), i =1,2...,1},
(7)) T
Sic e —— 52— Dg(a*) RiDgi(z*), gi(z*) € bd™(K;),
B ut) = G ) (
0, otherwise.

(B5) The strict complementarity condition holds, i.e., g;(x*) + pf € int(K;) for



(B6) The Hessian approximation By, satisfies
[1Px (Wi, = B )di|| = o(l|dwl]),

where Py(y) is the orthogonal projection of a vector y onto Ker Vi, Vj is a matrix

whose column vectors are

Vhy(zy, k=1,2,...,p,
Dgi(xk) " Rigi(zk), gi(zx) € bd™(Ky),

Vi (@k), i=1,2,....,m,
gi(wr) =0, i=1,2,...,1

and Wy, = V2, L(k, Mot 1, 1)

Remark 4.1. The nondegeneracy condition (B3) is similar to the LICQ condi-
tion in nonlinear programming, which is stronger than the MFCQ condition stated
as (3.1). Denote by V* a matrix whose columns are formed by the vectors stated in
Assumption (B3) above, then (B3) is equivalent to the condition that V* is of full
column rank. For simplicity, we still use the notation (\*,u*) for the Lagrangian
multiplier corresponding with z*. If the constrained nondegeneracy condition holds
at «*, then the corresponding Lagrangian multiplier (A*, u*) is unique (see [2], [3]).

-~

Remark 4.2. If Assumption (B5) holds, then C(z*) has the following form:

. Dg;(x*)d =0, gi(z*) =0,
C(x)—{deR”|Dh(x*)d—0, ,
9i(z*) " R;Dg;(z*)d = 0, g;(z*) € bd*(K;)

that is, V* ' d = 0. Furthermore, for d € C(2*), we have that
dTH(z*, p*)d = Z dTH (z*, put)d
gi(z*)ebdt(K;)

o TG (PEE D) = 1D,

which yields by Proposition 2.1(5) that dT’}Q(m*, w*)d > 0.
Remark 4.3. In [9], [14], By is taken as Wy, which is stronger than Assump-
tion (B6).
Lemma 4.1. Under Assumptions (B), we have that klim (diy Met1, bt1) =
—00
(0, A%, pu*).
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Proof. The proof of Lemma 4.1 requires the sensitivity result from Theo-
rem 3.1. Suppose, by contradiction, that there exists a subset K such that for

ke K, lim dy#0and lim By= B*.
k—o0,ke K k—o0,k€e K

Consider the following subproblem:

: *\ T l T px*
(4.1) ;Igﬁﬁvf(a’ ) d+ 2d B*d

s.t. h(z*) + Dh(z*)d =0,
gi(x*) + Dg;(z")d e K;y, i=1,2,...,1

Denote
9(x) = (91(2), 92(2), ..., qu(@)), Dg(x) = (Dgi(x), Dga(2), ..., Dgi(x)).
Then problem (4.1) is described by the data
D = (Vf(z"),B", Dh(z"), h(z"), Dg(a"), g(z")).

Comparing (4.1) with (1.3), we can take b = Vf(a*), H = B*, C = Dh(z*),
¢ = h(z*), A; = Dg;(z*), a; = gi(z*) in order to use the result in Theorem 3.1.
First, we have to show that the Assumptions (A1)—(A3) hold for (4.1) at d = 0. By
Assumptions (B1), (B2) and (B3), z* is a local minimizer of (1.1) and (A\*, p*) is
the unique Lagrangian multiplier. Using the KKT conditions of (1.1), it is easy to
verify that (0, \*, u*) is the solution of (4.1). Besides, by simple calculation, we know
that the nondegeneracy condition (which implies the MFCQ condition) and strict
complementarity condition for (4.1) also hold at d = 0 because of Assumptions (B3)
and (B5). By Remark 4.2, we know that for ¢ € 5(3:*), qTﬁ(x*,,u*)q > 0 holds.

-~ ~

Since C(0) = C(z*), H(0, u*) = H(z*, n*) and By, is positive definite, we have that
(42) AT (B" + H(0, 5*))g > 0

holds for all ¢ € C(0) \ {0}, which implies that the second-order sufficient condition
for (4.1) holds at d = 0.
Now let (dg, Ak+1, tk+1) be the solution of the perturbed problem

. 1
(4.3) min Vi) d+ idTBkd

s.t. h(zg) + Dh(x)d = 0,
gi(zx) + Dgi(zy) €Ki, i=1,2,...,1,
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where pig+1 = (k41,15 -5 Bht1,i} - - - 5 Bb+1,1), Hk+1,s € Ki. The perturbation is ADy,

ie.,

(Vf(21) — V(2"), By — B, Dh(ay,) — Dh(x"),

h(zk) = h(z"), Dg(xr) — Dg(z*), g(zx) — g(x*)).
By Theorem 3.1, we have that i limke dr, = 0, which is a contradiction. Therefore,
—00,

(Me+1, pe+1) = (A*, 10*) can be proved by a similar technique. O

Remark 4.4. For k sufficiently large, if g;(z*) € int(K;), by Lemma 4.1, we
have that g;(zx) + Dgi(zr)di € int(XC;) holds. Note that z* is a KKT point of (1.1)
and dj, is the KKT point of (4.3), it follows from the complementarity conditions
that

pi 0 gi(x*) =0, prr1io (9i(zk) + Dgi(wr)di) = 0,
so it follows from Proposition 2.1(6) that pg+1,; = pf = 0. As a result, we do not
have to take such constraints into consideration. Define the index sets

If={i|gi(z*) =0}, I3 ={i|gi(z*) €bd" (K},
IY = {i| gi(zx) + Dgi(xr)dp = 0}, 15 = {i| gi(xx) + Dgi(xx)di € bd™ (K;)}.

We show the relations of the index sets in the following lemma.

Lemma 4.2. Under Assumptions (B1)—(B5), for k sufficiently large, we have that

=1, IY=1;.

Proof. The results I¥ C If and I} C I3 follow directly by the continuity and

klim dr = 0. If i € I}, then, by the strict complementarity condition in Assump-
—00

tion (B5), we have p} € int(fC;). It follows from the continuity and Lemma 4.1 that
Hrt1,i € Int(K;) for k sufficiently large. By piy1,4 © (gi(zx) + Dgi(zr)dr) = 0 and
Proposition 2.1(1), we have that i € I¥. Therefore, I¥ D I;. The inclusion I¥ D I3
can be proved by a similar technique. (I

By Lemma 4.2, for k sufficiently large, we can write I¥ = I} = I, 1§ = I} = I,
for simplicity. Thus, when k is sufficiently large and Assumptions (B1)—(B5) hold,
(1.2) turns into the following form:

1
T T
(4.4) min g, d+ 2d Byd
s.t. hg + Dh(xp)d =0,

gi(zk) + Dgi(zy)d = 0, i €1,
gi(il,'k) + Dgz(il,'k)d S bd+(lCz), 1€ Ip.
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We state the main result of the local convergence of the SQP-type method [9]
for (1.1) in the following theorem.

Theorem 4.1. Under Assumptions (B), if xx+1 = x, + di holds for k sufficiently
large, then |z + di, — 2*|| = o(||lxx — 2*|]).

Remark 4.5. Kato et al. [9] give the local convergence of the SQP-type method
for second-order cone programming when By = W}, which is proved by Wang
et al. [14]. The result in Theorem 4.1, compared with the result in [9], does not
need the assumption that W}, is positive definite when k is sufficiently large. Instead,
we replace the assumption with Assumptions (B5) and (B6). Besides, Theorem 4.3
shows the convergence rate of {z;} without the Lagrangian multiplier.

We need some lemmas in order to prove Theorem 4.1.
Lemma 4.3. Under Assumptions (B1)—(B5), for k sufficiently large, we have that

k41 = A% = O(lldil)) + Oz, = 27[1); - [lps1 = w7l = Olldil) + O(fJz — =)-

Proof. By the KKT conditions of (1.1) and (1.2), we have that

(4.5) Vf(z*) = Dh(z")"A" = Y Dgi(a") i =0,
1€l Ul
(4.6) Vf(z) + Bedi — Dh(wr) "My — Y Dgilar) prsri = 0.
1€l Ul

For i € I», by Proposition 2.1(1), we can denote

(4.7) pi = ki Rigi(x™),  pt1,i = kg1, Ri(gi(xn) + Dgi(xr)di),
where
. ) Kt = (Kr+1,) (1) R <1 0T )
C(giE)ay’ YT (gi(en) + Dgi(z)di) ) 0 —Im,_1

By the continuity and (4.5)—(4.7), we have that

Dh(z*)Nkr1 = X) + Y Dgi(a™) " (prrri — 17)
i€l

+ Y Dgi(x*) " Rigi(a*) (khy1,i — K7)
1€l

= O(||dk|) + O(|xx — 2*|),
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whence it follows by Assumption (B2) that || Aryr1 — A*|| = O(||dk||) + O(||zx — z*||)

and . . )
lnsss = 1l = Oldll) + Oz —a*[)), i € I,

16641 = K71l = O(ldll) + O(llzx = 27[), i € L.
For i € Iy, it follows from the continuity and (4.7) that

lttrrri = pill = Olldi ) + Ollzx — 27[1), i € L.

Thus the statement is true. O

We still need the following auxiliary problem to analyze local convergence.

(4.8) min f(z)

s.t. h(z) =
Fz(x) =0, 1€ LUl

where Fj(z) is defined as

g(ﬂ?), 1€ Ilv
Fy(z) = { 5 .
2gi(@)1)? — 3llgi(@)|? i€ L.
Denote
Hkt1,4 1€ I,
Bkt1,i = (Mrt1,4) (1) iel
(9i(xx) + Dgi(er)di) 1) >
Mz‘, 1€ I1,
My = (/%2(1) el
(9i(z*)) 1)

The Lagrangian function of (4.8) is
L(z,\ ) = f(x) = Dh(x)"A= > DFi(z)"n
i€l1 Ul
By simple calculation, we have that

(4.9) V.L(z*, N, ") = Vf(2*) = Dh(z*)'X* = Y DF(=")" i}

(3
el Uls

= Vf(&*) = Dh(z*)" A" = > Dgi(z") s =0,
el Ul
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where the ith component of zi* is zif, and

p my
(410) VaoL(z®, X, 0%) = V2f(z*) = Y N V2hi(z™) = > Y 7, V2F j(a7)
=1

i€el1Uls j=1
p mq
= V2 f(a") = D NVPR(aT) = DY V(%)
i=1 i€, Uy j=1
— Y Bi;Dgi(=*) " RiDg; (")
i€l
= V2, L(x*, \*, ") + Z ﬁz(x*, i),

i€l

where (i ; denotes the jth component of p;. By the definition of P in Assump-
tion (B6), we have that

(4.11) P.DF;(z)" =0, i€l Ulyy;
P.Dh(zy)" = 0.

Lemma 4.4. Under Assumptions (B), for k sufficiently large, if xj+1 = xy, + di,
then

(4.12) Dgi(xk) " pks1i — DFy(xx) ik
= — H'(wk, prgra)d + O(ldi]|?), i € L.

Proof. By (4.7) and the definition of fig41,i, for ¢ € I, we have that

(4.13) Dgi(xk) ki1 = Dgi(zi) " Ri(gi(r)

(1,0 (1)

+ Dg;(xk)d : ,

(i) (9i(zr) + Dgi(zr)dr) (1)
(Mk+1,i)(1)

(9i(wk) + Dgi(wx)di) (1)

(4.14) DF;(xx) " i1, = Dgi(zr) " Rigi(w)

It follows from (4.13) and (4.14) that

Dgi(xk) " pirs1,i — DFi(wr) " fingi

(Hr+1,1) (1) -
B ; Dgi(xr) RiDgi(zk)dk.
(0:@0) + Dg(anyde)q, D0i@) RiDgili)di
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Since

~ (1k+1,4) (1)

‘ i) =- Dgi(xx) " RiDy;
H (xka:u’k-‘rl, ) (gz(xk))(l) g (l‘k) R g (xk)7

we have that

Dgi(xr) " puy1. — DF;(xk)  fikya
(1k+1,4) (1)

= (gi(xk))(l)Dgz( k) RzDgz( k)dk
(,Uk-i-l,i)(l) _ (Mk+1,z‘)(1)
- ((gi(xk) + Dgi(wk)di) (1) (Qi(xk))(1)>

X Dgi(xk)TRiDgi(xk)dk
= — Hi(zx, i) + O di]|).

Thus the statement is true. O

Lemma 4.5. Under Assumptions (B1)—(B4), for k sufficiently large, the matrix

<P<x*>Vizi<x*, A*,m)
(V)T

is of full column rank, where P(z*) = I — V*(V*'V*)=1V*" V* is the matrix
defined in Remark 4.1.

Proof. We only need to show that the system

(4.15) P(z*)V2,L(z*, \*,i*)d = 0,
(4.16) (V) Td=0

has only the trivial solution d = 0. By the definition of P(z*) and (4.16), we have
P(x*)d = d. Multiplying both sides of (4.15) by d ', we get

(4.17) d"P(a*)V2,L(a*, A, i*)d = d' V2, L(z*, \*,i*)d = 0.

By Assumption (B4), (4.10) and (4.17), we have d = 0. Therefore, the matrix is
a full column rank matrix. g

Finally, we give the proof of Theorem 4.1.
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Proof of Theorem 4.3. First, we have that

(4.18) Py (B —V L(z*, N, p1*))d

4 6 * * *
(Lo Py ( — Vf(z) + Dh(z) " A1 + Z Dgi(zp)pri1,i — Vag L™, A\, p )dk>
el Uls

@ib p ( — Vf(@x) + Dh(wi) "X+ Y DFy(ay) iy — V2, L(a*, X", i*)d )

1€l Ul

+Pk<Dh(xk)T>\k+1+ > Dgi(xr) prsi
el Uls

C V2L, A i) + V2 D, XY ﬁ*)dk>

BOL  PUVa Lo, 1) = VoL (@ X ) 4 VLGN 1))

+Pk< Z Dgi(zy) " prt1,i —ZDFi(xk)TﬁkH,i)

el Uls el
+ Pu(=V2,L(a", X", 7 )dy + Vi, L(x*, A, i) di)

— PV2, L N ) (g + di — 27) + of||zr — 7))
+ Pk( Z Dgi(zr) g1 — ZDFi(a?k)TﬁkH,i)

1€l Ul icl

+PkZH’L 7”1

i€ls

— PV2,L(a", X", i) (e + di, — 2%) + o[z — 27)
+Pk< ZH (Ths fk+1,1) dk-f—z:ﬂz x*, g dk> + o(||d]|)-

i€ls i€l

(4.10)

(4.12)

Therefore,

Pk(Bk — V2 (l‘* )\*,u*))dk
= = PV, L@ X B) (@ + di — ) + ol [l — 2*)) + ol de ),

which implies by Assumption (B6) that
(4.20) PV, L@, N 1) (wr + di, — 2%) = olaw — ) + ol | di))-
By the Taylor expansion,

h(zx) = h(zx) = h(a*) = Dh(w) (@ — 27) + O([la, — 2*[|?),
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which implies by Dh(xg)dr + h(zi) = 0 that
(4.21) Dh(x™)(xp + dp, — 2*) = o(||xx, — x*)).

For i € I, gi(z*) = 0 and g;(x) + Dg;(xk)dr = 0. Similarly to the proof above, we
have that

(4.22) Dg;(z*)(xf + dp — ™) = o(||xr, — 2¥]|), i€ I1.

For i € I, denote by [] u the merit projector of u € R™: to the second-order cone ;.
Ki
By this notation, g;(z*) € K;, pf € K; and g;(z*) o pf = 0 is equivalent to

(4.23) H(gz(x*) —u;) =gi(z"), i€ l.
Ki

Similarly, we have that, for i € I5,
gi(zx) + Dgi(zk)dr. € Kiy prr1: €Kiy, (gi(xr) + Dgi(wr)dk) o pigr1,0 =0

is equivalent to

(4.24) [1(9i(ar) + Dgi(er)dr — prs1) = gilar) + Dgilar)dy, i € Iz.
Ki
As the projection operator [[uw is strongly semismooth [12], there exists U; €

Ki
0B [1(gi(x*) — p¥) such that (Op is the B-subdifferential [13])
Ki

H(Qi(fﬂ*) — ;)= H(Qi(xk) + Dgi(zx)di — fiet1,5)

Ki K
+ Ui(gi(z") — pi — gi(zr) — Dgi(zr)di + pret1,i)
+o([lzx — 2*||) + o(lldkll) + ol tr+1,0 — 151,

which gives, using (4.22) and (4.23), that

9i(x*) = gi(xr) + Dgi(wr)dr + Us(gi(2™) — pi — gi(xx) — Dgi(wr)dy + pirs1,i)
+o([lzk — 2”[|) + o(lldkl) + ol pr+1: — 1 [1)-
It follows from the Taylor expansion that
(4.25)  Dgi(a")(wx + dx — ) = Ui(g:(2") — p; — gi(zx) — Dgi(r)dr + pig+1,:)
+ o[z — 2*||) + o(lldkl) + o[l r+1,6 — 7 )
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Multiplying both sides of (4.24) by g;(2*)" R;, we have that

gi(x*)TRiDgi(x*)(xk +di —z™)
= gi(z*) " RiUi(gi(2*) — 1 — gi(wr) — Dgi(@r)dp + pr+1,)
+o(llzk — 2*|) + o([ld ) + o[l prt1,i — 1i1])-

For g;(x*) € bd*(K;), it follows from Assumption (B5) that u} € bd*(K;). Using
the formulas for the subdifferential of the projector operator [[u (see Lemma 2.4

in [14]), we have that g;(z*)" R;U; = 0 (the details are given in the appendix part).
This fact, along with Lemma 4.4, shows that, for i € I,

(4.26) 9i(@") " RiDgi(a") (wx + di — 2%) = o[l — 2™} + o[l di))-
By (4.20), (4.21) and (4.25), we have that
(4.27) (V)" (2 + die — 2%) = o([lzx — 2™[)) + o(|di ).

By (4.19), (4.26) and ||dx|| = [|(zk+1 — 2*) — (2 — 27)|| < |lzpt1 — 2| + |2 — 27,
we have that

PV2, Lz \*, fi* ) ) )
2y (VST (o d ) = ol - 27D + ol - 7))

By Lemma 4.6 and the continuity, the matrix on the left-side of (4.27) is nonsingular,
which implies that (z + di, — 2*) = o(||zx — x*]]). O

5. FINAL REMARKS

In this paper, we analyze the sensitivity of the quadratic second-order cone pro-
gramming under the weak second-order sufficient condition. By the sensitivity result,
we give the superlinear convergence rate of an SQP-type method for NSOCP. The re-
sult is different from other recent work, because we do not need the assumption that
the Hessian matrix is positive definite near the solution. Furthermore, we analyze
the local convergence rate of the iterates {x} instead of the iterates {xg, Ak, fx }-
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6. APPENDIX: THE PROOF DETAILS IN THEOREM 4.1

Lemma 6.1. Let K C R™ be a second-order cone, then for u = (u@y;w) €
R x R™! and |u(y)| < ||a||, the subdifferential of the projector []u is

K
ﬂT
1 —
_1 [[all
9B Hu ) u U(1) U(1) aa’
K B . ) O]
[[all [[all [l flul?

Furthermore, if a = (a(1y;@) € bd* (K) C R x R™~!, b = k(a(1); —a), where k > 0 is
a constant, £ € O [[(a —b), then b"¢ = 0.
K

Proof. The first result can be found in Pang et al. [11]. We only show b ¢ = 0
by calculation,

. (I+k)a _
Ha/(l) + Iﬂ}(—a/—r)m = Iﬂ}(a(l) — ||a||) = O7
1 =T 1— 1—
na(l)—'_iﬁ)({ —Kka' — ndTw + K&Tw =0.
(1+5)all (1+r)lal (1+r)llal

O
Let a = gi(z*) € bdT(K)), b = pf = kI Rigi(z*), &€ = U; € 9 [[(gi(x*) — u).

From the above result we have g;(z*) " R;U; = 0. (This result is used in Theorem 4.3.)
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