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Abstract. The purpose of the paper is to represent the two shared set problems in an
elaborative and convenient manner. In the main result of the paper, we have exhaustively
treated the two shared set problem on the open complex plane. As a consequence of the
main result, we have investigated the same problem in a different perspective, which has
yet not been studied. Further, two examples have been exhibited in the paper to show the
sharpness of some of these results.
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1. INTRODUCTION, DEFINITIONS AND RESULTS

Throughout the paper, by C, N, Z and R™ we mean the set of all complex numbers,
natural numbers, integers and positive real numbers, respectively. We further denote
C=CU{oo},C*=C\ {0} and N = N U {0}. For any meromorphic function f we
always mean it is defined on C. For non-negative integers n and m, we define

0 when n =2m + 3,
X = 1 when n # 2m + 3.

It is well-known that Gross is the pioneer of the set sharing problem in the unique-
ness literature. Henceforth, we recall the following basic definition.

Definition 1.1. Let for a nonconstant meromorphic function f and S C C,
E¢(S) = U {(z,p) € C xN: f(2) = a with multiplicity p} (E¢(S) = U {(2,1) €

C x N: f( ) = a}). Then we say f, g share the set S counting multzplzcztzes (CM)
(ignoring multiplicities (IM)) if E;(S) = E4(S) (E¢(S) = E4(S)).
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In 2001 Lahiri (see [13], [14]) introduced the scalings between CM and IM which
further added essence to the uniqueness literature.

Definition 1.2 ([13], [14]). Let k be a non-negative integer or infinity. For a € C
we denote by Fy(a; f) the set of all a-points of f, where an a-point of multiplicity m
is counted m times if m < k and k 4 1 times if m > k. If Ex(a; f) = Ex(a;g), we
say that f, g share the value a with weight k.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k. Also,
we note that f, g share a value a IM or CM if and ouly if f, g share (a,0) or (a, o),
respectively.

Definition 1.3 ([13]). For S C C we define E;(S,k) = U FEx(a; f), where k is
a€S

a non-negative integer a € S or infinity. Clearly E;(S) = E;(S,00) and E;(S) =
E(S,0).

In connection to the famous question of Gross (see [10]), it was Lin-Yi (see [15])
who initiated the two shared set problems by raising the following question.

Question A. Can one find two finite sets S, j = 1,2, such that any two noncon-
stant meromorphic functions f and g satisfying E(S;,00) = Eg4(S;,00) for j = 1,2
must be identical?

Subsequently a lot of investigations have been carried out by many researchers to
find two sets among which one comprises of n elements and the other set contains co
and then reduce the value of n as much as possible.

In this respect the introduction of bi-unique range sets can be thought of as the
inception of a new direction in set sharing problem. Below we recall the definition.

Definition 1.4 ([4]). A pair of finite sets S1 and S in C is called bi-unique range
sets for meromorphic (entire) functions with weights m, k if for any two noncon-
stant meromorphic (entire) functions f and g, E¢(S1,m) = E4(S1,m), Ef(S2, k) =
Ey(S2,k) imply f = g. We say S;’s, i = 1,2, are BURSMm, k (BURSEm, k) in
short. As usual, if both m = k = oo, we say S;’s, i = 1, 2, are BURSM (BURSE).

We see that the definition of BURSM is actually the study of uniqueness of mero-
morphic function corresponding to the two shared set problems in C. In this respect
it is worthy of mention that the first BURSM prior to its introduction was exhibited
by Yi (see [18]) by the following theorem.
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Theorem A ([18]). Let S1 = {a+b,a+bw,...,a+bw" 1}, Sy = {c1,c2}, where
w=e¥/"andb#0, c; #a, ca # a, (1 —a)" # (c2 — a)", (cx —a)"(¢; — a)" # b*"
(k,j = 1,2) are constants. If n > 9, then S;’s, i = 1,2, are BURSM.

After that in 2012 Yi-Li (see [17]) improved the above theorem as follows.

Theorem B ([17]). Let S; = {0,1}, S2 = {z: 3(n—1)(n—2)z"—n(n—2)z""1+
in(n—1)z""2+1 =0}, wheren (> 5) is an integer. Then S;’s, i = 1,2, are BURSM.

Observe that the set S7 in Theorem B is nothing but the set of zeros of the
derivatives of the polynomial whose zeros are used to form the set Ss. With the help
of this inherited property Banerjee generalized the underlying polynomial used to
form S5 of Theorem B in the following manner.

Theorem C ([4], [5]). Let S; = {0,1} and Sy = {z: 3(n — 1)(n — 2)2" —
n(n—2)z""1+ In(n—1)2""2 —d =0}, where n (> 5) is an integer and d # 0,1, §
is a complex number such that d> —d 4+ 1 # 0. Then S;’s, i = 1,2, are BURSM1, 3,
BURSMS3, 2.

It is to be noticed that the polynomials used in Theorems B-C are of the same
type. In this respect, we recall the following definitions to proceed further.

Definition 1.5 ([8]). A polynomial
p(z) =anz" + an_lz”_l +...4+a1z+ag

is called an ingtial term gap polynomial (ITGP) if a; = 0 but a; # 0 for at least
one j such that 1 < j < i < n and an initial term non gap polynomial (ITNGP) if
there does not exist any such 7.

Definition 1.6 ([9]). Let P(z) be a polynomial such that P’(z) has mutually k
distinct zeros given by di,ds,...,d; with multiplicities ¢1,q2,. .., gk, respectively.
Then P(z) is said to be a critically injective polynomial if P(d;) # P(d;) for i # j,
where 4,5 € {1,2,...,k}.

Since in Theorems B—C the construction of the first set depends upon the choice of
the polynomial whose zero set forms the second set and the polynomial is of ITNGP
type, it would be interesting to investigate whether all the variants of polynomials
can be brought under a single umbrella. This is one of the two motivations for
writing this paper. We will show that the generalized polynomial obtained in this
paper will improve all the results discussed so far. The second motivation is to find
the possible way to proceed from bi-unique range set to two shared set problems in
a different angle, which will be discussed in detail in the last section of the paper.

Now we invoke the following definitions which we need for the proof of the main
results of the paper.
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Definition 1.7 ([12]). For a € CU{oco} we denote by N(r,a; f |= 1) the counting
function of simple a-points of f. For a positive integer m we denote by N(r,a; f |< m)
(N(r,a; f |= m)) the counting function of those a-points of f whose multiplicities are
not greater (less) than m, where each a-point is counted according to its multiplicity.

N(r,a; f |< m) (N(r,a;f |> m)) are defined similarly, where in counting the
a-points of f we ignore the multiplicities.

Also N(r,a; f |< m), N(r,a; f |> m), N(r,a; f |< m) and N(r,a;f |> m) are
defined analogously.

Definition 1.8 ([1]). Let f and g be two nonconstant meromorphic functions
such that f and g share (a,0). Let zo be an a-point of f with multiplicity p, an
a-point of g with multiplicity g. We denote by N (r,a; f) the reduced counting
function of those a-points of f and g where p > ¢, by Né) (rya; f) the counting
function of those a-points of f and g where p = ¢ = 1, by NS (r,a; f) the reduced
counting function of those a-points of f and g where p = ¢ > 2. In the same way we
can define N (r,a;g), Né) (r,a;9), Wg(r, a;g). In a similar manner we can define
Np(rya; f) and Np(r,a;g) for a € CU {oo}.

When f and g share (a,m), m > 1, then N]{J)(r,a; f)=N(ra f|=1).
Definition 1.9 ([13], [14]). Let f, g share a value a IM. We denote by

N.(r,a; f,g) the reduced counting function of those a-points of f whose multi-
plicities differ from the multiplicities of the corresponding a-points of g. Clearly

N.(r,a; f,9) = Ni(r,a; 9, f) = Np(r,a; f) + Np(r, a; 9).

Throughout the paper we denote P(z) = 2™ + az"™™ + b2""2™ + ¢ and 3; =
—(cf +acl ™+ bc?iQm), where n,m € N and a,b,c € C* are such that a® # 4b,
ged(m,n) =1, n > 2m and ¢;’s are the roots of the equation

(1.1) nz*™ + (n —m)az™ + b(n — 2m) =0

for i = 1,2,...,2m. Note that when a?/4b = n(n —2m)/(n —m)?, then (1.1) re-
duces to the equation

2

m a(n—m)>2 a’(n —m) b
- —2m) =0
n(z + 2n 4n +b(n—2m) ’
ie.
a(n —m)\2
1.2 (m 7> _0.
(1.2) n(2" + =~
Hence, in this case (1.1) has m distinct roots ¢;, i = 1,2,...,m, each being re-

peated twice. Proceeding similarly it can be easily shown that whenever a?/4b #
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n(n —2m)/(n —m)?, then (1.1) has exactly 2m simple roots ¢; for i = 1,2,...,2m.
In view of the above discussion, we have the following theorems which are the main
results of the paper.

Theorem 1.1. Let S; = {0,c1,¢2,...,¢m}, So = {21 2™ + az"™ + b2" 2" +
c = 0}, where n (> 2m + 3), ged(m,n) = 1, a?/4b = n(n —2m)/(n —m)? and
a,b,c € C* be such that ¢ # f3;, 5:3;/(8i + B;). Then

(i) Si’s,i=1,2, are BURSML, 3;
(ii) S;’s, i = 1,2, are BURSM2, 2.

Note 1.1. Observe that ¢ # 0,5; for i € {1,2,...,m} imply that S has n

distinct elements. So, this condition is essential for the definition of Ss (set) in the
above theorem.

The following example shows that when m = 1 and n = 5, then the condition
¢ # BiBj/(Bi + B;) cannot be removed.

Example 1.1. Let m = 1 and n = 5. Then for Theorem 1.1 we have only
one ¢; and f;. So we get b = %GQ, c = ——a Bl = 625X15a Now suppose f and g
be any two nonconstant meromorphic functlons such that f + g = ¢;. Note that in
this case 3;8;/(8; + B;) = B%/281 = 3B1. Then for ¢ = 13, with the above values
of b, ¢y and 3; we have

PP +aft+0f* = F(f* + af +)
= (a1 = 9)°((e1 = 9)* +ale1 — g) +b)
—(9-c)’(9® = (2c1 + a)g + ¢} +acy +b)
— (g% + (=5c1 — a)g* + (10¢3 + dacy + b)g® + (=103 — 6ac? — 3bcy)g?
+ (5ct + dac? +3bc?)g — c3(c2 + acy + b))
—(9° + ag" +bg® + Bu),

ie.
fPHaft+ofP+ 181 =—(¢° +ag’ +bg® + B1 — 11),

ie.
Prafr+vf2+c=—(9°+ag* +bg® +¢),

which implies f and g share Ss. Obviously, we have chosen f and g in such a way
that they share the set S1. So f and g share S; and So CM but f # g.

Observe that the polynomials used for the construction of S5 in Theorems B—C
are all critically injective polynomials. Also from Lemma 2.11, we would see that
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the polynomial used to form S2 of Theorem 1.1 is critically injective. Since from
Remark 1.1 of [8] we get that the same polynomial is uncertain to be critically
injective whenever a?(n — m)? # 4bn(n — 2m). Therefore it will be interesting to
deal the above theorem with So under this supposition. Hence, we have the following
theorems.

Theorem 1.2. Let S1 = {0,c1,¢2,...,Cam}, S2 = {21 2™ + az"~™ + b2" 2™ +
c = 0}, where n (> 4m + 3), ged(m,n) = 1, a?/4b # n(n —2m)/(n —m)?,1 and
a,b,c € C* be such that c # B3;, B:f;/(B: + B;). Then S;’s, i = 1,2, are BURSMO), 4.

Theorem 1.3. Let S; = {0,c1,¢a,...,Com} and So = {z: 2" +b2""2™ + ¢ =0},
where ged(n,2m) =1, b € C* and ¢ # 0, 5, 5i5;/(Bi + 5;). Then S;’s, i = 1,2, are
BURSMO, 4 for n > 4m + 3.

From Theorem 1.2 and Theorem 1.3 it follows that the least cardinality of the
second range set is 7 whereas in Theorem 1.1 the least cardinality of the same is 5.
So, natural question arises whether it is possible to further reduce the cardinality
of S5 in Theorem 1.2 and Theorem 1.3 so that the least cardinality of Sy in the
two theorems becomes 5. In the next two theorems we have shown that under the
additional supposition that the meromorphic functions sharing the sets do not have
any simple poles, the above is achievable.

Theorem 1.4. Let S; and S be two sets as defined in Theorem 1.2 forn > 4m+1.
Also suppose that f and g be two nonconstant meromorphic functions without having
any simple pole such that E;(S1,0) = E4(S1,0) and Ef(S2,2) = E4(S2,2). Then
f=g

Theorem 1.5. Let S; and Sy be two sets as defined in Theorem 1.3 forn > 4m-+1.
Also suppose that f and g be two nonconstant meromorphic functions without having
any simple pole such that E;(S1,0) = E4(S1,0) and E¢(S2,2) = E4(S2,2). Then
f=g

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel. Let f
and g be two nonconstant meromorphic functions and for an integer n > 2m + 1

P(f)—c _ [P 4 af™ +b)

2.1 F =
(2.1) —c —c ’
G- P(g) —c _ gn—Qm(QQm +agm, + b)
—C —C
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Henceforth, we shall denote by H and ¥ the following two functions:

22 = (- 7o) - (G- 2%5)
, ’
(2.3) ‘I’:FF_1_GG—1'

Lemma 2.1 ([14]). If F, G are two nonconstant meromorphic functions such that
they share (1,1) and H # 0, then

N(r1;F |=1) = N(r,1,G |=1) < N(r, H) + S(r, F) + S(r, G).

Lemma 2.2. Let F, G be given by (2.1). Also let Ef(S1,p) = E4(S1,p) and
E;(S2,0) = E4(S2,0), where S;’s, i = 1,2, are given as in Theorem 1.2 and Theo-
rem 1.1. Suppose H # 0. Then

(i) for a®/4b # n(n —2m)/(n — m)? we have

N(r,H) < N(r,0; f) + N(r,0;nf*™ 4 (n = m)af™ + b(n — 2m)) + N(r, 00; f)
+N(7’, oo,g) +N0(7“, Oa f/) + NO(ra 079/) +N*(7’, ]-7 Fv G)

and
(ii) for a®/4b=n(n —2m)/(n —m)? we have

a(n —m)
2n
— . — Cm a(n —m)
+ 00 (N (05 £ < p) + N (.0 /7 + 2 |<p) )
+ N(r,00; f) + N(r,00;9) + No(r,0; ') + No(r,0;¢') + N.(r, 1; F, G),

NG, H) < N(,0; f |2 p+1) + N (1,0, + Zp+1)

where No(r,0; f') is the reduced counting function of those zeros of f' which
are not the zeros of f(nf?™ + (n—m)af™ +b(n —2m))(F — 1) and No(r,0;g’)
is similarly defined.

Proof. From (2.1) we get that

_ Fr2m=L(n f2m 4 (n — m)af™ + b(n — 2m))

(2.4) F’ = I
(25) G = L g mlag” b 2m)
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From the condition of the lemma we see that

2m a* | n(n—2m)
10 =), when o # T =",
nf?" 4 (n—m)af™ +b(n—2m)=q " > n(n—2m)
nH(f —¢;)?, when % - %

(i) First suppose a?/4b # n(n — 2m)/(n — m)2. Then (2.2) reduces to

¥ i A 2

Since F, G share (1,0), from the construction of H we have

N(r,H) < N(r,0; f) + N(r,0;nf?™ + (n —m)af™ +b(n — 2m)) + N(r, 00; f)
+ N(r,00;9) + No(r,0;¢') + No(r,0; f') + N.(r, 1; F, G).

(ii) Next suppose a?/4b = n(n — 2m)/(n —m)?. Then (2.2) reduces to

H= Zf_cl_gj_g/cﬁr(n 2m — 1)(? 9_/)+J;ﬂ_':_9?'/’_(F2f_7’1_G2_c_:'1)

Let zg be a zero of f and a ¢;-point of g. Then from the above we can easily conclude
that zg is not a pole of H for n = 2m + 3 and a pole of H otherwise. So we have

N(r,H)éN(T,O;f|2P+1)+N(r,0;fm+a(n27;m) |2p+1)

— . — Cm a(n —m)
3, (N, 0:F 1< p) + N (1,07 + S22 < p) )
+ N(r,00; f) + N(r,00;9) + No(r,0; f') + No(r,0;¢') + N (1, 1; F, G).

O

Lemma 2.3 ([16]). Let f be a nonconstant meromorphic function and P(f) =
ap+arf+asf?+...+a,f", where ag,ai,ay...,a, are constants and a,, # 0. Then

T(r, P(f)) =nT(r, f)+ O(1).

Lemma 2.4 ([6]). Let f and g be two meromorphic functions sharing (1,t), where
1 <t <oo. Then

N(r,1;f)+ N(r,1;9) = N(r,1; f |= 1) + (t — $)N.(r, 15 f, 9)
< $(N(r,1; f) + N(r, 1; g)).
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Lemma 2.5. Let S;, i = 1,2, be defined as in Theorem 1.1, Theorem 1.2 and F', G
be given by (2.1). Suppose for two nonconstant meromorphic functions f and g,
E;(S1,p) = E4(S1,p), Ef(Sa,t) = E4(S2,t) and ¥ # 0. Then

(i) for a?/4b = n(n —2m)/(n —m)? with n > 2m + 3 we have

(3p+2)(ﬁ(r,o;f >p+1) +N(r,o;fm n “(”sz) >p+ 1))
< N.(r,1; F,G) 4+ N(r,00; f) + N(r,00;9) + S(r, f) + S(r, 9)

and
(ii) for a?/4b # n(n —2m)/(n — m)? with n > 2m + 1 we have

2p+ 1)(N(r,0; f = p+1)

< N.(r,1; F,G)

+N(r, 0:nf*" + (n —m)af™ +b(n — 2m) [> p + 1))
+N(r,00: f) + N(r,00:9) + S(r, f) + S(r.9).
Proof. By the given condition clearly F' and G share (1,t).

(i) Since a?/4b = n(n — 2m)/(n —m)?, we have

nfnfszl(fm + %a(n _ m)n*1)2f’ ngn72m71(gm + %a(n _ m)nil)Qg/

V= —e(F—1) —(G—-1)

Let zp be a zero or a ¢;-point of f with multiplicity r. Since E;(S1,p) = E4(S1,p),
then that would be a zero of ¥ of multiplicity min{(n—2m —1)r+r—1,2r+r—1},
i.e. of multiplicity min{(n — 2m)r — 1,3r — 1} if » < p and a zero of multiplicity at
least min{(n —2m — 1)(p+ 1) + p,2(p + 1) + p}; i.e. a zero of multiplicity at least
min{(n —2m)p+ (n—2m —1),3p+ 2} = 3p+ 2 if r > p. So by a simple calculation
we can write

a(n —m)
2n
N(r.0:0) < T(r.¥) + O(1) < N(r.00:¥) + S(r. F) + S(r.C)

<
< N.(r,1;F,G) 4+ N(r,00; f) + N(r,00;9) + S(r, f) + S(r, ).

(3p+2)(ﬁ(r,0;f|>p+ 1)+N(r,0;f’”+ |>p+1))

(i) Since a?/4b # n(n —2m)/(n —m)?, we have

PP P A (n = m)af™ 4 b(n — 2m)) f!

B —c(F —1)

9" *" Hng*™ + (n — m)ag™ + b(n — 2m))g’
—c(G—1) '

Y

Let 2z be a zero or a ¢;-point of f with multiplicity r. Since E¢(S1,p) = E,(S1,p),
then that would be a zero of ¥ of multiplicity min{(n —2m — 1)r+r—1,r+7r—1},
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i.e. of multiplicity min{(n — 2m)r — 1,2r — 1} if » < p and a zero of multiplicity at
least min{(n — 2m — 1)(p+ 1) + p, (p + 1) + p}, i.e. a zero of multiplicity at least
min{(n —2m)p+ (n —2m —1),2p+ 1} = 2p+ 1 if r > p. So similarly as above we
can have

O

Lemma 2.6. Let S;, i = 1,2, be defined as in Theorem 1.1, Theorem 1.2 and F', G
be given by (2.1). Suppose for two nonconstant meromorphic functions f and g that
E¢(S1,p) = E4(S1,p), Ef(S2,t) = E4(S2,t), where 0 < p < 00, 2 < t < 0o and
H #0. Then

(i) for a®/4b = n(n —2m)/(n — m)? we have

(n+m)(T(r, f) +T(r,9))

<( (r,0; f) zm: N(ryei; f

m
+ N0 f2p+ 1)+ ) N(reif[2p+1)

\_/

+xn(W(7®0;f|<p) +N
+2N(r,00; f) + 2N (r, o0;
—(t=23)N.(r,1;F,G) +

and
(ii) for a®/4b # n(n —2m)/(n —m)? we have

(n+2m)(T'(r, f) + T(r, 9))
3 (N(r, 0; f) + iﬁ(r, ci; f)) + 2N (r,00; f) + 2N (1, 00; g)
+i(N(r, 1, F) i N(r,1;G)) — (t = 2)N.(r,1;F,G) + S(r, f) + S(r, g).
Proof. (i) By the second fundamental theorem we get
(2.6) (n+m)(T(r, f) +T(r,9))

< N(r,1;F)+ N(r,0; f) + Z (r,cii f) + N(r,00; f) + N(r,1;G)
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N(r,ci;9) + N(r,00;g) — No(r, 0; f)

Ms

+ N(r,0;9) +
1

S(r, )+ 5(r,9)-

+ﬂ

- NO(raO;g )

Now the conclusion immediately follows from Lemmas 2.1, 2.2, 2.3 and 2.4 and the
_ m o _ m o
fact that N(T,O;f) + Z N(T,Ci;f) = N(T,O;g) + Z N(r,ci;g).

i=1 i=1
(ii) By the second fundamental theorem we get

2.7 (n+2m)(T(r,f)+T(r,g))
2m
< N(Tvl;F) —I—N(T,O;f) +ZN(T,Ci;f) —G—W(r,oo;f) +N(T71;G)
i=1
2m
+N(r,0,9) + > N(r,ci;9) + N(r, 005 9) — No(r, 0; f)
i=1

- NO(rv Oa g/) + S(?", f) + S(?", g)
Now the conclusion immediately follows from Lemmas 2.1, 2.2, 2.3 and 2.4 and the

factthatN(rOf)—l—EN(rcz,f)—N(rOg)—l—zN(rcz, g). O
Lemma 2.7. Let S;, i = 1,2, be defined as in Theorem 1.1, Theorem 1.2 and F', G
be given by (2.1), where n > 2m + 1 and they share (1,t) for 1 <t < co. Then
(i) for a®/4b=n(n —2m)/(n —m)?

m

N*(r,l;F,G)Sllf( (r,0; ) Z (r,cis f >+S(r,f)

and
(ii) for a®/4b # n(n —2m)/(n —m)?

2m
W.:157.6) < (R0 + 2 Fes) +.56.).

Proof. The proof is obvious. O

Lemma 2.8. Let S;, i = 1,2, be defined as in Theorem 1.1, Theorem 1.2 and F', G
be given by (2.1), where n > 2m + 1 and they share (1,t) for 2 < t < co. Then
M
N*(T717F5G) g

57 V(005 ) + N(r,0039)) + S(r, £) + 50, 9)

when a?/4b = n(n — 2m)/(n —m)?,
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(i) |

N, 15 F,G) < 7= (N(r, 005 f) + N(r, 001 9)) + S(r, f) + 5(r,9)

when a?/4b # n(n — 2m)/(n —m)2.
Proof. (i) By Lemma 2.7 and Lemma 2.5 we have

m

( (r,0; f) + Z (rocis f >+S(nf)

N.(r,1;F,G) <

H—l»—l

(N(T 00; f) + N(r,0039) + Nu(r,1; F,G)) + S(r, f) + S(r, 9)

1
<
2t -1

m|,_

——(N(r,00; f) + N(r,00;9)) + S(r, f) + S(r, ).

(ii) Similarly, we can have

N.(n1:F.0) < KMmm+ZNm%®+aw>

— (N (1,00 f) + N(r,00:9)) + S(r, f) + S(r. 9).
(]

Lemma 2.9 ([8]). Let ¢(z) = a?(z"™ — A)? — 4b(2" 2™ — A)(2" — A), where
a,A(# 0),b(# 0) € C, ged(m,n) = 1, n > 3m and a® # 4b. Then the following
results hold.

(i) Ife' is any multiple zero of p(z), then t satisfies

a®(n —m)?

2bn(n — 2m) L

coshmto =1 or coshmig=

(ii) Fach multiple zero of p(z) is of multiplicity 2 whenever

a?  n(n—2m)

4b 7 (n—m)? "

Lemma 2.10 ([8]). Let ¢(z) = 2(2’”"”’ — A)? —4b(z"72™m — A) (2" — A), where
Aja,b € C*, a?/4b=n(n — 2m)/(n —m)?, ged(m,n) =1, n > 2m. If W' is the mth
root of unity forl =0,1,...,m — 1, then

(i) ¢(2) has no multiple zero when A # w!,
(ii) ¢(z) has exactly one multiple zero when A = w! and that is of multiplicity 4.
In particular, when A = 1, then the multiple zero is 1.
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Lemma 2.11 ([8]). Let P(z) = 2"+ az""™ + b2""2™ + ¢, where a,b € C*. Then
the following holds.
(i) Bi’s are nonzero if a® # 4b.

(ii) P(z) is critically injective polynomial if a®/4b = n(n —2m)/(n —m)2.

3. PROOFS OF THE THEOREMS

Proof of Theorem 1.1. (i) Let f and g be nonconstant meromorphic functions
such that E;(S1,1) = E4(S1,1) and Ef(S2,3) = E4(S2,3). Suppose F, G be given
by (2.1). Then F and G share (1,3). We consider the following cases.

Case 1. Suppose that ¥ # 0.

Subcase 1.1. Let H # 0. Then for n=2m + 3 using Lemma 2.6 for p =1, t = 3,
Lemma 2.5 for p =1, p = 0 and Lemma 2.3 we obtain

(n+m)(T(r,f) +T(r,9))

< 2 (V001 ) + N(r,003)) + 5 (70 1) + T(,0)) + 50, ) + 5(0,.0)
< (5+2) @D +T09) + 56 )+ S(r9),

which is a contradiction.
Next, for n > 2m + 3, proceeding in the same way as above and using Lemma 2.6
for t = 3, Lemma 2.5 for p = 0 and Lemma 2.3 we get
n 7

(n+m)(T(r. ) +T(r,9)) < (5 +5) (T ) + T, 9)) + S, f) + S(r.9),

which is again a contradiction.
Subcase 1.2. H = 0. Then from (2.2) we get

1 A

where A (# 0) and B are two constants. So in view of Lemma 2.3, from (3.1) we get

(3.2) T(r,f)=T(r,g)+ O(1).
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Subcase 1.2.1. Suppose B # 0. Then from (3.1) we get

G-1
. T v
Subcase 1.2.1.1. If A— B # 0, then noting that (B — A)/B # 1, from (3.3) we get
— B—A —
N(r, B ,G) = N(r,00; F).

Now let us consider the following subcases.
Subcase 1.2.1.1.1. Suppose that (B — A)/B # p;/c for all i = 1,2, ..., m. There-
fore in view of equation (3.2) using the second fundamental theorem we have

(n+ m)T(r.g) < N(r.0:9) + 3 Nir.cizg) + N(rooig) + N (r. 22 2:6) + 8(r.9)

B
=1
< (m+2)T(r,g) + N(r,00; f) + 5(r,g),

which is a contradiction for n > 4.
Subcase 1.2.1.1.2. Suppose that (B — A)/B = ;/c for one i € {1,2,...m}. Since
a?/4b = n(n — 2m)/(n — m)?, then from Lemma 2.2 we know that

g + daln — m)n )
_c !
Again a?/4b = n(n — 2m)/(n — m)? # 1 implies a? # 4b. Therefore by Lemma 2.11

we get 5; # 0 and P(z) is critically injective. Since any critically injective polynomial
n—3

can have at most one multiple zero, g" +ag" ™™ +bg" 2"+ B; = (9—¢;)® [ (9—nj),
j=1

where 7;’s are (n — 3) distinct zeros of 2" +az" "™ +bz" "™ 4 3; such that n; # ¢;, 0.

Then from (3.3) we have

(3.4) G' =n

—c(G—1)
n—3

(9—ci)? 1 (g—nj).

Jj=1

(3.5) B(F—1)=

Since E¢(S1,0) = E4(S1,0), ¢;-points of g are not poles of F' and hence ¢; is an e.v.P
of g. Furthermore, each 7n;-point of g of multiplicity p is a pole of f of multiplicity ¢
(say). Therefore p = nqg > n. So in view of (3.2) and the second fundamental
theorem we get
n—3
(n—2)T(r,9) < N(r,0;9) + N(r,ci1g) + N(r,0019) + Y _ N(r,m;:.9) + S(r, 9)

i=1
n—3
< (24 ==)T(r.9) + S(r.9).

which is a contradiction for n > 2m + 3.
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Subcase 1.2.1.2. If A— B =0, then from (3.3) we have

G-1 gn—Qm(92m+agm+b)
. ~  _=BG=B
(3:6) F-1 ¢ —c ’

i.e. 0’s of g and (¢?™ + ag™ + b) are poles of F. Since a?/4b = n(n — 2m)/(n — m)?,
i.e. a? # 4b, so all the zeros of w?™ + aw™ + b are simple. Now let & be a zero
of w?™ + aw™ + b for i € {1,2,...,2m} and each &;-point of g is of multiplicity p.
Then it is a pole of f of multiplicity ¢ for some g > 1. So from (3.6) we get p = ng,
i.e. p > n. Similarly as in Subcase 1.2.1.1.2 we can prove here that ‘0’ is an e.v.P.
of g. Now using the second fundamental theorem we get

2m
(2m — )T(r,g) < >_N(r,&i;g) + N(r,0;9) + S(r,g) < QTmT(T, 9)+58(r,9),
=1

which is a contradiction for n > 3.
Subcase 1.2.2. Suppose B = 0. Then from (3.1) we get that

G-1=A(F-1),
ie.
G' = AF,
which implies ¥ = 0, a contradiction.
Case 2. Let ¥ = 0. Then by integration we get

G-1=AF-1),

i.e.
A— 1)

(37) gn+agn—m+bgn—2mEA(fn+afn—m+bfn—2m+c <

and
(38)  g"+ag" " bg" I ol - A) = A(f" 4 af " 4 b,

Subcase 2.1. Let A # 1. Then as ¢ # 0, ¢(A —1)/A # 0 and at the same time by
Lemma 2.11 we have (3; # 0. Therefore we have the following subcases.

Subcase 2.1.1. Suppose ¢(A —1)/A = p; forsome i € {1,2,...,m}. Then we claim
that c(1—A) # B, forany j € {1,2,...,m}. Forif ¢(1—A) = §;,1e. A= (c— 3j)/c,
and since ¢(A — 1)/A = f;,1.e. A= c/(c— B,), it follows that (¢ — 8;)/c = ¢/(c — Bi),
i.e. ¢ = B;iBj/(Bi + Bj), a contradiction. Thus w™ + aw™ ™ +bw" 2™ +¢(1—A) =0
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has only simple roots, say «; for i = 1,2,...,n. So from (3.8) we get

n

(3.9) [I(g— ) = A2 (2™ + af™ +b).

i=1

Since E¢(S51,0) = Ey4(S1,0), from (3.9) obviously ‘0’ is an e.v.P. of f. Now using (3.2)
and the second fundamental theorem, in view of (3.9) we get

(TL - 2)T(7’, g) < ZN(T, ai;g) + S(?", g) < 2mT(r, f) + S(?", g)v

i=1

which is a contradiction for n > 2m + 3.

Subcase 2.1.2. Suppose c(A—1)/A # B; for all i € {1,2,...,2m}. So, w™ +
aw™™ ™ + bw" 2™ + ¢(A — 1) /A = 0 has only simple roots, say o for i =1,2,...,n.
Therefore from (3.7) we have

n

(3.10) g Mg +ag™ +b) = AT[(f — o).

i=1

Now by the same argument as used in Subcase 2.1.1 we get a contradiction for
n>=2m+ 3.
Subcase 2.2. Let A =1. Then we get P(g) = P(f), i.e.

(3.11) §I G g™ 4 b) = (P 4 a4,
which implies f, g share co CM. Since E¢(S1,0) = E4(S51,0), then equation (3.11)
also implies f, g share 0 CM. Now suppose h = g/f. Then clearly h does not have
any zero and pole. Substituting g = fh into P(g) = P(f) we have
(3.12) AR = 1) +af™(h"™ — 1) + b(h" 2™ — 1) = 0.

Subcase 2.2.1. If h is constant, then as ¢ is nonconstant, k" = h"~™ = p772m = |,

which implies h = 1 as ged(m,n) = 1. Therefore f = g.
Subcase 2.2.2. If h is nonconstant, then in view of Lemma 2.10 we get

(3.13)

( ah"mm — 1)2 _ a?(h—1)*h —61)(h —62) ... (h — d2p—2m—1)

m )
AT A —1)2 !

where 0;’s are the distinct simple zeros of ¢(z). From (3.13) we conclude that each ;-
point of A is of multiplicity at least 2. Therefore by the second fundamental theorem
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we get

2n—2m—4
(2n —2m — 4)T(r,h) < Z N(r,6;;h) + N(r,0;h) + N(r, 003 h) + S(r, h)
i=1

<(n—m—2)T(r,h)+ S(r, h),

which is a contradiction for n > m + 3.

(i) Let f and g be two nonconstant meromorphic functions such that E;(S1,2) =
E,4(51,2) and E¢(S2,2) = E4(S2,2). Suppose F, G be given by (2.1). Then F' and G
share (1,2). We consider the following cases.

Case 1. Suppose that ¥ # 0.

Subcase 1.1. Let H # 0. Then for n = 2m + 3 using Lemma 2.6 for p = 2, t = 2,
Lemma, 2.5 for p = 2, p = 0, Lemma 2.3 and Lemma 2.8 we obtain

(n+m)(T(r, f) +T(r,9))

< 2<N r,0; f) iﬁ (ryci; f (N(r,00; f) + N(r,00; g) + N.(r, 1; F, G))

+ \_/
OOIb—‘

+2N(r,00; f) + 2N (r,00; g) %(N(r,l;F)—FN(r,l;G))
—%W*(r,l,F Q)+ S(r, ) + 5(r,9)

< 200 1) + Nl 00i9) + 5 (T ) + T(0.9))
+ 2N L EG) + 50 f) + 5(r.9)
<(5+ _5) (T(r, f) +T(r,g9)) + %(W(n 00; f) + N(r,00; 9))
+5(r, f)+5(r,9)
< (5 +5) 0 0)+ T(r,9) + 5, )+ S0 9),

which is a contradiction.

For n > 2m + 3, in a similar way as above we get

7T 1

(n+m)(T(r, f)+T(r,9) < (5 + 5 +5) T ) +T(r,9) + S(r.f) + S(r.g).

which is again a contradiction.

The rest of the proof can be dealt the same as the proof of part (i) of this theorem.
O
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Proof of Theorem 1.2. Let f and g be nonconstant meromorphic functions
such that E¢(S1,0) = E4(S1,0) and Ef(S2,4) = E4(S2,4). Suppose F, G be given
by (2.1). Then F and G share (1,4). We consider the following cases.

Case 1. Suppose that ¥ # 0.

Subcase 1.1. Let H # 0. Then using Lemmas 2.6, 2.8 for ¢t = 4, Lemma 2.5
for p = 0, Lemma 2.3 and proceeding similarly as in Subcase 1.1 of part (i) of
Theorem 1.1 we obtain

(n+2m)(T(r, £) + Tr,)) < (5 +5+ 5 ) (T, ) + T, )) + (s, £) + 5(r,9),

which is a contradiction for n > 4m + 3.
Subcase 1.2. Let H = 0. Then from (2.2) we get

1 A

where A (3 0) and B are two constants. So in view of Lemma 2.3, from (3.14) we get
(3.15) T(r,f)=T(r,g)+O(1).

Subcase 1.2.1. Suppose B # 0. Then from (3.14) we get

G-1

(3.16) F-l=gera-s

Subcase 1.2.1.1. If A— B # 0, then noting that (B — A)/B # 1, from (3.16) we
get
B-A —
5 ,G) = N(r,00; F).
Now let us consider the following subcases.
Subcase 1.2.1.1.1. Suppose that (B — A)/B # B;/c for all i = 1,2,...m. There-

fore in view of equation (3.15) using the second fundamental theorem we have

W(r,

_(r B—A

(n+2m)T(r,g) <N(r,0:9) + > N(r,ci39) + N(r,009) + N (r, =5 G) +8(r,9)

which is a contradiction for n > 4.

Subcase 1.2.1.1.2. Suppose that (B — A)/B = 3;/c for one i € {1,2,...m}. Since
a?/4b # n(n — 2m)/(n — m)?, then from Lemma 2.2 we get that
s G 8 G 4 (0 = mag™ 4 b 2m)

—C
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Also from Remark 1.1 of [8], for a?/4b # 1, n(n —2m)/(n —m)?, it is uncertain
whether P(z) is critically injective or not and at the same time we have 3; # 0 by
Lemma 2.11. Therefore

(3.18) 2" az" ™ b2 4 B
may have more than one multiple zero which are nothing but ¢;’s fori =1,2,...,2m.
But it is certain that if (3.18) has r multiple zeros, say c1, ¢a, . . . , ¢; then each of them
is of multiplicity 2 because they are simple zeros of nz?™ + (n —m)az™ + b(n — 2m).
Hence

n—2r

9" +ag" " g P+ B = (g — 1) (g —2)* .. (g— ) [ (9 ),
i=1

where (;’s are (n— 2r) distinct zeros of (3.18) such that §; # ¢;,0fori =1,2,...,2m.
Then from (3.16) we have

(3.19) B(F-1)= —(G-1) — .
@—QP@—@Vm@—@PELQ—Q

Since Ef(S1,0) = E4(S1,0), ¢;-points of g are not poles of F' and hence ¢;-points are
e.v.P. of g. Now if r > 3, then ¢ is constant which is a contradiction. If r < 2, then
observe that each (;-point of ¢ of multiplicity p is a pole of F' of multiplicity ¢ (say).
Therefore p = ng > n. So by the second fundamental theorem we get

—or
(n—7)T(r,g) < N(r,0;9) +ZN (r,ci3.9) + N(r, 005 g) Z (r,¢j39) + S(r, 9)
i=1 i=1
( ) (r,9) +S(r, g).
Since r < 2 < 2m, therefore we arrive at a contradiction for n > 2m + 3, i.e. for

n > 4m + 3.

Subcase 1.2.1.2. If A — B = 0, then as here a? # 4b, this case can be dealt the
same as in the proof of Subcase 1.2.1.2. of Theorem 1.1.

Subcase 1.2.2. Suppose B = 0. Then from (3.14) we get that

G-1=AF-1),

ie.
G' = AF/,

which implies ¥ = 0, a contradiction.
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Case 2. Let ¥ = 0. Then on integration we get

G-1=AF 1),

ie.

(3.20) g" +ag"T™ £ bg" A = A(f" +aftTm™ L pfm T 4 cA;1 1)
and

(3.21) g+ ag" "+ bg" I o e(1 = A) = A(f" + afT™ A bfTEM),

Subcase 2.1. Let A # 1. Then this case also can be resorted the same as Sub-
case 2.1. of Theorem 1.1.
Subcase 2.2. Let A =1. Then we get P(g) = P(f), i.e.

(322) gn72m(92m +agm + b) = fn72m(f2m +afm -l—b),

which implies f, g share oo CM. Since E;(S1,0) = E,(S1,0), then equation (3.22)
also implies f, g share 0 CM. Now suppose h = g/f. Then clearly h does not have
any zero or pole. Substituting g = fh into P(g) = P(f) we have

(3.23) SRt = 1) +af™(R" ™ = 1) + b(R" TP — 1) = 0.

Subcase 2.2.1. If h is constant, then as g is nonconstant, h” = h"~™ = p772m = |,
which implies h = 1 as ged(m,n) = 1. Therefore f = g.
Subcase 2.2.2. If h is nonconstant, then from (3.23) we get

m, ah" N2 p(h)
(3.24) (f AR T ) T 4(hn —1)2

where p(h) = a?(h"™™ — 1) — 4b(h"=?™ — 1)(h"™ — 1). Now in view of part (ii)
and (i) of Lemma 2.9 we get that each multiple zero of ¢(z) is of multiplicity 2 and
those zeros are of the form e such that ty satisfies coshmty = 1 or coshmty =
a*(n —m)?/2bn(n — 2m) — 1, i.e. at most m + 2m = 3m multiple zeros are there. So
©(z) can have at least 2n — 2m — 6m distinct simple zeros, say v; for i = 1,2,...,

2n — 8m. From (3.24) it is clear that each v;-point of h is of multiplicity at least 2.
Therefore by the second fundamental theorem we get

2n—8m
(2n —8m)T(r,h) < Z N(r,vi;h) + N(r,0;h) + N(r,00; h) + S(r, h)
i=1

< (n—4m)T(r,h) + S(r, h),
which is a contradiction for n > 4m + 3. O
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Proof of Theorem 1.3. Proceeding similarly as in the proof of Theorem 1.2. for
a = 0 and ged(n,2m) = 1, we can obtain the result. O

Proof of Theorem 1.4. Here, proceeding in a similar fashion like in the proof of
Theorem 1.2 and using the fact that

N(r,00; f) + N(r,00;9) < =(N(r,00; f) + N(r,00;9)),

N =

we can obtain the result. O

Proof of Theorem 1.5.  Similarly as in the proof of Theorem 1.4 we use the
inequality

N(r,00; f) + N(r,00;9) < = (N(r,00; f) + N(r,00; g))

DN =

and obtain the result. O

It is to be noted that using the same method as adopted in this paper, one can
easily show that for any meromorphic functions having no simple poles, the sets
S1={0,c1,¢c2,...,¢cm}, So ={z: 2"+az"""+c =0}, where gcd(m,n) =1, a € C*
and ¢ # 0,3;, are BURSMO, 3 for n > 2m + 3, BURSM1,2 for n > 2m + 4 and
BURSML1, 3 for n > 2m+1 under the additional supposition that ¢ # 5,8;/(8; + ;).

4. APPLICATION

Application of Theorem 1.1. Let us consider the sets defined in Theorem C.
Then we have

Sy={z: {(n—1)(n—=2)2" —n(n—2)z""'+ In(n—1)2""> —d = 0}

n n—1 n—2
= : + — + ——_—0}
{Z * n—lz TL—QZ (n—l)(n—?)

={z: 2" +az""" 4+ bz"?" 4 ¢ =0},

where a = —2n/(n—1),b=n/(n —2), ¢ = —2d/(n — 1)(n — 2) and m = 1. Observe
that here a?/4b = n(n — 2m)/(n — m)?, ged(m,n) = 1. Hence, the roots of

nz*™ + a(n —m)z™ + b(n —2m) =0

are ¢; =c¢; = a(l —n)/2n =1 and

_ (n—m) (n—2m)y _ 2n noy _
Bi = —(c}' +ac;"™™ +be;" m)f_(l_n_l—i—n_g)* = B;-




Therefore 8;8;/(Bi + 8;) = —1/(n—1)(n — 2). Also we have S; = {0,1} = {0,¢1}
andn >5=2-1+3 = 2m + 3. Therefore all the conditions of Theorem 1.1 are
satisfied and hence S;’s as used in Theorem C are BURSM1, 3, BURSM2, 2 for ¢ #
0, Bis B33/ (Bi + By), ive. —2d/(n —1)(n—2) # 0,~2/(n—1)(n —2),~(n — 1)~ x
(n—2)"1ie. d#0,1,1.

Remark 4.1. The above result significantly improves Theorem C by removing
the condition d*> —d + 1 # 0 as well as relaxing the nature of sharing from (3,2)
to (2,2).

Remark 4.2. Example 1.1 shows that whenever m = 1 and n = 5, then ¢ #
BiBj/(Bi + B;) is a must for Theorem 1.1. Consequently, d # % in Theorem C is a
must whenever n = 5. In this case we would have any two nonconstant meromorphic
functions f and g such that f 4+ g = 1 and they share S; and So CM but f # g.

5. SOME RELEVANT ISSUES

To get the best possible answer of Question A, Yi (see [19]) also introduced the
following polynomial in the literature:

(5.1) Py (w) = ayw™ — n(n — Dw? 4+ 2n(n — 2)bjw — (n — 1)(n — 2)b?,

where n > 3 is an integer and a; and b; are two nonzero complex numbers satisfying
a1b? ™2 # 2. Tt has also been proved that P;(w) has only simple zeros.

A huge number of researchers (see [19], [11], [2], [3], [7]) devoted themselves to the
best possible solution of Question A under the ambit of this polynomial. In all these
theorems, authors resorted to the same technique so as to reduce the cardinality of
one set containing n elements, as small as possible, as the other set, namely the set
of poles, is always fixed. One can easily point out that the least possible value of n
devoid of any deficiency conditions have so far been obtained is 8. In the sequel we
will show that to further reduce the value of n without any deficiency conditions the
notion of bi-unique range sets plays a vital role if we slightly manipulate the initial
definition in [4]. By adopting this new notion we will also be able to execute our
second motivation as stated earlier. Hence, we initiate the following definition.

Definition 5.1. Suppose S; = S* U {oco}, where S* C C. Further suppose
So C C. Then S; and Sy are called extended bi-unique range sets for meromorphic
(entire) functions with weights m, k if for any two nonconstant meromorphic (entire)
functions f and g, Ef(S1,m) = Ey(S1,m), Ef(S2, k) = E4(S2, k) imply f =g. We
say S;’s, i = 1,2, are EBURSMm, k (EBURSEm, k) in short. As usual if both
m =k = oo, we say S;’s, i = 1,2, are EBURSM (EBURSE).
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In connection to this new definition, we are now going to provide the following
results which will improve, supplement and generalize all the results obtained so far
for Py (w) as far as the possible answer of Question A is concerned.

Let Q(w) = cw"™ + bw?™ + aw™ + 1, where n,m € N, and a,b,c € C*
be such that n > 2m, ged(n,m) = 1, a?/4b = n(n —2m)/(n —m)? and ¢ #
—(2mbe?™ + ame™) /nel (= ;) with e; being the roots of the equation

(5.2) w™ = —2771.
(n—m)a
Now, Q' (w) = ncw™ ! + 2mbw?*™ =1 + amw™ 1. Therefore the zeros of Q' (w) are
the roots of ncw™ 1 + 2mbw?™ ! + amw™ ! = 0. Clearly, for any zero ‘s’ of Q'(w)
we have ncs”! + 2mbs?™ ! + ams™ ™! = 0, ie. nes” + 2mbs*™ + ams™ = 0,
ie. cs™ = —(2mbs®™ + ams™)/n.

Now for s =0

Q) =140
and for s # 0
2mb 2m m
Q(s) = — mos n+ 4+ bs?™ 4 qs™ +1

_ (n—2m)bs®™ 4 (n —m)as™ +n

N n

_a?(n—m)?s¥™ + da(n — m)s™ + 4n?

N 4n?

~ (a(n —m)s™ + 2n)?

N 4n? '
So, ‘s’ is a zero of Q(w) if s™ = —2n/((n —m)a), ie. if s € {e1,e2,...,e,}. But
then we would have ce? = —(2mbe?™ + ame!™)/n for i € {1,2,...,m}, which is a
contradiction as ¢ # v; = —(2mbe?™ + ame™)/ne?. Hence, Q(w) has only simple
Z€eros.

Theorem 5.1. Let S§ = {00, e1,€2,...ey} and S5 = {w: cw™ + bw?™ + aw™ +
1 = 0}, where n > 2m + 3, ged(n,m) = 1, a®/4b = n(n —2m)/(n —m)?, and
a,b,c € C* be such that ¢ ¢ {0,v;,vivj/(vi +7;)}. Then

(i) S}, i=1,2, are EBURSMI, 3.
(ii) S;’s, i =1,2, are EBURSM2, 2.

Proof. Let f and g be two nonconstant meromorphic functions such that
Ef(STap) = EQ(STap) and Ef(ngt) = Eg(ngt% where (pv t) = (173)a (272)
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We have S5 = {w: cw™ + bw?™ + aw™ + 1 = 0} and suppose that Sy = {z:
2"+ az""™ 4 b2 2™ 4+ ¢ = 0} with the same condition on a,b,c,n,m as given in
the theorem.

Observe that

Sy ={w: cw" + bw*™ + aw™ + 1 = 0}
B {1. 2V azh M 4 b2 4 _0}
z 2"

1
= {—: 2P a4 bV e = O}.
z

Suppose w1, ws, ..., w, are distinct roots of cw™ + bw?™ + aw™ + 1 = 0 and
21, %2, . .., 2p are distinct roots of 2" +az" "™ +b2" 2" + ¢ = 0. Clearly the elements
of S9 and S5 are reciprocals, so after suitable arrangement of the elements of these
sets we can write w; = 1/z;. Further suppose f1 =1/f, g1 =1/g.

Let a;; be any w;-point of f. Then a;; is 1/w; point of 1/f, i.e. a;; is z;-point
of f1 and vice-versa.

Now E¢(S5,t) = U Euwi, f) = U Ei(zi, f1) = Ey, (S2,t). So, Ef(S5,t) =

w; €SS z; €S2

E,(S5,t) implies Ey, (Se,t) = Eg, (Sa2,1).

We recall that S;7 = {oo,e1,€9,...en}, where e;’s, i € {1,2,...,m}, are the
distinct mth roots of the equation

2n

(5.3) Z™ = —m.

Suppose that S; = {0,c1,¢a,...,¢m}, where ¢;’s, i € {1,2,...,m}, are the distinct
mth roots of the equation

(n—m)a.

5.4 m_
(5.4) w o

Now putting w = 1/z in (5.4), we get (5.3). Then by similar argument as deployed
to find the relation between w; and z; we can write ¢; = 1/e;.

So for f =1/f1 and g = 1/g1, using the similar argument as done above we have
that E(S},p) = E,(Sf,p) implies Ey, (S1,p) = E,, (S1,D).

Also from the proof of Lemma 2.11 observe that

2mbe2™ + ame™ m
Vi =— - == —c?‘ng(acin +2b) = ;.

n
ne;

Hence, all the conditions of this theorem coincide with all the conditions of Theo-
rem 1.1. Therefore Ey, (S1,p) = Eq,(S1,p) and Ey, (S2,t) = Eg, (S2,t) imply f1 = ¢1
for (p,t) = (1,3),(2,2). Hence 1/f =1/g, i.e. f=g. O
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Corollary 5.1. Let S§ = {b;,00} and Sj = {w: a1w™ —n(n—1)w?+2n(n—2) x
byw — (n — 1)(n — 2)b} = 0}, where n > 5, and a1,b; € C be such that a;b] 2 ¢
{0,1,2}. Suppose that f and g are two nonconstant meromorphic functions satis-
fying E¢(ST,p) = E4(ST,p) and E¢(S5,t) = E4(S5,t). Then f = g for (p,t) =
(1,3),(2,2).

Proof. Given that
Sy = {w: ayw™ —n(n — Dw? + 2n(n — 2)byw — (n — 1)(n — 2)b? = 0}
—aq n n 9 2n

:{“” n—Dm-—202" " m-282" " (n-1)b
={w: cw™ + bw*™ + aw™ + 1 = 0},

w+1:0}

where ¢ = —ay/(n —1)(n —2)b3, b = n/(n—2)b?, a = —2n/(n —1)by and m = 1,
observe that here a?/4b = n(n —2m)/(n —m)? and ged(n,m) = 1. Now the
roots of w™ = —2n/(n—m)a are e, = e; = —2n/(n—1)a = b; and hence
v = —(2mbe?™ + ame™)/nel = —(2bb3 + aby)/nbY = —(2n/(n —2))/nb} +
(2n/(n — 1)) /nb = —2/((n — 1)(n — 2)b}) = ;. Therefore 77/ (3 + ;) = Ly =
—1/(n—=1)(n —2)b}. So, we have S; = {bj,00} = {e1,00} and n > 5 =
2-1+3 =2m+3. Now a;b?? ¢ {0,1,2} implies —a1b7/(n —1)(n —2)b3 ¢
{0,-1/(n—1)(n—2),-2/(n—1)(n — 2)}, i.e. ¢ & {0,7:v;/ (7 +7;),vi}- Therefore
all the conditions of Theorem 5.1 are satisfied. Hence, the corollary immediately
follows from Theorem 5.1. O

Remark 5.1. Clearly Theorem 5.1 and Corollary 5.1 significantly reduces the
value of n from 8 to 5 at the cost of forming EBURSM without any deficiency
conditions over the functions.

From the last section of the proof of Corollary 5.1 and the discussion just above
Theorem 5.1, it is clear that a;b7 "2 ¢ {0,2} is mandatory for all the roots of

arw" —n(n — 1)w? + 2n(n — 2)byw — (n — 1)(n — 2)b? =0
to be simple. Now we exhibit the following example which shows that the condition

alb?*2 # 1 is also sharp for n =5 in Corollary 5.1.

Example 5.1. Let R(w) = ajw™/n(n —1)(w — aq)(w — az), where oy and oo
are two distinct roots of n(n — 1)w? — 2n(n — 2)bjw + (n — 1)(n — 2)b? = 0 with
a1,b; € C* being such that alb?_Q = 2. Suppose f be any nonconstant meromorphic
function and g = b1 f/(f —b1). Also let Fy = R(f) and G1 = R(g) for n = 5 with
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alb?_Q =1,ie. a1b} = 1. Now

6195
(5.5) 2G1 = 1009 = 1) (g — o2
_ a1b? f°
C10(f = b1)P(baf(f —b1) "t —an) (b f(f —b1) "' — a2)
_ by fo
—10(f = b1)3(f (b1 — a1) + broa ) (f(by — az) + bia)
_ bt fo
—10(f = 01)*(f + braa(by — a1)7Y)
1

8 (f +braz(by — a2) 1) (by — a1) (b1 — a2)

Note that here «;’s are the roots of 10w? — 15bjw + 6b? = 0. Therefore a; =
2 (154++v/151)by and so (by —aq)(by —az) = 15b%. Putting these values in (5.5) we get

GO 2 = (B + haa(br — o)) + braa(r — a2) )

a1f5
(f =b1)3ar(f +braa(br — ar) H)(f + brag(by — a2) =)

Here bio; /(b — ;) = $b1(3 £ V15i). So, (5.6) reduces to

5 5 F
2C;(l - alf = alf = 1

C(f=b)3(arf? + 3arbi f +6a1b3)  arfO — 102+ 15b, f — 667 Fy — &

which implies G; = Fy/(2F; — 1), i.e. Gy — 1 = (1 — F1)/(2F; — 1), hence Fy, Gy
share 1 CM and so E;(S5,00) = E,4(S5,00) for n = 5. Obviously E(S},00) =
E,4(S7,00) but f #g.

In [8] it has been shown that S2 of Theorems 1.1, 1.2, 1.3 forms unique range
sets (URSM) with weight 2. Using the techniques of Theorem 5.1 one can easily
show that S5 of the same theorem is also a URSM with weight 2. Therefore natural
questions arise:

Question 5.2. Does there exist BURSM for every URSM? If so, then what is
the relation between the cardinalities of URSM and BURSM?

Question 5.3. What happens to Theorems 1.1, 1.2, 1.3 if we use the notion
of EBURSM instead of BURSM?
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