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Abstract. The paper was motivated by Kovacs’ paper (1973), Isaacs’ paper (1980) and
a recent paper, due to Bresar et al. (2018), concerning Skolem-Noether algebras. Let K
be a unital commutative ring, not necessarily a field. Given a unital K-algebra S, where
K is contained in the center of S, n € N, the goal of this paper is to study the question:
when can a homomorphism ¢: My (K) — My(S) be extended to an inner automorphism
of My, (S)? As an application of main results presented in the paper, it is proved that if S
is a semilocal algebra with a central separable subalgebra R, then any homomorphism from
R into S can be extended to an inner automorphism of S.

Keywords: Skolem-Noether algebra; (inner) automorphism; matrix algebra; central sim-
ple algebra; central separable algebra; semilocal ring; unique factorization domain (UFD);
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1. INTRODUCTION

Throughout, rings or algebras are always associative and unital. All algebras are
assumed to be algebras over a commutative ring K (not necessarily a field), any
subalgebra has the unit of the whole algebra, and all homomorphisms are linear and
send 1 to 1. Given a ring S, let Z(S) denote the center of S and, given n € N,
let M, (S) denote the ring of n x m matrices over the ring S. For z,y € S, let
[x,y] := xy—yz, the additive commutator of x and y. Given additive subgroups A, B
of S, let [A, B] denote the additive subgroup of S generated by all [a,b] for a € A
and b € B.

Our study of this paper was motivated by Kovacs’ paper (see [6]), Isaacs’ paper
(see [4]) and a recent paper (see [1]) concerning Skolem-Noether algebras due to

The work of T.-K. Lee was supported in part by the Ministry of Science and Technology
of Taiwan (MOST 107-2115-M-002-018-MY?2) and the NCTS (Taipei Office).

DOI: 10.21136/CMJ.2020.0215-19 137

© Institute of Mathematics, Czech Academy of Sciences 2020.


http://dx.doi.org/10.21136/CMJ.2020.0215-19

Bresar et al. Let K be a commutative ring. In [4] Isaacs studied automorphisms
of the K-algebra M,,(K). Although an automorphism of M, (K) is not in general
inner (see [4], Example 6), its nth power and the commutator of two automorphisms
are always inner (see [2], [4], Theorems 5 and 11, and [10]). Another viewpoint
was given in [6], Kovacs proved that, given any endomorphism ¢ of M, (K), there
exists a commutative ring U containing K such that ¢ can be extended to an inner
automorphism of M,,(U). Therefore, it seems natural to study the following:

Question I. Given a K-algebra S, where K C Z(S), n € N, when can a homo-
morphism ¢: M, (K) — M, (S) be extended to an inner automorphism of M, (S5)?

Question I is also rather related to a recent paper due to Bresar et al., see [1].
Motivated by the celebrated Skolem-Noether theorem (see [3], Theorem 4.3.1), in [1]
Bresar et al. initiated the study of Skolem-Noether algebras (SN algebras for short).

An algebra S over a field F' is called an SN algebra if, given any finite-dimensional
central simple F-algebra R, every homomorphism ¢: R — R®p S can be extended
to an inner automorphism of R®r.S. SN algebras can be also characterized by homo-
morphisms of matrix algebras. To be precise, an algebra S over a field F' is an SN al-
gebra if and only if, for every n € N and a homomorphism ¢: M, (F) — M,(S),
there exists a unit ¢ € M,,(S) such that ¢(z) = cxc™?! for every x € M,,(F) (see [1],
Proposition 2.1). As pointed out by Bresar et al., although the characterization
seems to facilitate the process of showing that a certain algebra S is an SN algebra,
it does not simplify their proofs of results in [1]. However, the viewpoint from matrix
algebras over a field is indeed more concrete and basic properties concerning matrix
algebras over a field are also more familiar to the reader. Another point of view is
that any ring can be considered as an algebra over its center, but its center maybe
contains no subfield. Therefore, following both [1], Proposition 2.1 and Kovacs’ view-
point [6] to study Question I we define SN algebras over a commutative ring, not
necessarily a field, as follows.

Definition. An algebra S over a commutative ring K, where K is a subring
of Z(S), is called an SN algebra if, for every n € N, any homomorphism ¢: M, (K) —
M,,(S) can be extended to an inner automorphism of M,,(.S).

As observed, a K-algebra algebra S being SN does not really depend on K C Z(S)
since the homomorphisms are considered to be linear. For a concrete algebra S it
suffices to test the SN property on the smallest possible K, i.e., the subring generated
by the identity. It is also clear that an algebra S over a commutative ring K,
where K is contained in Z(S), is an SN algebra if and only if S is an SN-algebra over
its center Z(.S). Therefore, it will be no confusion when we only say an algebra S to
be an SN algebra without mentioning its coefficient ring. Also, a commutative ring K
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is an SN algebra if and only if, given any n € N, every endomorphism of M, (K) is
an inner automorphism. Moreover, if S is an algebra over a field K, then in view
of [1], Proposition 2.1 S is an SN algebra if and only if S is an SN algebra in the
sense of [1].

The celebrated Skolem-Noether theorem asserts that any field is an SN algebra.
A ring is called subdirectly irreducible if the intersection of its proper ideals is nonzero
(see [8]). Kovacs proved that any commutative Noetherian subdirectly irreducible
ring is an SN algebra (see [6], Theorem 2). However, Z[y/—5] is not an SN algebra
(see [4], Example 6). In this paper we want to study Question I, which means also
to study SN algebras from the viewpoints of [1], Proposition 2.1, Kovacs’ paper [6]
and Isaacs’s paper [4].

2. RESULTS

Let B be a ring with a subring A. A map ¢: A — B is said to be defined by
a linear generalized polynomial (LGP for short) if there exist finitely many a;,b; € B
such that ¢(z) = > a;xb; for all x € A. In this case, we say that ¢ is defined by

7
the LGP )" a;Xb;. Since all main results of [1] are derived from the technical basic

lemma, (seé [1], Lemma 4.1), this its key part is worth mentioning. It is proved in [1],
Lemma 4.1, that if R is a finite-dimensional central simple F-algebra and if S is
an arbitrary F-algebra, then every homomorphism ¢: R — R ®p S is defined by
an LGP. The result depends on the fact that R is a finite-dimensional central simple
F-algebra and S can be considered as a vector space over the field F. Therefore, to
study SN algebras over a commutative ring, we need the following main proposition
(see Proposition 2.1 below), which is parallel to [1], Lemma 4.1.

A ring R is called Dedekind-finite if zy = 1 implies yx = 1 in R, and R is called
stably finite if M,,(R) is Dedekind-finite for any n € N. Dedekind-finite rings include
the following: reversible rings (that is, rings satisfying ab = 0 if and only if ba = 0),
reduced rings, left or right Noetherian rings, semiprime Artinian rings, PI-rings (in
particular, finite-dimensional algebras over a field), algebraic algebras over a field,
rings with only finitely many nilpotents, group algebras K[G] of an arbitrary group G
over any field K of characteristic 0 (see [5]).

We list the set {E;;: 1 <14,j < n} of the standard matrix units of a given matrix
algebra M,,(S) as E1, Fa, ..., Ey2. Let I, := zn: E;.

i=1

(3

Proposition 2.1. Let S be an algebra over K, where K is a subring of Z(S),
n € N. Suppose that ¢: M, (K) — M,(S) is a homomorphism. Then there exist
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Aps, B, Cj € Mp(S), 1 < k,s < nand 1 < j < n?, such that the following
statements hold:
(i) xAgs = Arsp(z) for all z € M, (K).

ApsBor = Ws, kkIn; where (p(E ) = Z wsyijEij with Ws,i5 € S for all i, 7.
n2 1<i,5<n

)
) o(z) = 3 E;aC; for all z € M, (K).
(iv) 2C; = éM( ) for all z € M, (K).

)

)

Z E;C; = I
Wr1te C; = EE sji, where sj; € S for 1 < i,j < n®. Then, given j, i, there
exists Dj; € M (S) such that C;D;; = sj;1,.

Consequently, if S is a stably finite ring and if there exist j, ¢ such that sj; is
invertible in S, then C}; is invertible in M, (S) and p(x) = C;GCj for allx € M, (K).

We first say a few words about the proof. One of the most important things is to
prove that ¢ is defined by an LGP with some specific properties. The corresponding
LGP for ¢ in our situation is proved by some arguments from [4] and [6]. Essentially,
our proof below follows the arguments from [1], Lemma 4.1, [4], Theorem 2 and [6],
Theorem 2.

Proof of Proposition 2.1.  Let Fj; := @(E;;) for 1 < 4,5 < n and, given
1<s,k<n,let

n
(1) Aps = ZEukEGV; By, = ZFstkw and "2 Eqs = Z Ws,ij zj
v=1 v=1 1<4, j<n
where wy ;5 € 5,1 < s,%,5 <n. Then Fj;jFj; = Fy and Fi;F;, =01if j #1 and so
EijAps = ZEijEuszu =By Fy; and A Fi = ZEuszyFij = By Fyj,
v=1 v=1

implying that

(2) EijArs = ApsFij = Apso(Eij)
for all 1 < 4,j < n. Therefore, it follows from (2) that

for all x € M,,(K) and 1 < k, s < n. This proves (i). Moreover,

n
(4) AksBsk = Z Euszqu,sEkp, = Z E i FosEyy = ws,kk-[n'

1<y, psn v=1
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This proves (ii). Furthermore,

n

(5) Z BskAks = Z Z F,u,sEkp,Euszu = Z ZFVSEkkFSV = SO(ITI) =In.
k=1

k=11<y, u<n k=1v=1

Given z € M,,(K), it follows from (5) and (3) that

p(x) =D BaApsp(x) = Y BorwAgs.
k=1 k=1

Recall that the set {E;;: 1 < 4,j < n} is listed as Eq, Es,...,E,2. Write Bg, =
n2

> Ejzj sk, where z; o € S. Then, by the fact that [S, M, (K)] = 0, we have
j=1

n n ?’Lz ?’Lz n TL2
o(r) = 3 Burds = 3 N Bz srAr, = Zij(zzj,skAks) el
k=1 j=1 k=1 j=1

k=1 j=1

for all x € My, (K), where C; := )" zj st Aks. This proves (iii). By (3) and the fact
that [S, M, (K)] = 0, we get h=1

(6) 2Cj = Cip(x)

for all z € M,(K) and j = 1,...,n2. This proves (iv). Moreover, by (5), we have
n2

> E;C; = I, implying (v). Write
j=1

(7) Cj = Z EiSji,
=1

where sj; € S for i,j = 1,...,n% For s;;, we claim that there exists D;; € M,,(S)
such that
(8) Ciji = Sjiln.

Given i € {1,2,...,n?%}, there exist k, [ such that E; = Ey;. By (7) we have

2

n
EsijEls = Eg (Z Etsjt)Els = Esssji
t=1
for s =1,...,n. This implies
(9) Z EsijEls = Z Esssji = SﬂIn
s=1 s=1
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However, by (6) we have

n n

(10) Z Ea.CiEs = Z (EaCj) Ers = ZCjSO(Esk)EzS = C;Dy;,

s=1 s=1 s=1

where Dj; := Zn: ©(Egk)Ers € My, (S). It follows from (9) and (10) that C;Dj; = s 1,
implying (Vi).s=1

Finally, assume that S is a stably finite ring and that there exist j, ¢ such that s;;
is invertible in S. Therefore, M, (S) is Dedekind-finite, implying Cijisj_il =1,
and Djis;ile = I,,. Hence, Cj is invertible in M, (S) and ¢(z) = C;GCj for all
x € M, (K), as asserted. O

Let R be a ring with idempotents e, f. It is known that eR = fR as right
R-modules if and only if there exist u,v € R such that uv = e and vu = f.

Theorem 2.2. Let K be a commutative ring, n € N, and let A := M, (K).
Suppose that ¢ is an endomorphism of the K-algebra A. If E11.A = ¢(E11)A as
right A-modules, then ¢ is an inner automorphism of A.

Proof. Givenl <i < n, F1;E;; = E1; and E;1 Eq; = E;;, implying F11 A = E;; A
as right A-modules. Similarly, p(E11)A = ¢(E;;).A as right A-modules. Therefore,
Ei; A = o(E;;)A as right A-modules for ¢ = 1,...,n. In view of [7], Exercises 15,
page 334, there exists a unit w € A such that wo(E;)w™! = E; fori =1,...,n.
Since ¢ is inner if and only if the homomorphism z — we(z)w™?! for x € A is, we
may assume from the start that p(Fy;) = E;; for i = 1,...,n. Assume that ¢ is of
the form given in Proposition 2.1. Then, by Proposition 2.1 (i) and (ii), we have

wi1,11 = 1, A11B11 = In7 and zA; = Allgﬁ(l‘) for all z € A.

Note that A is Dedekind-finite since it is a PI-algebra. Therefore, B11A11 = I,
implying that A;; is invertible in A. Hence, ¢(z) = Aj'zA;; for all z € A. Tt
means that ¢ is inner, as desired. (]

It is known that, in a simple Artinian ring R, any two minimal right ideals of R
are isomorphic as right R-modules and, moreover, any automorphism of R sends any
minimal right ideal to a minimal right ideal. Therefore, the following is an immediate
consequence of Theorem 2.2.

Corollary 2.3 (Skolem-Noether). Let K be a field, n € N. Then every automor-
phism of the K-algebra M,,(K) is inner. That is, any field is an SN algebra.
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Since Proposition 2.1 in this paper is parallel to the key lemma (see [1], Lemma4.1),
many main results are indeed derived from it. We will illustrate Proposition 2.1 in
studying SN algebras (over a commutative ring) by focusing only on proving the
following: UFDs and semilocal algebras are SN algebras. We also give an application.
It is proved that if S is a semilocal algebra over a field F', then every homomorphism
from a finite-dimensional central simple subalgebra of S into S can be extended to
an inner automorphism of S (see Corollary 2.9 below). This gives a generalization
of [1], Theorem 6.1, where S is required to be a finite-dimensional algebra. In fact,
we get a more generalized result proved in Theorem 2.8 below.

We begin with the following (see [1], Proposition 7.1).

Theorem 2.4. Let S be an algebra over K, where K is a subring of Z(S), n € N,
and let ¢: M, (K) — M, (S) be a homomorphism. If S is embedded in a division
ring A with K C Z(A), then there exists C' € M,,(S), which is invertible in M, (A),
such that

C~''=Ds™' forsomesc S, DeM, (S)

and p(z) = C~'2C for all z € M,,(K). Moreover, if D = EEksk and C = ZEm’
where sy, t; € S, then sgs™'t; € S for all I, k. k=1 1=1

Proof. Since p: M, (K) — M,(S) is a homomorphism, we may assume that ¢
is of the form as given in Proposition 2.1. There exist C' := Cj, # 0 in M,,(S) and
s := sk # 0 in S such that CD = sI,,, where D := Dy, € M,,(S), and 2C = Cy(x)
for all x € M,,(K). Note that s is invertible in A and that M, (A) is Dedekind-finite.
Therefore, C~! = Ds™! in M,,(A) and so ¢(z) = C~'zC for all x € M,,(K).

2

Since C~! = Ds™! = Z Epsis~!and C = S Eit;, we get
= =1

(11) olx) = Z Eksksfla:Eltl = Z EkxElsksfltl
1<k, I<n? 1<k, I<n?
for all x € M,,(K), where we have used the fact that [S,M,(K)] = 0. Then, for
n
1 <m,p < n, given x € M,,(K) we have Y Egmp(Epgx) € My (S) and, by (11),
g=1

n

ZEquO(qux): ZEqm Z Ey(Epgr)Esks™ ltl—z Z EygxEysjs™
q=1

1<k, I<n? q=11<I<n?

Z xElsjs_ t; € M,,(S),

1<I<n?
where E; = E,,,. This implies s;s't; € S. O
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Corollary 2.5. Every UFD is an SN algebra.

Proof. Let K be a UFD, n € N, and let ¢: M, (K) — M, (K) be a homomor-
phism. We claim that ¢ is an inner automorphism. We set S = K in Theorem 2.4
and ¢ satisfies the conclusion of Theorem 2.4. Let ¢y be the greatest common divisor
of t1,...,t,2. Replacing C by Cta1 we may assume that ¢, ...,t,2 are coprime.

It suffices to claim that C~! = Ds™! € M, (K), that is, s is a divisor of s for
all k. Since sps~'t; € K for all I, k, this means that s is a divisor of sit; for all k, .
Note that K is a UFD and t4,...,t,2 are coprime. Therefore, s is a divisor of sj, for
all k, as desired. Il

We remark that Corollary 2.5 is not new. Indeed, by [2], Proposition 6.1, every
endomorphism of a central separable algebra is an automorphism. Therefore, it
follows from [4], Corollary 15 that every endomorphism of a matrix algebra over
a UFD is an inner automorphism. This proves that every UFD is an SN algebra.

We next turn to prove the theorem: every semilocal algebra is an SN algebra.
Recall that a ring S is called local (or semilocal) if S/J(S) is a division ring (or
semisimple Artinian ring), where J(S) is the Jacobson radical of S. It is easy to
check that every local ring is stably finite and the set of its nonunits forms an ideal.

Proposition 2.6. Every local algebra is an SN algebra.

Proof. Let S be a local algebra. Given n € N, let ¢: M, (K) — M,(S) be
a homomorphism, where K is a commutative ring contained in Z(S). We claim
that ¢ can be extended to an inner automorphism of M, (S). We keep all notations

of the proof of Proposition 2.1. Write p(Ess) = > ws i E;j, where wy;; € S for
n 1<i,j<n
1< s,4,5 < n. Since Y @(Eqs) = I, we get

s=1
n
E W55 = 1
s=1

fori =1,...,n. Fixan s, 1 < s < n. Since the set of all nonunits of S is an
additive subgroup, ws ,» is a unit in S for some r. In view of Proposition 2.1 (ii),
ATSBS,«wS_}T, = I,, and so Bsrw;%TA,«s = I,,, implying that A, is invertible in M,,(.S).

In view of Proposition 2.1 (i), p(z) = A}z A, for all x € M,,(K), as asserted. [

In Proposition 2.6, where we consider a commutative local algebra over itself, it
is known that any endomorphism of matrix algebra over a commutative local ring is
inner (see [1] and [6], page 163 for local algebras over a field).

Let B be a K-algebra with a subalgebra A. Given a homomorphism ¢: A — B,
which is defined by the LGP > a;Xb;, and any ideal I of B, ¢ induces a canonical

K3
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homomorphism @¢: A/A NI — B/I, which is defined by ¢(z) = > a;zb; for 7 €
i
A/ANI. In view of Proposition 2.1, given an algebra S over K with K C Z(S), any

homomorphism from M, (K) to M, (S) is defined by an LGP. We are now ready to
prove the following.

Theorem 2.7. Every semilocal algebra is an SN algebra.

Proof. We separate the proof into several steps.
Step 1: If S and T are SN algebras, then S@® T is an SN algebra. Given n € N, let

w: Mo (Z(S)® Z(T)) - Mp(S&T)
be a homomorphism over Z(S5) @ Z(T'). Clearly, we have
PMA(Z(8)) € Mu(S) and  ¢(M,(Z(T)) € My (T).

Since S and T are SN algebras, there exist units u € M, (S) and v € M,,(T') such
that p(z) = uzu~? for all x € M,,(Z(S)) and p(y) = vyv~—! for all y € M,,(Z(T)).
These imply that

e((z,)) = (u,0) (2, y)(u™" 071 = (u,v)(2,y)(w,v) 7"

for all (z,y) € M, (S) ® M, (T) =M, (S T).

Step 2: Every semisimple Artinian algebra is an SN algebra. Let S be a semisim-
ple Artinian algebra. By the Wedderburn-Artin theorem and Step 1, it suffices
to assume that S is a simple Artinian algebra with center K. Given n € N, let
w: My (K) — M,(S) be a K-algebra homomorphism. Since M, () is still a simple
Artinian algebra with the center K, it follows from the Skolem-Noether theorem
(see [3], Theorem 4.3.1) that there exists a unit u € M,,(S) such that ¢(z) = uzu=?
for x € M,,(K), as asserted.

Step 3: If an algebra S is stably finite and S/J(S) is an SN algebra, then S is also
an SN algebra. Let K denote the center of S, n € N, and let

w: My (K) = M,(S)

be a homomorphism as K-algebras. In view of Proposition 2.1, ¢ is defined by
an LGP. Therefore, ¢ induces a canonical homomorphism

P! Mn(F) — Mn(S/J(S))v

which is defined by ¢(Z) = ¢(x) for # € M, (K), where K := K + J(S)/J(S).
Note that K C Z(S/J(S)). Since S/J(S) is an SN algebra, there exists a unit
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M, (S) = M,,(S)/J(M,(S)), where u € M,(S), such that @(z) = azu~! for
M,,(K). Note that u is also a unit of M,,(S). Therefore,

N

Rl

utp(x)u — 2 € J(M,(9))

for all z € M, (K). Replacing ¢ by the homomorphism z — u~'¢(z)u for z €
M, (K), we may assume from the start that

p(z) —x € J(Mn(5))

for all x € M,,(K). Since ¢ is a homomorphism, we may assume that ¢ is of the
form as given in Proposition 2.1. We now follow the argument in the proof of [1],
Theorem 5.4. By Proposition 2.1 (iii) and (vi),

i Z EixE;sj;

1<j,i<n?

for all € M,,(K). The goal is to show that at least one s;; is invertible in S (see

n2

Proposition 2.1 (vi) and (iv)). Write 1 = Y A\.Ej, where A\ = 1 if Ej is one of
k=1
Fi1, ..., By, and is zero otherwise. Note that

w=ILal,= Y MNNEgE

1<j,i<n?

for all x € M,,(K). Therefore,

(12) p()—x= > EjzEi(sji — A\\i) € J(Mp(S))

1<5,i<n?
for all z € M, (K). Wemay list E; = Ej; for j = 1,...,n. Therefore, for v € M, (K),
by (12) we have

Z By Y Ej(Bux)Ei(sji — AjAi) € J(Mn(S)).
1<y,i<n?
That is,
Z zEi(s1; — M) € J(M(S)) = Mn(J(S))
1<i<n?

for all z € M,,(K). Since A\; = 1, this implies that s;; — 1 € J(S) and so s17 is
invertible in S, as asserted.

Since S is stably finite [7], Theorem 2.13 and the algebra S/J(S) is semisimple
Artinian, the theorem follows from Steps 2 and 3. O
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Therefore, every right Artinian algebra is an SN algebra since it is semilocal. In
particular, any finite ring is an SN algebra even if its center contains no subfield.
Applying the fact that every finite-dimensional algebra is an SN algebra, Bresar et al.
proved the theorem: Let A be a finite-dimensional algebra and let R be a finite-
dimensional central simple subalgebra of A. Then every homomorphism from R
into A can be extended to an inner automorphism of A. Our next aim is to prove
a generalization of the theorem above.

Theorem 2.8. Let S be a semilocal algebra over K, where K C Z(S), and let R
be a central separable K-subalgebra of S. Then any homomorphism from R into S
can be extended to an inner automorphism of S.

Since every finite-dimensional central simple algebra is a central separable algebra,
the following is an immediate consequence of Theorem 2.8.

Corollary 2.9. Let S be a semilocal algebra over a field F. Then every homo-
morphism from a finite-dimensional central simple subalgebra of S into S can be
extended to an inner automorphism of S.

We now turn to the proof of Theorem 2.8. It is known that, given a commutative
ring K, M,,(K) is a central separable K-algebra free of rank n? over K. Given
aring T and n € N, T is semisimple (or right Artinian) if and only if M, (T") is
semisimple (or right Artinian). Thus, T is semilocal if and only if M,,(T") is semilocal.
We begin with the following preliminary result.

Lemma 2.10. Let S be a semilocal algebra over K, where K is a subring of Z(S).
If M, (K) C S, then any homomorphism from M,,(K) into S can be extended to an
inner automorphism of S.

Proof. Let ¢: M,(K) — S be a homomorphism as K-algebras. Since we
have M, (K) C S, the semilocal algebra S contains the usual matrix units E;;’s,
1<éi,j<n Let T:={xeS: [z,E;;] =0Vi,j}. Then K C Z(T) and S = M, (T).
Since S is semilocal, so is T'. In view of Theorem 2.7, T is an SN algebra. Thus, ¢ can
be extended to an inner automorphism of S. O

We need the following result in our proof.
Theorem 2.11 (Srivastava and Shah, [12], Theorem 1). Let S be a semilocal ring

and let R be a unital subring of S. Suppose that R is a direct summand of S as
a left R-module. Then R is a semilocal ring.
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Proposition 2.12. Let S be an algebra over a commutative ring K and let R be
a central separable K -algebra. If S ® k¢ R is a semilocal algebra, then so is S.

Proof. Inview of [2], Lemma 3.1, K is a direct summand of R, that is, R = B&K
for some K-submodule B of R. Therefore,
Sk R=S®rk (B K)=(S®x B)® (S®rx K)=(S®Kx B)® S.

This implies that S is a direct summand of S @ R as a left S-module. It follows
from Theorem 2.11 that S is itself a semilocal algebra. O

Lemma 2.13. Let S be a semilocal algebra over a commutative ring K and let R
be a central separable K -algebra, which is a free module over K. Then S ®k R is
also a semilocal algebra.

Proof. It is known that R is finitely generated K-module. Therefore, R has
a finite free rank, say s, over K and so R ® g R°? = M,(K). Then

(S®Kx R) @k R = S ®k (R®K RP) = S @ M(K) = M(S5),

which is a semilocal algebra since S is. Note that R°P is also a central separable
K-algebra. In view of Proposition 2.12, S ® ¢ R is a semilocal algebra. O

We need two more basic facts.

Fact 1. Let R be a central separable K-algebra. It is known that there exists
a canonical isomorphism n: R ® g R°® — Homg (R, R), which is defined by

(Zm@b) = St

forallz € Rand > a;®b; € Rk R°P. In addition, suppose that R is a free module

3
over K of rank q. Therefore, if r1,...,74 form a basis of R over K, given z € R,
there exist finitely many a;,b; € R such that

Zairjbi:() forj=2,...,q and Zairlbi:z.

Fact 2. Let S be a K-algebra with a subalgebra R. If Eaz ®b;=0in S®k R,
then Z a;zb; =0 for allz € S.
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Proposition 2.14. In Theorem 2.8, if R is a free K-module, then every homo-
morphism from R into S can be extended to an inner automorphism of S.

Proof. Since R is a central separable K-subalgebra of S, R is a finitely generated
module over its center K. By the fact that R is a free K-module, R has a finite free
rank, say q. Let ¢: R — S be a homomorphism. Let

p®1: R®xg R’ = S ®x RP

be the homomorphism defined by (p ® 1)(z ® y) = ¢(z) ® y for x € R and y € R°P.
Note that R @ g R°? = M,(K). In view of Lemma 2.13, S ® ¢ R°P is also semilocal.
By Lemma 2.10, there exists a unit u € S ® g R°P such that

(13) p)Ry=(pe1)(z@y) =uz®yu"

for all x € R and y € R°?. Choose 71, ...,74 to be a basis of the free K-module R.
q
Write u = > s; ® r;, where s; € S, 1 < i< gq. Let x € R and y € R°P. By (13) we

i=1

get

(o (z) ®y)iz:5i ®r = (isi ®H>(ﬂ?®y),

i=1

that is,

q

q
(14) Z o(z)s; @iy = Z 8T @ Yry.

i=1 i=1

Replacing y by 1 in (14), we get

(15) (p(x)s; — siz) @r; =0

q
i=1
for all x € R.

To apply Fact 2, we need to notice that Y y; ® z; = 0 in S ®p R°P if and only if

3
Syi®z =0in S ®p R. Applying Fact 2 to (15) with the remark above, we have
i
q
(16) Z(ap(m)si —s;x)yr; =0
i=1

for all z,y € R. By Fact 1, there exist finitely many a;,b; € R such that

Zajrkbi:() fork=2,...,q, but Zajrlbjzl.
J J
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By (16) we have
ozz(gwwsi_sz )a]m)b —Z( s s )_go 2o — 1z

for all x € R. That is, ¢(x)s1 = sy for all x € R. Analogously, ¢(x)s; = s;x for all
x € R, where i = 2,...,q. We now rewrite (14) as

q q
(17) Zsix®riy = Zsm@yri
i=1 i=1

for all x,y € R. By Fact 2, we get

q

(18) WglYy = Z(six)yriv

i=1
where w, := Zs xr; for all z,y € R. Write 1 = 171 + ...+ B4rq, where 3; € K. It
follows from ( ) that

q
(19) Z Bjwg — sjx)yr; = 0.
Jj=1

Applying the same argument as above, we get fjw, —s;jx = 0 for all z € R and all j.
That is,

q q
(20) Zﬂjsixn‘ = Bjw, = sjx = Zﬂiijri
i=1 i=1

for all z € R and all j. Applying the same argument to (20), we get 5;s; = (;s; for
1 < 4,j < q. Therefore, for j € {1,...,q}, we have

q q q
’I“],Bj@l ZSsz,BjQ@Ti:ZSi,BjTj@TiZZSjﬁiTjQ@Ti

i=1 =1

51 @ Biry = 5,7 @ 1.

1 MQ

Hence,

q q q q
:u<z73ﬂj®1> =Y ulrfel) =) (5r;©1)= <Zsjrj>®1,
7=l =1 =1 j=1
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q
implying u € S. The last step is to show u=! € S. Write u=! = > ¢; ® r;, where
tjeSforj=1,...,q. Then =1

1:uu71:Z ®7"j Zﬂj(&rw

implying that ut; = §; for j =1,...,q. Therefore,
q q q
o3t = St = 3 =1
j=1 j=1 j=1
This implies that v~ Z 75 € S, as desired. O

Lemma 2.15. Let R be a central separable K-algebra and let S be an algebra
over K, where K C Z(S ) Ifp: R — S is a homomorphism, then there exist finitely

many a; € R, s; € S, 1 <1< m, such that p(x) = > a;xs; for all x € R.
i=1

Proof. Since R is a finitely generated projective module over K, there exist
finitely many m; € R and K-module maps f;: R — K such that z =) fi(z)m, for

all z € R. Since f; € Homg (R, R), by Fact 1 there exist finitely many a;;,b;; € R
such that
(E) = Z aiijij
J

for all x € R. Therefore,
= SO(E fi(a?)mi) = E fi(x)p(m;) = E E a;jxbi;p(m;)
i i i g

for all z € R. Note that a;; € R and b;;¢o(m;) € S for all ¢, j. O

We are now ready to give the proof of Theorem 2.8.

Proof of Theorem 2.8. Suppose first that S is a simple Artinian algebra.
Since Z(S) is a field and K C Z(S), K is an integral domain. Denote by K the
quotient field of K. Therefore, K C Z(S). By the fact that K is an integral do-
main, R is a prime ring (see [2], Corollary 3.2). Moreover, R is a Pl-ring since R
is a finitely generated K-module. In view of the Posner-Rowen theorem (see [11]),
RK is a finite-dimensional central simple K -algebra. Clearly, ¢ can be extended to
a I?—algebra homomorphism from RK into S. In view of Proposition 2.14, ¢ can be
extended to an inner automorphism of S.

151



We now consider the general case. Since S is a semilocal algebra, S/J(S) is
a semisimple Artinian algebra. It follows from the Wedderburn-Artin theorem that

S/JS) =T &...0T,,

where all T; are simple Artinian algebras. Note that T; = S/M; for some maximal
ideal of S with J(S) C M;, i =1,...,n. In view of Lemma 2.15, p(RN M;) C M;
for all 7. Consider the map

©i: R/Mi NR— S/Ml,

which is defined by ¢;(Z) = ¢(z) := p(x) + M; for © € R. In view of [2], Proposi-
tion 1.11, R/R N M; is a central separable algebra over K + (RN M;)/RN M;. We
identify R/M; N R with the subalgebra R + M;/M; of S/M;. In view of the case in
the first paragraph, ¢; can be extended to an inner automorphism of S/M;, say

T w;zu; t for z € R/RNM;,

where 4, is a unit of S/M;. Note that ¢(RN J(S)) C J(S) (see Lemma 2.15). This
implies that the following canonical K-algebra homomorphism

&: RJRNJ(S) = S/J(S)

can be extended to an inner automorphism of S/J(S). Note that an element v € S
is invertible if and only if u + J(S) is invertible in S/J(S). Hence there exists a unit
w € S such that

o(r) —wrw "t € J(S)

for all x € R. Equivalently,
(21) wlo(x)w — 2 € J(S)

for all z € R. Since the map z — w™'¢(z)w for x € R is a K-algebra homomorphism,
it follows from Lemma 2.15 that there are finitely many r; € R, s, € S,i=1,...,¢,
such that

q
(22) wlp(z)w = Zrixsi
i=1

for all x € R. By [2], Lemma 3.1, there exists a K-submodule B of R such that
R = K ® B as K-modules. Therefore, we may assume further that vy = 1 and
r; € Bfori=2,...,q. We claim that s; is a unit of S.
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Consider the K-module map g: R — R defined by g(8) = g for § € K and
g(b) = 0 for b € B. By Fact 1, there exist finitely many c;,d; € R such that

g(z) = Ecja:d for all x € R. Therefore, Y c¢jrid; = 1 but Ec]rkdj = 0 for
j
k=2,...,q. By (21) and (22), we have ansl x € J(S) for all z € R and so

ch (zq: m(dja:)si—(djx)> = Z:;(Z cjridj>a:si— (Z c;d )a: =a2(s1—1) € J(S)

for all z € R. In particular, s; — 1 € J(S), implying that s; is a unit of S.
Set ¢(z) := wty(z)w for x € R. Let x,y € R. We have

Blay) = p(@)pl) = 3 risid(y)

q
On the other hand, p(zy) = > r;zys;. Comparing the two equalities, we get
i=1

Zrix(ysi —5:9(y)) = 0.

Therefore,

= > rilda) sy — 13()) = 2(ysi — 55 ()

i=1
for all z,y € R. That is,
ys1 = s19(y)

for all y € R. Since s is a unit of S, we get
= wsip(y)siwt = (wsy Ha(wsy )

for all y € R. O

We end this paper with a generalization of Theorem 2.8.

Theorem 2.16. Let R be a central separable algebra over K and let S be a semilo-
cal algebra over K, where K C Z(S). If f,g: R — S are K -algebra homomorphisms,
then there exists a unit u of S such that g(x) = uf(z)u~" for all z € R.
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Proof. Since f: R — S is a K-algebra homomorphism and R is a central sep-
arable algebra over K, f is a monomorphism (see [2], Corollary 3.7). Therefore,
R 2 f(R) as K-algebras. This means that f(R) is a central separable K-subalgebra
of S. Let ¢: f(R) — S be the map defined by ¢(f(x)) = g(x) for all x € R.
Clearly, ¢ is well-defined and is a homomorphism. In view of Theorem 2.8, ¢ can
be extended to an inner automorphism of S; that is, there exists a unit u of S such
that g(z) = uf(x)u?! for all x € R, as desired. O

We remark that the theorem above gives a generalization of [9], Theorem 1.

Acknowledgments. The authors would like to express their thanks to the referee
for valuable suggestions and careful reading.

References

[1] M. Bresar, C.Hanselka, I. Klep, J. Volé¢ié: Skolem-Noether algebras. J. Algebra 498

(2018), 294-314. MR]
[2] F.DeMeyer, E. Ingraham: Separable Algebras over Commutative Rings. Lecture Notes
in Mathematics 181, Springer, Berlin, 1971. IMR]
[3] I. N. Herstein: Noncommutative Rings. The Carus Mathematical Monographs 15, Math-
ematical Association of America, New York, 1968. IMR]
[4] I. M. Isaacs: Automorphisms of matrix algebras over commutative rings. Linear Algebra
Appl. 31 (1980), 215-231. MR]
[5] I. Kaplansky: Fields and Rings. Chicago Lectures in Mathematics, The University of
Chicago Press, Chicago, 1969. MR
[6] A. Kovacs: Homomorphisms of matrix rings into matrix rings. Pac. J. Math. 49 (1973),
161-170. MR
[7] T.Y.Lam: A First Course in Noncommutative Rings. Graduate Texts in Mathematics
131, Springer, New York, 1991. IMR]
[8] N.H. McCoy: Subdirectly irreducible commutative rings. Duke Math. J. 12 (1945),
381-387. IMR]
[9] A. Milinski: Skolem-Noether theorems and coalgebra actions. Commun. Algebra 21
(1993), 3719-3725. MR
[10] A. Rosenberg, D. Zelinsky: Automorphisms of separable algebras. Pac. J. Math. 11
(1961), 1109-1117. zb1 MR doi
[11] L. Rowen: Some results on the center of a ring with polynomial identity. Bull. Am.
Math. Soc. 79 (1973), 219-223. IMR]
[12] J. B. Srivastava, S. K. Shah: Semilocal and semiregular group rings. Indag. Math. 42
(1980), 347-352. MR]

Authors’ addresses: Juncheol Han, Department of Mathematics Education, Pu-
san National University, 2, Busandaehak-ro 63beon-gil, Geumjeong-gu, Pusan, 609-735,
South Korea, e-mail: jchan@pusan.ac.kr, Tsiu-Kwen Lee (corresponding author), De-
partment of Mathematics, National Taiwan University, Astronomy Mathematics Building
5F, No. 1, Sec. 4, Roosevelt Rd., Taipei 10617, Taiwan, e-mail: tklee@math.ntu.edu.tw,
Sangwon Park, Department of Mathematics, Dong-A University, 37 Nakdong-daero
550beon-gil Saha-gu, Pusan, 604-714, South Korea, e-mail: swpark@donga.ac.kr.

154


https://zbmath.org/?q=an:06834833
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3754416
http://dx.doi.org/10.1016/j.jalgebra.2017.11.045
https://zbmath.org/?q=an:0215.36602
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0280479
http://dx.doi.org/10.1007/BFb0061226
https://zbmath.org/?q=an:0177.05801
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0227205
http://dx.doi.org/10.5948/upo9781614440154
https://zbmath.org/?q=an:0434.16015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0570392
http://dx.doi.org/10.1016/0024-3795(80)90221-9
https://zbmath.org/?q=an:0238.16001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0269449
https://zbmath.org/?q=an:0275.16019
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0447332
http://dx.doi.org/10.2140/pjm.1973.49.161
https://zbmath.org/?q=an:0728.16001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1125071
http://dx.doi.org/10.1007/978-1-4684-0406-7
https://zbmath.org/?q=an:0060.05901
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0012266
http://dx.doi.org/10.1215/S0012-7094-45-01232-4
https://zbmath.org/?q=an:0793.16030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1231628
http://dx.doi.org/10.1080/00927879308824760
https://zbmath.org/?q=an:0116.02501
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0148709
http://dx.doi.org/10.2140/pjm.1961.11.1109
https://zbmath.org/?q=an:0252.16007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0309996
http://dx.doi.org/10.1090/S0002-9904-1973-13162-3
https://zbmath.org/?q=an:0442.16010
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0587061
http://dx.doi.org/10.1016/1385-7258(80)90035-9

		webmaster@dml.cz
	2021-04-19T14:44:13+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




