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Abstract. We characterize generalized Douglas-Weyl Randers metrics in terms of their
Zermelo navigation data. Then, we study the Randers metrics induced by some impor-
tant classes of almost contact metrics. Furthermore, we construct a family of generalized
Douglas-Weyl Randers metrics which are not R-quadratic. We show that the Randers
metric induced by a Kenmotsu manifold is a Douglas metric which is not of isotropic S-
curvature. We show that the Randers metric induced by a Kenmotsu or Sasakian manifold
is not Einsteinian. By using D-homothetic deformation of a Kenmotsu or Sasakian mani-
fold, we construct a family of generalized Douglas-Weyl Randers metrics and show that the
Lie group of projective transformations does not act transitively on the set of generalized
Douglas-Weyl Randers metrics.

Keywords: generalized Douglas-Weyl metric; Randers metric; Kenmotsu manifold;
Sasakian manifold
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1. INTRODUCTION

Projective invariants are important in geometry. In Riemannian geometry, the
Weyl tensor is a natural projective invariant. The Weyl tensor can be defined
in Finsler geometry, too. There are some non-Riemannian projective invariants
in Finsler geometry. Douglas metrics and generalized Douglas-Weyl metrics (for
simplicity GDW-metrics) are non-Riemannian projective invariant classes of Finsler
metrics. Indeed, if F} and F» are two projectively related Finsler metrics on a mani-
fold M, then Fj is a Douglas metric (or GDW-metric) if and only if F» is a Douglas
metric (or GDW-metric). It is worth mentioning that every Riemannian manifold
is a Douglas metric. For a manifold M, let GDW(M) denote the class of all Finsler
metrics on M satisfying
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where D;- ki.m denotes the horizontal covariant derivatives of the Douglas tensor D;- ki
with respect to the Berwald connection of the Finsler metric F'. It is known that
Douglas and Weyl’s metrics are in GDW(M). It has been stated in [1] that GDW (M)
is closed under projective changes. More precisely, if F' is projectively equivalent
to a Finsler metric in GDW(M), then F' is in GDW(M). As mentioned in [11],
GDW(M) contains R-quadratic metrics as a special case, but the class of R-quadratic
metrics is not closed under projective transformations. For more recent progress on
generalized Douglas-Weyl metrics, see [5], [20], [21], [22].

Almost contact geometry is a very fruitful branch of differential geometry. Similar
to [7], we use some important classes of almost contact metrics, namely, cosymplectic,
Sasakian and Kenmotsu manifolds, to make Randers metrics with special curvature
properties. Although the trans-Sasakian structure contains these three classes, we
prefer to restrict our study to each structure separately.

A Finsler metric is of Randers type if and only if it is a solution of the naviga-
tion problem on a Riemannian manifold, see [4]. In this paper, we characterize the
GDW-Randers metric F' = a+ 8 with ||8||o. = const. in terms of its Zermelo naviga-
tion data (h, W). We construct a family of Randers metrics which are in GDW (M)
and are not R-quadratic. Then, we prove that the Randers metric induced by a Ken-
motsu manifold is a Douglas metric while it is not of isotropic S-curvature.

The study of Einstein Finsler metrics is an important problem in Finsler geometry.
As is well known, a Riemann-Einstein metric has constant Ricci curvature for n > 3.
In this paper, we prove that the Randers metric induced by Kenmotsu or Sasakian
manifold is not Einsteinian. Since the induced Randers metric of a cosymplectic
manifold is Berwaldian and obviously is Douglas, we omit them.

Two Finsler metrics on a manifold M are said to be pointwise projectively related
if they have the same geodesics as point sets. Two Finsler metrics are said to be
projectively related if there exists a diffeomorphism between them such that the
pull-back metric is pointwise projectively related to the other one. It is a good idea
to study projectively related Finsler metrics. To this aim, we use D-homothetic
deformation. A D-homothetic deformation of a Sasakian (Kenmotsu) structure is
also a Sasakian (Kenmotsu) structure. Therefore, we can construct a new Randers
metric as Fy = oy +en, associated to (M, n, ¢, &, &) by its D-homothetic deformation.
If F = a.+¢n is the induced Randers metric of a Sasakian (Kenmotsu) structure, we
show that F' is not projectively related to F;. Hence, we show that the Lie group of
projective transformations of a Finsler metrics does not act transitively on the set
of GDW-metrics.
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2. PRELIMINARIES

Let M be a differentiable manifold of dimension 2n + 1. Suppose 7, £ and ¢ are
a 1-form, a vector field, and a (1, 1)-tensor, respectively. The triple (1, &, ¢) is called
an almost contact structure on M if it satisfies the following conditions:

(&) =0, n&) =1, ¢*=-T+n®E

A differentiable manifold of odd dimension 2n + 1 with an almost contact structure
is called an almost contact manifold. On an almost contact manifold, we have the
following;:

rank p = 2n.

Let us suppose that a manifold M with the (1, £, ¢) structure admits a Riemannian
metric g such that

g(eX,9Y) = g(X,Y) = n(X)n(Y).

Then M is called an almost contact metric structure and g is called a compatible
metric. An almost contact structure is normal (see [3]) if the torsion tensor [p, ] +
2dn ® &, where [p, ] is the Nijenhuis tensor of ¢, vanishes identically. An almost
contact metric structure becomes a contact metric structure if & = dn, where ® is
the fundamental 2-form defined as

@(Xa Y) = g(Xa SDY)
The following is true for every contact metric:
(2.1) Vigh = —2nn;,

where V stands for the Levi-Civita connection of g. An almost contact metric struc-
ture (n,&, p, g) on M is called a trans-Sasakian structure (see [14]) if it satisfies

(22)  (Vx9)Y =ki{g(X, V) = n(Y)X} + ka{g(0 X, Y)E — n(Y)pX}
for some scalar functions k; and ky. Moreover, (2.2) is equivalent to

(2.3) (Vxm)(Y) = = k1g(pX,Y) + k2{g(X,Y) — n(X)n(Y)}
(2.4) (Vx®)(Y,Z) = ki{g(X, Z)n(Y) — g(X,Y)n(Z)}
— ke {9(X, 0Z)n(Y) — 9(X, Y )n(Z2)}

157



In local coordinates, (2.2) and (2.3) can be written as follows:

(2.5) Py = ki (ari€? — m) + ka(ora€? — @),
(2.6) My = k1eji + ka(ai; —niny),

where | is the covariant derivative with respect to V, a,; are the local components
of g and ¢;; = a;sp% are the local components of the fundamental 2-form ®. Thus,
equation (2.5) can be written as

(2.7) Pikli = k1(aking — aijne) + k2(@ring — @jink)-

It is easy to see that trans-Sasakian manifolds are normal, see [14]. A trans-Sasakian
structure is reduced to a Sasakian (Kenmotsu) structure if k4 = 1 and k2 =0 (k1 =0
and ko = 1) and cosymplectic if k1 = ky = 0.

A D-homothetic deformation of (M, n, ¢, €, a) is a change of structure tensors in
the following form:

(28) ne = 1, ft = t_lgv wr =9, o =ta+ t(]- - t)ﬂ ®n, t> 0.

It is easy to see that (0, ¢, &, o) is also an almost contact metric structur, see [17].

Suppose (M, n, ¢, £, g) is a Sasakian (Kenmotsu) manifold. We define a: TM — R
by a(z,y) = \/m for every tangent vector y € T, M. Indeed, « is the norm
induced by the Riemannian metric g. In Finsler geometry, we refer to a as a Rie-
mannian metric on M (for example, see [4]). Let F' = a + en be a Randers metric
associated with (M, 7, ¢, &, g), where 0 < e < 1. It can be seen that (M, n, ¢, &y o)
is also a Sasakian (Kenmotsu) manifold, where oy is the norm induced by g, see [17]
and [23].

Let M be an n-dimensional C'>° manifold. Denote by T, M the tangent space

at x € M,and by TM = |J T, M the tangent bundle of M. A Finsler metric on M
xeM
is a function F': TM — [0,00) which has the following properties:

(i) F is C* on T My,
(ii) F is positively 1-homogeneous on the fibers of the tangent bundle 7'M,
(iii) for each y € T, M, the following quadratic form g, on T, M is positive definite:

(2.9) gy(u,v) == 2[F?(y + su + t)]| u,v € TpyM.

s,t=0’

Randers metrices are an important class of Finsler metrics since they are computable
and have diverse applications in many branches. They are defined by a Riemannian
metric o and a 1-form 5 on the manifold as F' = a+f. It is easy to see that a Randers
metric is strongly convex if and only if b := ||8]|o < 1, see [9], [13], [18], [19].
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Similarly to [7], let (M,«a,n,&, ) be an almost contact metric manifold and put
B :=en, where 0 < ¢ < 1 is a constant. Then F' = o + 8 is a Randers metric, since
18l =€ < 1.

Define
ob;

i3 Hp

where ffj denote the Christoffel symbols of o. For a Randers metric F' = a + (3, let
us put

b — bk,

(2.10) Tij = %(b“j + bj|i)a Sij = % (bi|j - bj\i)v
8i == b"8miy, 1= 0"y, tij = Sims)
We will denote roo = 7i;y'y’, s = a™™s,,; and sf, := s’y etc.
A spray G on M is a smooth vector field on T'My := T M — {0}, locally expressed
in the following form:

0 _9qi0

G=y Ozt Oy’

where G = G(z,y) are local functions on 7'M, which are homogeneous of degree 2
with respect to y. Let F' be a Finsler metric. The associated spray to F is given by

G'(z,y) == 19" {[F]oryy” — [F]}.

The notion of Riemann curvature for Riemann metrics can be extended to Finsler
metrics. For a vector y € T;; My, the Riemann curvature operator Ry : T, M — T, M
is defined by

R, (0) i= Ry
where ) - o o ]
. 0G" 0°Gt . 0°Gt G" 0GY
R; =2— — ——y) +2G - - —
k) Oxk 5‘x18yky Oyioyk  Oyi Oyk

The family R := {Ry }yern, is called the Riemann curvature. We define the Ricci
curvature as the trace of Ry, i.e., Ric(z,y) := trace(Ry). A Finsler metric is said to
be R-quadratic if its Riemann curvature coefficients R}€ are quadratic in y € T, M
at every point x € M.

Let us recall some notions about the curvatures of a Finsler manifold (M, F). Let
P C T,,M be a tangent plane and y € P—{0}. The pair {P, y} is called a flag in T,, M.
Then P = span{y,u}, where u € P is an arbitrary vector linearly independent of y.

Define
gy (Ry (u)7 U')

K(P.z,y) = 8y (Y, )8y (u,u) — gy(y, u)gy (u,u)’
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The quantity K(P, z,y) is called the flag curvature of the flag {P,y}. A Finsler metric
is of scalar curvature K(z,y) if and only if the flag curvature is independent of the
tangent planes P containing y € T, M. A Finsler manifold (M, F) is of constant
flag curvature K if and only if Hihjk = K(g;;08 — gikéél), in the natural coordinate
system on T My, where Hihjk are the local components of the hh-curvature of the
Berwald connection of F. Contrary to the Riemannian case, the classification of
Finsler metrics of constant (scalar) flag curvature is an open problem.

There is a notion of distortion 7 = 7(x,y) on T'M associated with the Busemann-
Hausdorff volume form on M, i.e., dVgy = o(x)dx' Adx? ... Adx™, which is defined by

g Vetlgi(@y) Vol(B"(1))
T(z,y) =1 oo D = W e R Py 0/ <11

Then the S-curvature is defined by

St y) = (el o),

where ¢ = ¢(t) is the geodesic with ¢(0) = x and ¢(0) = y, see [15]. From the

definition, we see that the S-curvature S(z,y) measures the rate of change in the

distortion on (7, M, F,) in the direction y € T, M. In the local coordinates, the
S-curvature is given by

BCUN

oy™ ozx™

Let (M, F') be an n-dimensional Finsler manifold, S(z, y) its S-curvature. Suppose

(Ino).

¢ = ¢(x) is a scalar function on M. If S = (n+1)cF, then F is said to be of isotropic
S-curvature, and F’ is said to be of constant S-curvature if ¢ = const.

Any Randers metric F' = a + 8 on the manifold M is a solution of the following
Zermelo navigation problem:

h(x % - Wz) —1,

where h = \/h;;y'yi is a Riemannian metric and W = W?0/92 is a vector field
such that ||[W||7 = h;jWWJ < 1. Note that here we follow the notations of [4] and
consider the induced norm of the Reimannian metric A to be the same as h. In fact,
« and § are given by

VARZ + Wy Wo
o= e

respectively, and moreover, A = 1 — ||W||? and Wy = h;;W'y7, see [4]. Now, F can
be written as follows:

/ 2 2
(2.11) = VAR WG Wo

A A
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Given a Randers metric F' = « + 3, the pair («, 8) and its navigation data (h, W)
are related to each other as follows:

(2.12) h? = Ma? - B?), Wo=—\B.
We use the following traditional conventions:

Rij = %{VJWz +Vin}, S;i = %{iji —Vin}, Sij = thh]‘, S]‘ = SijWi,
Rj:=RiWi R:=R;W’, Rio:=Rijv’, Roo:=R;¥, Sio:=Sijy’,

where V denotes the covariant derivative with respect to h.
A Randers metric with isotropic S-curvature can be expressed in terms of h and W
as follows, see [24].

Theorem 2.1 ([24]). Let F' = o+ be a Randers metric on a manifold M, which
is expressed in terms of a Riemann metric h and a vector field W by (2.12). Then F
is of isotropic S-curvature, S = (n + 1)cF, if and only if W satisfies

(2.13) Roo = —2ch?.

A Finsler metric ' on an n-dimensional manifold M is called an Finstein metric
if its Ricci curvature satisfies Ric = (n — 1)K (z) F2. Therefore, if an n-dimensional
Finsler metric has constant flag curvature K, then its Ricci curvature is Ric =
(n—1)KF?, which implies that it is Einsteinian. Moreover, it is said to have Einstein
constant ¢ if K(z) = 0 = const. Finsler metrics with isotropic flag curvature are
Einstein metrics. Riemannian Einstein metrics with dimension n > 3 must be of
constant Ricci curvature. However, the analogous proposition in the Finsler setting
is still open.

Theorem 2.2 ([2]). Suppose that the Randers metric F' = o + (3 is the solution
of Zermelo’s navigation problem on a Riemann space (M, h) under the influence of
a vector field W with h(x,W) < 1. Then (M, F) is Einstein with Einstein scalar
K = o(z) if and only if there exists a constant ¢ such that h and W satisfy the
following conditions:

(1) h is Einstein with Einstein scalar yu = o(z) + ¢2, that is,

(2.14) Ricit, = (n — 1) phgg.

(2) W is an infinitesimal homothety of h, namely,

(2.15) Ry = —2chi;.
Furthermore, o must vanish whenever h is not Ricci-flat.
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Since studying the projectively related Finsler metrics is important, we use
D-homothetic deformation to make new Finsler metrics F;. It is natural to inves-
tigate whether F' and F} are projectively related or not. In [16], the authors prove
the following:

Theorem 2.3 ([16]). A Randers metric F = a+ 3 is pointwise projectively related
to another Randers metric F = @& + (3 if and only if one of the following cases holds:
(1) a# \z)a@, B and B are closed, and « is pointwise projectively related to @.
(2) a = \a for some positive constant \, and 3 — \B is closed.

3. GDW-RANDERS METRICS VIA THEIR NAVIGATION DATA

The characterization of GDW-Randers metrics on a manifold M is given in [12]
as follows.

Theorem 3.1 ([12]). Let F = a + 8 be a Randers metric on an n-dimensional
manifold M. Then F is in GDW(M) if and only if

1
(3.1) Sijlk = m{aiksﬁ’m - ajksﬂbm},

where | denotes the covariant derivative with respect to .

Now, suppose F' = a + 3 is a Randers metric with navigation data (h, W). The
aim of this section is expressing (3.1) in terms of h and W. Let G' and G* be the
spray coeflicients of h and «, respectively. Then by [4]

gi :Gz_’_éﬁ’
where
7 1 i 1 i 1 2 1 2 7 i i
(32 =5y (R0+SO)+§WROO+(ﬁh +§WO)[WR—(R +.89)]
1 . .
+ S WolW'R + S,

Then the Christoffel coefficients of h and « are related as follows:

Cjk = X[éj(Rk + Sk) + 5k(Rj + S])] +W'Rj, + (thk + ﬁWjWk)
A . . 1 . A 1 A .
X [W'R—(R'+ 8]+ XWj(WZRk +S) + XWk(Wle +S3).
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Moreover, we have

1 2 1
(3.3) Tik = — Rjk - (thk + FWjWk)R‘F F(SjWk +Sij)
11—
+ T(RjWk +Rij),
1 1
(3.4) Sjk = — XSjk + F[(RJ + S;)Wi — (Ri + Si)Wj],
1 1—A
ri =Ry + T RWi = ——(Ry; + Sp),
1 1-—AX
(3.5) s =Sk — XRWk + T(Rk + Sk)

One can see that A, = —2(Ri + Sk), see [4].

Although characterizing general GDW-Randers metrics in terms of their Zermelo
navigation data is interesting, the calculation is quite long and cumbersome. For
this reason, and since for a Randers metric induced by a trans-Sasakian manifold we
have ||3]|o = const., in the sequel, we suppose that r; + s; = 0. In this case, we also
have R; +S; = 0 and thus (3.3) and (3.4) reduce to the following:

1 2 1

(3.6) Tik = — 'R,jk — (thk =+ ﬁWjWk)R =+ F(SjWk + Sij)

1-A

+ T(RJWk + Rij),
1 1
Sik = = 1 Sjks Tk =R + TRWE,
1
(3.7) S, =Sk — XRW]“ tr = —Tr + RSk.
By taking covariant derivatives of s;; and using A,z = —2(Ry + Si) = 0, we have
1 m m

(3.8) sijle = 3 (=Sijsk + Sim Gy + SmiGik ),

where ; and | are covariant derivatives with respect to h and «, respectively. A direct

computation shows

" 1 2
Sim k= = SiRjk — S{R(thk + FWjWk)
1
+ Wi (=SiRi + Tit) + Wi (=SiR; + Tij)],
1 2
Sm]C:Z = SjRik + SjR(Xhik + szWk>
1
+ < WilSiRi = Tir) + Wi(S;Ri — Tij)],

A
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where 7;; = S;Sj". On the other hand, sg‘k = a”sij‘k, where a'’ = \(h' — WIW?).
By raising the index 7 and contracting k and i in (3.8), we have

1
(3.9) st :RiSj_StRjt‘f‘Sj;tWt_Sjt';t_X[(SmRm_SmSm_’]?)Wj_nRSj]_Qj,

Jlt
where Q; := R,,S". If we substitute equations (3.8) and (3.9) into (3.1), we get the
following;:

Theorem 3.2. Suppose that the Randers metric F = « + 3 is the solution of
Zermelo’s navigation problem on a Riemann space (M, h) under the influence of
a vector field W with h(x,W) = ¢ < 1, where € is constant. Then (M,F) is
in GDW(M) if and only if
(3.10) hikQ; N + SkihixA? + Sy W W, Wik + RiS;W; Wik + S'WiWi R A

+ 8" Runhits Wik + 8" Sy Wihji A + Sie W hjp A2

+ WiQ;Wih + WiSL Wi A + RiSihjxA* + S'hix R A?

+ (n— 1)[RiS;Wid + WiS;RieA + RWiS; Wi + RinS;A? + Tie Wi Al
+ T{WihjeA + RSEW; Wi, + RSihje — (i | §) = (n — 1)S;jA?,

where (i | j) is the cyclic permutation of i and j.

Corollary 3.1. Suppose that the Randers metric F = « + 3 is the solution of
Zermelo’s navigation problem on a Riemann space (M,h) under the influence of
a Killing vector field W with h(x, W) = e < 1, where ¢ is constant. Then (M, F') is
in GDW(M) if and only if
(3.11)  T{(Wihj — Wihi) + (S5, Wi — S W) Wi + M8 hir — Siiihn)

= 271()\81‘]';]9 + Tiij — TjkWi).

Proof. Let W be a Killing vector field, i.e., R;; = 0. Then R; = 0. Moreover,
R; +S; = 0 yields S; = 0. By substituting these results in (3.10), we obtain the
result. 0

Here, we want to characterize R-quadratic Randers metrics in terms of their nav-
igation datum. Similarly to the GDW(M) case, we also suppose |[W ||, = const.
First, we recall the following.

Theorem 3.3 ([8]). A Randers metric F = a+  on a manifold is R-quadratic if
and only if

(3.12) roo + 2508 = 2¢(a® — %),
(3.13) Sijlk = aik(Z csj + C2bj + tj) — ajk(Q cs; + Czbi + ti),

where c is a constant.
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By Theorem 2.1, equation (3.12) is equivalent to Roo = —2ch?. If we substitute
equations (3.7) and (3.8) in (3.13), we have the following:

Theorem 3.4. Suppose that the Randers metric F = « + 3 is the solution of
Zermelo’s navigation problem on a Riemann space (M, h) under the influence of W
with h(z, W) = e < 1, where ¢ is constant. Then (M, F') is R-quadratic if and only
if Roo = —2c¢h? and

1
ik = E[R(SinWk/\ + Sihjk)\Q —2W;chjrA =2S;W; Wy, — Sihjk/\)
+ [2 SinWkC + QSiChjk)\ - VViCthk + RiSjWk + 'Riij)\
— ReSiWj = Ti(WiWi + hjrA) + T WA — (i | J)],

(3.14) S

where (i | j) is the cyclic permutation of i and j.

Corollary 3.2. Suppose that the Randers metric F' = « + [ is the solution of
Zermelo’s navigation problem on a Riemann space (M,h) under the influence of
a Killing vector field W with h(x,W) = e < 1, where ¢ is constant. Then (M, F') is
R-quadratic if and only if

1
(3.15) Sijik = X[Wﬂ;k — WiTx].

4. RANDERS METRICS ASSOCIATED TO A SASAKIAN STRUCTURE

Let (M,n, ¢, £, ) be a Sasakian manifold. In this section, we restrict our study to
the Randers metric induced by the Sasakian manifold (M, «, 7, ¢, ). Putting k; = 1
and k2 = 0 in (2.5), (2.6) and (2.7), we obtain directly

(4.1) Tij = 0, Sij = EQji, tij = EQ(Uinj — Clij), T = 0.
In this section, we express our findings in terms of (h, W). If we compare 8 = en

with f = =Wy /A, we obtain Wy = —eAn. By using (3.3), (3.4) and (4.1), we obtain
the following:

(4.2) Rij =0, Sij = —Asij = Aewy;.

Corollary 4.1. Suppose F' = a+ [ is the Randers metric induced by the Sasakian
structure o and § = en, where 0 < € < 1. Then F is of vanishing S-curvature.
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Theorem 4.1. Let (M,n, ¢, &, «) be a Sasakian metric. Suppose F' = a+ 3 is the
Randers metric induced by the Sasakian structure o and 3 = en, where 0 < € < 1.
Then F' is a generalized Douglas-Weyl metric.

Proof. Suppose F = «a + (8 is the Randers metric induced by the Sasakian
manifold (M,n, p, &, ). Then by direct calculation of (4.2)

1 1
(4.3) Sijik = Sijik + X(Tiij = TixWi), Sj, =8, + XTtthv
where ; and | are covariant derivatives with respect to h and «, respectively. By
using (2.7) and (2.12), we have

2n
(hixWj = hpWs),  Sjj, = —W;.

1
A
By using (4.3) and (4.4), one can see that (3.11) holds. This means F' is in GDW(M).
O

In [11] the authors prove that GDW(M) contains R-quadratic metrics as a special
case, but the class of R-quadratic metrics is not closed under projective transforma-
tions. Here, we prove that the Randers metric induced by Sasakian metric is not
actually R-quadratic.

Theorem 4.2. Let (M,n,p,&, a) be a Sasakian metric. Suppose F = a + 3 is
a Randers metric induced by a Sasakian structure o and 8 = en, where 0 < € < 1.
Then F' is not R-quadratic.

Proof. Suppose F' is an induced Randers metric of a Sasakian metric, then by
Corollary 3.2, we have
1
A

Comparing the above equation and equation (4.3) gives that S;;; should be zero,

Sijik = ~[W;Tie — WiTj]-

which by (4.4) implies that h;yW; — hji,W; = 0. Contracting the previous relation
with W yields that (hj;) is of rank 1, which is impossible. Thus, F cannot be
R-quadratic. O

For a Sasakian manifold, we have
(4.5) Ric(X, &) =2nn(X) (or Q& = 2nf).

Theorem 4.3. Let F' = a + [ be the Randers metric induced by a Sasakian
manifold (M, n,p,&, «). Then F is not Einsteinian.
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Proof. In general, for the Randers metric induced by a Sasakian structure, we
have R;; = 0 and S;; = Aew;;. Suppose F' is Einsteinian, then by Theorem 2.2,
¢ = 0. In this case, 1 reduces to p = o(z). We also have

(4.6) Ricir = 2nohy.

By contracting (4.6) in &/ = —(\/e)W7 and using 1 — &2 = )\, we have
(4.7) Ric;;&7¢" = 2noX®.

On the other hand, by (4.5) we have

(4.8) Ric;;£7¢" = 2n,

and consequently, h is not Ricci-flat. Thus it follows from Theorem 2.2 that ¢ = 0,
which is a contradiction. O

Let (M,n,¢,&, ) be a Sasakian manifold and (M, n:, ¢+, &, ) be its D-homo-
thetic deformation. Then, we prove that two Riemannian metrics « and a; are not
projectively related.

Proposition 4.1. Let (M,n,¢,£,«) be a Sasakian structure and o, be the
D-homothetic deformation of «.. In this case, a; and « are not projectively related.

Proof. Let
Gij =tgi; +t(1 —t)mn;

be the D-homothetic deformation of g;;. The inverse of g;; is obtained as follows:
1 i
(4.9) g7 = 397+,

where A = (t — 1)/t(2 — t). By direct calculation we have

= 1_4s(0Gis , 0Gjs  O0Fij
k _ ——=ks Js J
(110) T =53 {505 + 5% — o)
1—t om; o, s s I(miny)
ko, LTt ks j A } j
=T+ 5 7 { oz 1 oy s oxd R }
1. ks f00is | 0gjs  0gi
Fpnere{ G+ Gl - G

1 kes [ Omi onj  Ons Ons  O(niny)
+ 2/\75(1 A {”Sa:ci +ns(‘)mi +m(‘)mj R dxt  dx® }

ozt oxs
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By (4.1), we see that for a Sasakian metric

Oni | On; ! i _ O
- o _opTl =0 d -1
Tij an; + o mi s an on; i + ©ij
Thus (4.10) reduces to
—k g t—1 k k
(4.11) U5 = Tij + —5— (i +miey).

Suppose a and «; are projectively related metrics. Then we have
(4.12) LY =T +6im; + 65 m,

where 7; is homogeneous of degree zero. By (4.11) and (4.12) we have

t—1

(4.13) T =Th+—

(njoF + mipk) = TF, + oFm; + obm;.

By contracting (4.13) with ¢ and k we have (n + 1)m; = 0, which is contradiction.
Thus, a and «; are not projectively related metrics. O

Now, suppose F' = a + ¢ is the induced Randers metric of a Sasakian structure.
Suppose that a = Aoy for some scalar function A on M. Fix a point = at M.
Counsidering y € kern, C T,M and taking into account (2.8), one can see that
A(z) = t. Similarly, considering y = £(x) € T, M implies that A\(z) = t(1 — ¢), which
is a contradiction since ¢ is a positive number and ¢ # 1. Therefore, a cannot be
a multiple of o;. Proposition 4.1 infers that oy and « are not projectively related. In
this case, by Theorem 2.3, F' cannot be projectively related to F;. In fact, we prove
the following.

Corollary 4.2. Suppose F' = a+ ¢ is the induced Randers metric of a Sasakian
structure. Let F; = oy + e be the Randers metric associated to (M,n,,&, ) by
its D-homothetic deformation. In this case, F' is not projectively related to F.

5. RANDERS METRIC ASSOCIATED TO A KENMOTSU STRUCTURE

Let F = a + 8 be a Randers metric induced by a Kenmotsu structure. Then we
have

(5.1) Tij = 6(%]‘ - nmj), sij =0, t; =0.

We can express the above equation in terms of (h, W). For the induced Randers
metric, we have

>\;k = —Q(Rk + Sk) = 0.
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Then, by using (5.1) and (3.4) we have

E(Win

(5.2) Rij =5 (7=

—his), Sy=0, §=0.
Since in this case R; = 0, we have R = 0.

Proposition 5.1 ([4]). Let F' = a+/3 be a Randers metric expressed by navigation
data (h,W). Then B is closed if and only if

1
Sjk = m(WjS}c - Wij), Sk = RWk — (1 — )\)Rk.

Corollary 5.1. Let ' = a + 8 be a Randers metric induced by a Kenmotsu
metric. Then F' is a Douglas metric.

Proof. For the induced Randers metric we have S;; = 0. By Proposition 5.1,
[ is closed, i.e., F' is Douglas metric. ([

Corollary 5.2. Let I' = a +  be a Randers metric induced by a Kenmotsu
metric. Then F' is not of isotropic S-curvature.

Proof. For the induced Randers metric, we have

By Theorem 2.1, F is of isotropic S-curvature if and only if Rog = a2ch?. Thus F
is not of isotropic S-curvature. O

Note that in the previous corollary, we have || 3], = &, which is a positive constant.
Thus, F' cannot be a Riemannain metric.
Theorem 5.1. Let F = o + 3 be an associated Randers metric of a Kenmotsu

structure. Then F' is not Einsteinian.

Proof. For a Randers metric associated with a Kenmotsu structure, R;; does
not satisfy (2.15) for any constant ¢, which means that F' is not Einsteinian. O

Let (M,n,¢,£, «) be a Kenmotsu metric, (1, ¢t, &, ar) be its D-homothetic de-
formation and F; = ay + €n;. Since oy is also Kenmotsu, by a direct calculation we
obtain

(53) Sij = 0, Tij = tilrij.
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Thus, a deformed Randers metric F} is also of constant S-curvature ¢ = % . For

a deformed Kenmotsu structure (see [10]), we have the following:
= t—1
(5.4) VxY = VxV + ——g(pX, pY)¢,

R(X,Y)Z = ROX,Y)Z + = {g(o¥,02)X — g(pX, 2V},

2n(t —1)
t

S(Y,Z)=5(Y,Z) + 9(eY, 0Z),

where S is the Ricci tensor of . On the other hand, the Weyl tensor of a Riemannian
metric is as follows:

(5.5) W(X,Y)Z = K(X,Y)Z — ﬁ{sm 2)X — S(X, Z)Y}.

By substituting (5.4) in (5.5), one can conclude that o and oy have the same Weyl

curvature tensor.

Proposition 5.2. Let (M,n,p,&,a) be a Kenmotsu structure and «; be the
D-homothetic deformation of «. In this case, a; and « are not projectively related.

Proof. Let gi; = tg;; +t(t—1)n;n; be the D-homothetic deformation of g;;. The
inverse of g;; is obtained as follows:

1 .. t—-1_, .
(5.6) g7 —t9j+t—2§§]-

By direct calculation we have

-~ 1 a/g\is a/g\s a@
k. P ks Js J
(67 TG=39 {8xj t oz 0w }

1 i 9 Ms s Amin;
_Fk+Tgks{ i +n88mz+mag]+m " (nm)}

. —f 55{ agzs aggs agz] }

(- )g 55{ 3m N Sam Ons 0775_3(771'7%)}

oz’ ox*

oI 8xi oxs
+n

" oz’ 'Oz + oz’ oxs

By (4.1), we see that for a Kenmotsu metric dn = 0, which means that /027 =
On;/0x*. Thus (5.7) reduces to

Tk _ 1k k 77i on; 1
iy r+—5{ +81—2mrij}.

On the other hand, by (4.1) we have
Tijg = Gij — NNy,
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which means that
(58) B =8+ Ltk gy — miny).
Suppose « and «; are projectively related metrics, then we have
ffj = Ffj + 0F; + 5;“771-,
where 7; is homogeneous of degree zero. Thus we have
Sk ko, b1 k k k
(5.9) =I5+ 2—1&5 (gij —min;) = L'ij + 055 + 65 mi.

By contracting (5.9) with ¢ and k& we obtain (n+ 1)7; = 0, which is a contradiction.
Thus, a and «; are not projectively related metrics. O

Remark 5.1. Although « and «; have the same Weyl curvature tensor, Propo-
sition 5.2 proves that they are not projectively related. In fact, if two metrics are
projectively related, they will have the same Weyl curvature tensor, but the converse
is not true in general, see [6].

Let F = a + en be the induced Randers metric of a Kenmotsu structure. By
Theorem 2.3 we prove the following:

Theorem 5.2. Suppose F' = a+¢n is the induced Randers metric of a Kenmotsu
structure. Let F; = oy + en be the Randers metric associated to (M,n,,&, ) by
its D-homothetic deformation. In this case, F' is not projectively related to Fy.

Proof. By the same argument, since o cannot be a multiple of «; and for an
induced Randers metric of a Kenmotsu structure, we have s;; = 0. Since a and oy
are not projectively related, by Theorem 2.3 F' is not projectively related to F;. O
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