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Abstract. We demonstrate some a priori estimates of a scheme using stabilization and
hybrid interfaces applying to partial differential equations describing miscible displacement
in porous media. This system is made of two coupled equations: an anisotropic diffusion
equation on the pressure and a convection-diffusion-dispersion equation on the concentration
of invading fluid. The anisotropic diffusion operators in both equations require special care
while discretizing by a finite volume method SUSHI. Later, we present some numerical
experiments.
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1. INTRODUCTION

In the literature, there exist several modelling approaches of the single-phase mis-
cible displacement of one fluid by another in a porous medium. In [8], [11], [21]
the authors introduced the Peaceman model, where the fluids are considered incom-
pressible. This model is constituted of an elliptic parabolic coupled system. While
if the fluids are compressible, the system becomes parabolic, see [9], [12]. We are
interested in the study of the first model. It is constituted of an anisotropic diffusion
equation on the pressure and a convection-diffusion-dispersion on the concentration
of the invading fluid; see [18] for the theoretical analysis of this system of partial
differential equations, see also [17], [3], [2].

Let us mention that the Peaceman model has been the object of several studies.
The authors in [19], [10], [11] studied the finite element schemes for both equations.
We refer to [22] and [23] for the Eulerian-Lagrangian localized adjoint method com-
bined with the mixed finite element methods. See [1] for the convergence analysis for
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a discontinuous Galerkin finite element. The pressure equation was discretized by
the finite element method and the concentration equation by the method of chara-
cteristics in [13], [14] and [20].

There are other works that treat both equations by a single method, for example
Chainais-Hillairet, Krell and Mouton in [7] and [6] study the numerical and con-
vergence analysis of a DDFV scheme for a system describing miscible fluid flows in
porous media and in [5] Chainais-Hillairet and Droniou proposed the mixed finite
volume scheme for both equations.

In this paper, we propose another method for both equations—the SUSHI (Scheme
Using Stabilisation and Hybrid Interfaces) method.

1.1. The continuous problem and objectives. Let us consider that the un-
knowns of the problem are the pressure in the mixture p, its Darcy velocity U and
the concentration of the invading fluid ¢. The porous medium is characterized by its
porosity ¢(x) and its permeability A(z). We denote by u(c) the viscosity of the fluid
mixture, ¢ the injected concentration, ¢* and ¢~ are the injection and the produc-
tion source terms, respectively. The model is defined on a time interval (0,7) and
a domain 2 C R? by:

div(U) = ¢t —q~  in (0,T) x Q,

(1.1) U=—-K(z,c)Vp in (0,T) x £,
/{fp(~@)dxz0 on (0,7T),

(1.2)  ¢(x)9c— div(D(z,U)Ve) + div(Uc) + g c=7c¢" in (0,T) x €,

where K (z,c¢) = A(x)/u(c) and D are the diffusion-dispersion tensor including molec-
ular diffusion and mechanical dispersion, respectively. The initial condition is

(13) C(J?, 0) = Co(l‘),
where
(1.4) co € L*(9), and satisfies 0 < ¢ < 1 almost everywhere (a.e.) in €,

and the boundary conditions are

(1.5)

[K(xz,¢)Vp]-n=0 on (0,T) x 09,
[D(z,U)Ve]-n=0 on (0,T) x 09,

where n is the unit vector, { is an open, bounded connected subset of R? which
supported tube polygonal (d = 2) and 92 stands for its boundary.
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The porous medium is characterized by the porosity ¢(x) with
(1.6) $ € L°°(9) and there exists ¢* > 0 such that ¢, < ¢ < ¢, ' a.e. in Q,

and

K: QxR — M(R) is a Caratheodory matrix-valued function
w7 satisfying: Jax > 0 such that K(x,s)¢ - €& > axl€]?
' for a.e. z € Q, all s € R, and all £ € R2,

JAg > 0 such that |K(z,s)| < Ag for a.e. x € Q and all s € R.
Further, D is the diffusion-dispersion tensor including molecular diffusion and me-
chanical dispersion, satisfying the following

D: Q x R? — My(R) is a Caratheodory matrix-valued function

such that: Jap > 0s.t. D(x,V)E-€ > ap(1+|V])[€]?

for a.e. 2 € Q, all (V,€) € RZ x R?, 3Ap >0

such that |D(z, V)| < Ap(1+ |V]) for a.e. z € Q and all V € R?,

(1.8)

where D is given by
(1.9) D(z,U) = ¢(z)(dmI + U E(U) + di(I — E(U)))).

Here I is the identity matrix, d,, is the molecular diffusion, d; and d; are the longi-
tudinal and transverse dispersion coefficients, respectively, and

EW) = ((|]lz][|]2] ) 1<iyj<d

We denote by pu(c) the viscosity of the fluid mixture as

(1.10) u(e) = p(0)(1 + (MY* — 1)y on [0,1],

where M = p(0)/p(1) is the mobility ratio (we extend p to R by letting u = 1(0) on
(—00,0) and g = p(1) on (1,00)), ¢ is the injected concentration such that

(1.11) ce L*=((0,T) x Q) satisfies 0 < ¢ < 1 a.e. in (0,T) x Q,
gT and g~ are the injection and the production source terms, respectively,

(1.12) (q*,q7) € L*(0,T; L?(Q2)) are non negative functions such that
‘ Joat(x)de = [, q (-,2)dz ae. on (0,7).

117



Definition 1.1 (Weak solution). Under the hypotheses (1.3)—(1.12), a weak solu-
tion of (1.1) and (1.2) is a triple of functions (p, U, ) satisfying: p € L>(0,T; H*(Q2)),
U e L>(0,T; L?(2))? and ¢ € L>=(0,T; L*(Q)) N L(0, T; H(2))

JoB(t,-) =0 for a.e. t € (0,7,
U=—-K(z,2)Vp a.e. on (0,7) x Q,
T T
(L13) 4 a1(p.g1) = e +/ / g 1 forall 1 € C([0,7] x Q),
0o Ja 0o Jo
T J—
as (T, p2) = / cqt oo for all o € C([0,T] x §2),
0o Jo

with

1(P 1) / / Ve,
(1.14) (C, v2) / /¢ c@tgog—l—/ /D x,U)Ve- Vg
—/0 /QEU'V<P2+/O /QquEst—/Qéf’Co(ff)sﬁz(Oa')-

One of the disadvantages of the finite volume method is that it assumes the con-

dition of orthogonality on the mesh in the sense of Eymard et al. [15]; this excludes
other types of meshes that do not satisfy this condition. For example, in porous me-
dia, most geological layers are quite deformed, and therefore the mesh used to study
these problems in general does not meet the orthogonality requirement. In this work,
we want to apply one of the finite volume methods dedicated to anisotropic diffusion.
We will examine the application of a finite volume scheme using stabilization and hy-
brid interfaces, which has been proposed by Eymard et al. [16], to the diffusion term
in the pressure equation and in the concentration convection-diffusion-dispersion
equation of the system describing miscible fluid flows in porous media (Peaceman
model). This method is characterized by:

> using a single mesh that is very general, unstructured and does not take into
account the condition of orthogonality (classical finite volume see [15]);

> avoiding to project the gradient on the edges of dual and primal mesh (method
DDFV) by adding a term of stability which stabilizes the gradient obtained by the
method of classical finite volume; then the number of variables of SUSHI method
is less compared to the method (DDFV).

We present and study a numerical scheme for SUSHI method applied to this model,
more precisely, we prove some a priori estimates on the pressure, the gradient of the
pressure, the Darcy velocity and also a priori estimates on the concentration and the
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gradient of the concentration. Later, some numerical tests are also carried out to
verify the validity of the proposed numerical scheme.

This article is organized as follows. In Section 2 we present meshes and the
associated notations, then we introduce the different discrete operators (gradient and
convection operators) and some proprieties. The main result of the paper is detailed
in Section 3 as follows: Sections 3.1, 3.2, and 3.3 are devoted to the discretization
of system (1.1)—(1.12), a priori estimates are proved in Section 3.4, and finally we
present some numerical experiments in Section 3.5.

2. THE FINITE VOLUME SCHEMES SUSHI

The SUSHI scheme is based on Hybrid Finite Volume (HFV) and cell-centric
(SUCCES) schemes. They are based on two fundamental ideas: one, where unknowns
on the edges are introduced only where they are needed, and second, where strangers
on the edges are introduced on all edges of the mesh.

In this section, we will present different definitions, notations and conventions of
writing that we will use later. Besides we follow the idea of Eymard et al. [16] to
build flux using a stabilized discrete gradient. After we define the discretization of
the convection term, we give some proprieties and definition of the schemes.

2.1. Notation and assumptions. Now let us define some notations of the dis-
cretization of ).

Definition 2.1.

> A discretization of €2, denoted D, is defined by a triplet D = (M, &, P).
> M is a family of connected nonempty open subspaces included in 2 (set of control

volumes K) such that Q@ = |J K. The boundary 9K = K \ K for any K € M is
KemM
the boundary of I; mx > 0 is the measure of I, zix is the barycentre of I and

d(K) is the diameter of K.

> Let us define the set of interfaces of the mesh D by &; this set is decomposed into
two subdomains &,y and Eeyt, which respectively represent the set of internal faces
and faces located on the edge 02 of the domain.

> o is a nonempty open subset of R (o € &), z, is the center of o and m, is the
measure of interface o. The symbol ox . stands for the common interface between
K and L.

> For any 0 € £, M, = {K € M,0 € 0K}. If M, contains one element, then
0 € Eoxt, €lse 0 € Eny. Let Ex be the set of the interfaces of .

> ng,, is the unit vector normal to ¢ outward to K and dix , > 0 is the Euclidean
distance between x, and zx.
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> Let P be the set of points of (2.

> Let ® be the set of diamond D7 such that |J Dy = Q, and Cx, be the cone
Dre®
with vertex xx and basis ¢ (we note {K,0} = Cx ).

> The size of the discretization D is defined by

(2.1) hp = sup (d(K)).
KemM

Definition 2.2. We consider Xp, Xp ¢ and Xp 5 three spaces defined as fol-

lows:

(22) Xp = {’U = ((WC)ICEM; (UU)UE“)); VK € [R; Vo € R}v
(2.3) Xpo={veXp; AV sv-nge=0forall o € Eext }
(2.4) XD,O,B = {’U S XD’(); Hﬂf S R; Vg = Z BUK’UK},

Kem

where B is defined in the next definition and A = K(z,¢) if v =p and A = D(z,U)
ifv=ec.

Definition 2.3. Let

(2.5) up = Y Bhux,

Kem

where (8%)cem.oce,, is a family of real numbers with S% # 0 only for some control
volumes K close to o, and such that

(2.6) Z B =1and z, = Z Bk

Kem Kem

Let B be the set of the eliminated unknowns using (2.5), and H = Ein/B.

The projections in the spaces Xp, Xp ¢ and Xp o s are defined in the next defini-

tion.

Definition 2.4. Cy(Q) is the set of continuous functions which are null in €.
For all ¢ € Cp(Q2) we define:

(1) the projection in Xp by

PDI Co(ﬁ) — XD,
Y = Ppp = ((V(zx))cem, (V(2s))oce);
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(2) Pp,sY = v as an element of Xp g such that v = ¥(zx) for all K € M; v, = vk
for all 0 € Eexy NK; vy = (x,) for all 0 € H and v, = Y. BR4(xx) for all
e B Kem

(3) Ham(Q) as the set of the piece-wise functions on M and the operator Ppq such
that for any ¥: Q — R, Pyt is the piecewise function satisfying Py (v (z)) =
P(z) for all K € M.

The space Xp is equipped with the semi-norm |-|x,, defined by

Mo
(2.7) ik, = > > E(vg —vc)? Yove Xp.
KeMoeéx

Note that |-|x, is a norm on the spaces Xp ¢ and Xp o 5.

Definition 2.5. The time interval (0,7") (T" > 0) is divided into N (N is an
integer such that N > 0) small intervals with a time step 6t = t,+1 — ¢, equal
to T/N. We introduce the following spaces:

(28) XD,(St = {(Un)nE{O,...,N—l}; S X’D}v
(2.9) Xps5t,0 = {(v")neqo,...n-13, V" € Xp o},
(2.10) Xpst.5 = {(v")neqo,...N-1}, V" € XD 0,5}

The semi-norm on Xp s is defined by

N-1
(2.11) 0k ps = D 6t %y -
n=0

2.2. The discrete gradient. It is always possible to deduce an expression for
Vpu(z) as a linear combination of (uy, — ux)seg -
Let us first define

V}C: XD — HM(Q)d,

"t s Vieu !

such that 1
u"tt € Xp, Vit = K] Z o |[ul ™t — uf  ng o
o€l
However, we find that this discrete gradient is zero for any ujt! € K if ul+!
are zero, so it is not coercive. We thus seek a new discrete gradient coherent with
the previous and coercive in the Ck , (cone with the vertex xx and basis o). This
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corresponds to the previous step gradient to which we add a correction term. We
define the discrete gradient as

(2.12) V;qunJrl = Viu"t + R;c,g(unﬂ)n;gﬁ
with v
d
Ric.o(u"t) = W(u:;+1 — U = Vw1, — z]).

(Recall that d is the space dimension and di » is the Euclidean distance between zx
and z,.) We obtain the following stable discrete gradient

(2.13) V;C,gu”“ = Vieu" ! + R;c,gu”“ MK

We may then define Vp as the piece-wise constant function equal to Vi . a.e. in the
cone Cx , with vertex xx and basis o:

(2.14) Vput = Vi ;u" ™! for ae. 2 € Cx .
Then we have

(2.15) Viou"™ = 3" vor it —uptt)

o’ Ex

with Y7 given by

m d m
— ke + Vd (1 — —nKke - [T6 — a?ic])nica if o =o',
216) yoo = "* deot MK
. Mgt \/a .
m—’Cn;Cg/ - mnmg/ e — zx)nK e otherwise.
Red

2.3. The discrete convection term. To treat the convection term in the con-
centration equation, we define the following convection discrete operator as follows:

(2.17) /Qdiv(f,v)z S medives(&p,vr)

KeMaoelx
= Z Z Mo [(€p - noic) T — (€ - Mox) v,
KeMoelx
with vy € Xp and &p € R2.

2.4. The proprieties of the schemes. Let D be a discretization of 2 in the
sense of Definition 2.1. The regularity of the mesh is defined by

(152, e, (409)).

w
dLU)’ICeM,UES;c d;cyg

(2.18) 0p = max ( max

ox,cEEnt
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For a given set B € &y and for a given family 8 satisfying property (2.5), we
introduce a measure of the resulting regularity by

>cemlBsllre — fEcrIQ)

ma
KEM,0€ECNB h%

(2.19) 0p B = max (GD,

Definition 2.6. Let D be a discretization of € in the sense of Definition 2.1,
and let 0t be the time step defined in Definition 2.5. For v € Ha(€2) we define the
related norm

Dyv\2
(2.20) Pavlion= > > |"|d’c7"< dgv) ’

KeMoeéx

and for v € Xp s5¢, we define the related norm

N-1
(2.21) IPavlion = D StIPmo™ 520

n=0

with dy = |di o +dz.o|, Dov = lug—vz| if M, ={K, L}, and d, = dx o, Dov = |vk]
it M, ={K}.

A result stated in [16] gives the relation

(2.22) [Prmollf o < 0, Vo€ Xpo.
Then we get
(2.23) P mv] %;1,2,/\4 < |U|§(D,5t Vv € Xst,p,0-

A result stated in [16] gives the relation

(2.24) [Paol o <lolk, Vo€ Xpo.
Then we get
(2.25) 1PmolFor o < 013p.s0 Y0 € Xorp0

We recall in this section some proprieties of SUSHI scheme. The proof of these
proprieties can be found in [4].

Lemma 2.1. Let D be a discretization of ) in the sense of Definition 2.1. Let
v > 0 be such that v < dx »/dg, < 1/v for all o € €, where M, = {K,L}. Then
there exists C7 depending only on d, ) and v such that

(2.26) H'PM’UHL2(Q) < ClH,PMU”LZM Yve Xp
where ||Pamv||1,2,m is defined by (2.20).

123



Lemma 2.2. Let D be a discretization of 2 in the sense of Definition 2.1, and
and let 6t be the time step defined in Definition 2.5. Let v > 0 be such that
v <die/deo <1/v for all o € £, where M, = {K,L}. Then there exists C1 > 0
depending only on §t and C; such that

(2.27) PrmvllL20,7;02(0)) < C2Prmvlli2,m Vo € Xp st

where |Pamv||1,1,2,m Is defined by (2.21).
Proof. The proof is a result of Lemma 2.1. O

Definition 2.7. Let D be a discretization of €2 in the sense of Definition 2.1,
and let 6t be the time step defined in Definition 2.5. We define the L?-norm of the
discrete gradient by

oldk
IVor@Zaay = 3 3 D% g o v e xo,
KeEMaoe€x
and
- ol
IVow( ) ia0r 2@ = D0t Y D = Viow"? Ywe Xpa,
n=1 KeMoelx

where Vi » and Vp are defined by (2.13) and (2.14)

Lemma 2.3. Let D be a discretization of € in the sense of Definition 2.1, let 6t
be the time step defined in Definition 2.5 and suppose that there exists a positive
such that 0p < 6 for all D.

(1) Then there exist positive constants Cs and Cy depending only on 6 and d such
that

(2.28) Calv[%p < IVDU[I72(q)e < Calolk, VYo e Xp.
(2) Moreover, we have

(2.29) C5|w|§(73,5,, < ||VDw||%2(O7T;L2(Q)d) < Cﬁ|w|§(p)m Vv e Xpsi.

Definition 2.8. Let D be a discretization of 2 in the sense of Definition 2.1 and
let 6t be the time step defined in Definition 2.5. Let up s: € Xp s: be a solution of
the problem. We say that Pajup si(x,t) is an approximate solution of the problem.
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3. THE MAIN RESULTS

3.1. Discrete weak formulation. In this section we present the discrete weak
formulation for problem (1.1)—(1.2). We consider, for all n = 0,...,N — 1 and all
K € M, the unknowns ¢"*! € Xp 5, U" € Xp 5+ and p" € Xp 5¢, which stand for
approximate values of ¢, U and p on [n;n + 1].

3.1.1. Equation of the pressure. We begin with the discretization of equation
(3.1) —div(K(z,¢)Vp) =q" —q".

We integer over K for any K € M and in the interval (¢*,¢"*1) C (0,T) which yields

tn+1 t"+1
[ —aveavn = [ [ @ -0,
< Jtn icJin

which gives

5t/ —div(K (x,c")Vp"tt) = 575/ (gHmtt — g,
K

K

then

> K@, )Vt oo = mic(gE ™ — g™,

o€l V7
finally

1 —nt1
(3.2) > Feo ") = migit — Kt
o€k

For the border elements we obtain the equations by discretizing the second part of
system (1.5), which gives that the flow is zero on the boundary as follows:

(3.3) K(2,¢f)Viop" ™ nico =0 V0o € Eext with o € K.

We use the fact that the numerical flow is locally conserve at the interface of the two
elements, we then have

(3.4) Fro®@™) + FL (") =0 Vo € & such that M, = {K, L}

And now we have card(&ing) + card(Eext) + card(M) unknowns and equations.
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To discretize the null average condition on the pressure fQ p(-,x)dx = 0, we
consider Q2 = |J K. Then we have

KEM
Z mipr = 0.
KeM

Multiplying equation (3.2) by v"“ for all K € M and alln =0,...,N — 1, then

summing over I and over n =0,..., N — 1, we get
N-—
65 X X X AT = X Y e me g
n=0 KeMoc&x n=0 KeM

which gives

N—
(3.6) Z Z v e (g = g™
n=0 KeM
with
N-1
(3.7) o) =D D > Fe@ ot —op .

We define also

(38) [pn+1 n+1 Z Z ]_-1 n+1 n+1 n+1].

KeMoe&x

3.1.2. Via equation. For the second equation we have
(3.9) U=—-K(z,¢)Vp, in (0,T) x .

We integer over Dy and over the time interval (t",¢" 1) C (0,7T) and we obtain

tn+1 tn+1

(3.10) / Udzxdt = / —K(z,c)Vpdadt,
tn D tn Dy
after simplifications we obtain the formula
Ugil - (—K(l‘g, Cn)Vanrl)DT'
For any diamond Dy € © we have

{K,o}U{L,0} ifo € &,
T ko) if 0 € Euns.
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1 1 :
UZH 4 U i o € G

Then
Un+1 _
pr Ut if o € Eu,
and
VDT n41 V;Qgp"*‘l + Vﬁ,apn+1 ifoe gint,
p =
Vic,op™ ! if 0 € Eoxe.
Finally, we get
n+l ne.o
lf o e gintv

Ul -ngo + UL
—K(:L'g, C%)VIC,aanrl - K({EU, CZ)Vﬁ,aanrl

(3.11) _
URL ko = =K (24, ) Vic op™ if 0 € Eont
where Vic ,p" ™,V ,p" ! are noted in (2.15).
We rewrite (3.11) as
(3.12) { K ke TUL o = Fi (0" + FLo (0" if 0 € Ein,
Ulg,trl "NK,o = ‘F]1C7o'(pn+1) otherwise.

3.1.3. Concentration equation. Now, we discretize the third equation

(3.13) #(2)0rc — div(D(z,U)Ve) + div(cU) + ¢ c=qT e
We integrate over the volume control K € M and over the time interval (¢, t"+1) C

[0,T] and we obtain
n+1

i+t t
/ /qﬁ(x)&‘tc—/ /div(D(x,U)Vc)
tn K tn K

et it et
+/ /div(cU)+/ /q*c:/ /q*?.
tn K tn K tn K

That gives
/ d(z) (" — ) — 6t/ div(D(z, U TVt
K K

1ot / div(c"TtU™tY) + 6t / gLt = gt / gt iEn L
K K K

Then
¢+t Y | D@, U"t)vert!

[ st -
K o€V
qf,nJrlCnJrl _ 5t/ q

+6t/ div(c”“U”“)Jrét/ ot
K K K
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Finally,

(3.14)  mior(cEt =)+t Y FR (T +6t Y mgdives (e URM)
o€k AT

+ dtmiqy mtl "+1 = 6tm;gq+ ”HA‘”H.

We have card(M) equations and card(£) + card(M) unknowns. For a reasonable

system we need card(£) more equations; for that we use that the flow is null on the
boundary:

(3.15) D(zx, U%H)V;QUC”H ‘N =0 Vo€ et NK.
And since the numerical flow is locally conserved, we have
(3.16) Fo o™+ FZ2 (") =0 Vo € &g such that M, = {K, L}.

We have now card(&ing) + card(Eext) + card(M) unknowns and equations.
We multiply (3.14) by w”Jrl for all wx € M and all n = 0,...,N — 1. Then
summing over I and over n =0,..., N — 1, we get

Z Z wnJrl n+1 +§tz Z Z ]:2 n+1 n+1

n=0 KeM n=0 KeEM o€
N—-1
4 ot Z Z w,%‘“ Z me div e, (¢ "+1 U"+1)
n=0 KeM o€l
46t Z Z ’U} n+1 n+1 = ot Z Z wn+1 +n+1~n+1
n=0 KeM n=0 KeM
That gives
N-1
PO IETITRECIRIRED B B NS
n=0 KeM n=0 c€&ins
N—-1
+ ot Z Z w%“ Z me div ey (c "+1 U”‘H)
n=0 KeM o€k
+§tz Z wn+1 ,n+1 n+1 6tz Z wn+1 +n+1~r’é+1
n=0 KeM n=0 KeM
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Bearing in mind (3.16) and (3.15), we get

§ § wnJrl n+1 CT,%)

n=0 KeM

N—
0ty Y [FR (TRt = FR (e it

n=0 cE€Eint
N-1
+ ot Z Z w,’é“ Z me div e, (¢ "H U"H)
n=0 KeM o€Ex
+5tz Z witge et = &Z Z Wit gb g,
n=0 KeM n=0 KeM

Then we have

§ § wnJrl n+1 C;é)

n=0 KeM
+6t2 D PR =yt + F (e (- wpth)]
n=0 oc€&nt
N-—1
—|—5t2 Z w,’éﬂ Z me div e, (e ”H U"H)
n=0 KeM o€k
N—
+5tz Z w ,n+1 n+1 Z Z wn-‘,—l +n+1~n+1’
n=0 KeM n=0 KeM
N—-1 N—
> > widr(e™) Z Z D FRo (e —wp ]
n=0 KeM n=0 KEM oc&x
N—1
H0t YN wEtt > mg dives (et URT)
n=0 KeM o€k
N-—1
+5t2 ol e =0ty Y W gl + ex(ep)],
n=0 KeM n=0 KKeEM

thus, we give as a form of bilinear approximation the following formula

N—

(3.17) = > " w"

=0

;-.

3
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where

(3.18) [Cn-‘rl,wn-{-l]]__2 — Z (%(bIC( n+1)

KemM
§ : } : 2 1 1 1
4 ]: n+ n+ Z+ ]
KeMoelx
E ”H E Mo divc(,(c'T’,Jrl,U;D”r1 E Wi ’”H %H
Kem g€k Kem

3.2. The discrete flux. The discrete flux f,lc’g and .F,QC’U are expressed in terms
of the discrete unknowns. For this purpose we apply the SUSHI scheme proposed
n [16]. The idea is based upon the identification of the numerical flux through the
mesh dependent bilinear form, using the expressions of the discrete gradient

(3.19) DD Flo™ ) (ux —uo)

KeMoeéx
~ / Vop" T K (z,c")Vpu Vp" ue Xop,
Q
and
(3.20) DY FRo () (vk — o)
KeMoeéx

~ / VoM D(x, U Vpy Ve ve Xo,p-
Q

The identification of the numerical fluxes using relation (3.19) and (3.20) leads to
the expression

(3.21) Fo@™) = Y K&t —ppth),
o' €€k

(3.22) Fiolc™)y = " DE7 (gt —apth).
o’'e€x

Thus

(3.23) /Vpp"+1K(x MVpu= > Y K7 (pptt - pit) (e — ux),

oc€&x o' EEK

(3.24) /Vpc"+1D(x,U"+1)VDv: > DET (T = i) (v — k),
K

oc€&x o' €€

130



with 0,0’ € Ec and

Ep7 = Y yoleorg'ye" e with Tg = / K(z,c")d,
o.// Eg}c IC C "

D’%UI . Z YU//709%//YU//7U/ with @a” _ / D(fE, Un—',—l) dz
o.// Eg}c IC C "

’
The local matrices K27 and D7 are symmetric and positive.

3.3. Final scheme. Using (2.13), we have

1 1 1
Vic,o?" T = Viep" ™ + Ricop™ - i o

V)Qg—cn—‘rl = V}CCnJrl + RIC,UCn+1 *NK,o,

and

div CU(UD,UT) = (UD . ’I’La7]c)+1)]c — (UD . ’I’Lm]c)_vg.

The discretization of problems (1.1) and (1.2) is defined as follows:

Find for all K € M and for all n, p"*! and ¢!

Z Z KUU n+1 n+1][val _U)C]

o€€x o' €€k

= K (20, ¢f))Vop"™, Y micpe =0,
KeM

with K (2, %)) Vpp™ ! - nic.e = 0if 0 € Eaxe N K,

(25)  § meveon(e™) —0t 3 30 DR7Iert -]

o€l o' €€k

+otoe S my dive, (cpt U"+1)+6tm;cv;cq,c’"+ cptt
o€k

m)cvic(qfc_ n+1 qlz,n+1)

?

n+1
Uf

Vo1 — V]

= dtmxvic [(],JCr nHNnH + drcck],

1
c(z,0 :—/ co(x) de,
(2,0)= e (
with D(Up, ¢))Vpc™t - ng o =0 if 0 € Eexy NK

where
U.U’ U// - U// P
KIC/ = E Y9 9. FIC,U“Y ’
o €€k
(326) oo’ 1" "o
DK:’ = E YU 7 @K:’O—NYU i s
o€
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and
Y27 is given by (2.16),

Fkor = / K(z,cg))dz,
c

.ol

(3.27)

Ok,on z/ D(z, U™ dz
c

Kc,o!

and Cx »~ is the cone with vertex zx and basis o”.

3.4. A priori estimates. In this part we will show some a priori estimates
following the same process of a priori estimates demonstrated in [6].

Lemma 3.1. Let Q be an open bounded connected polygonal domain of R? and
let D be a SUSHI mesh of Q) in the sense of Definition 2.1. Assume (1.4), (1.6)—(1.7)
and (1.12) hold and that the scheme (3.25) has a solution (pp st, Up st, ¢p5t). Then
there exists C; > 0 depending only on 2, o, C1, C3, C5 and A, such that we have
for alln € {0,...,N —1}:

(3.28) ||PMPD,6t||%~1 2, M T ||VPD,6t||%2(o,T;L2(Q))

1494

+ ||UD7575||%2(0,T;L2(Q)) < Crllg™ = a7 o= 0,122 ())-

Proof. In order to obtain the estimate for Pppp s¢ in (3.28), we use pp s as
a test element:

(—div(K(z, C)va,ét)apD,5t>F1 = <q+ - q_;pD,5t>F1 .

That gives
<K($, C)va,(Sta VpD,6t>F1 = <q+ - q_va,6t>F1 .

Then, using hypothesis (1.7) and the Cauchy-Schwartz inequality, we have
(329)  allVopsillizom.r2) < et — @ lleomL2@)llpp sl L2 0,02 @)-
Applying now the discrete Poincaré Inequality (2.29), we get

Csalpp silXp s, < lla™ = ¢ Iz 0,152 @) [PD 5l L2 (0. 7:02(02)) -

The formula (2.25) gives

Csal|Pmpo,stl %;1,2,/\4 < g™ - q |z (0,122 lPD5t | 20,7502 () -
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Using (2.27), we have

Cs

(3.30) IPrppsillinza < Gla" = a lr=om2@):
5

Now, formulas (3.29) and (2.27) give

allVposillizor.r2) < g™ = ¢ llzeo.r;22 @) Callpp sell1:1.2,.m-

Thanks to formula (2.25)
allVppsillZz0r.n200)) < a7 = ¢ lneo.1:02(2)) Calpp stl x5
(2.28) gives
IVPD.sill 20,120 < &Hfﬁ —q |lz=(0,m;20) IVPD,stl L2(0,7:22() -
ay/Cs
Then
(3.31) IVpp.stll 20,7522 (0) < &Il(fr = ¢ ll=mL2()-
aV/Cy
The estimation of the third term U™ is deduced by (3.31) and (1.7):
(3.32) 1UpstllL20,m502(0)) < AxclIVPD,sellL2(0,7:020)

CaoAk

< T g7 | peoro 7 )
< a\/@Hq q HL (0,T;L2(Q)

Finally, using (3.30), (3.31) and (3.32), we have the proof with
Cs Cs
Cr=—(VC3A Cs+—).
7 aCs ( 3\ + 3+ Cs)
(]

Lemma 3.2. Let Q be an open bounded connected polygonal domain of R? and
let D be a SUSHI mesh of Q) in the sense of Definition 2.1. Assume (1.4), (1.6)—(1.8),
(1.11) and (1.12) hold and that the scheme (3.25) has a solution (pp. s, Up,st, CD,st)-
Then there exists Cg > 0 depending only on Q, ap, ¢., co, Ca, Cs and g+ such that
we have

P«

(3.33) > B lI72 () + apllURM?Vpep sell iz 1.2

+ (1 + ap)||VepsellLzo,1i22(0)) < Cs-
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Proof. Multiplying (3.14) by c”'|r1 we get

(334) Ti+ T+ 154+ Ty =T
with . .
Ty = mipr (™ — cp)eg™,
7’*12 _ n+1 Z ]:2 n+1
0€Eint
Ty =gt mo (UEE) et — (U e,
0€Eint
T4 _ C’r’éJrlm ar 7n+1c’r’é+1’

1 +,n+l
Ts :mnc,@" gt

The relation

(3.35) (a—b)a > %(a2 —b?)
ensures
(3.36) Ty > demicy () — (cR)?)

Summing formula (3.36), over n =0,..., N —1 with N > 0, we get

n=N—
Z > demic ()’

Applying the hypothesis (1.6), we have

n=N-1

Y iz Y sem(e)?

KemM n=0 Kem

> % > mrleR)? -

KeM
which gives
(3.37) Z Z T1 > ¢ullep |l 2
KeM n=0

Using (3.12) and noting that Fg ,(p"™') = Fi ,,

— ().

- (COIC)2)a

— o7 bl 2

we have

-1
¢>s2< Z m]C(CO

SoTy= 3 S (FL )t — (Fh,) et

Kem Kem 0€Eint
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1 . . 1 _ 1 —
Fk o is continuous, then we have (F ,)* = —(Fg ), so

D Ta= D 't D (Fro) et - (P et

KeM KemM 0€Eint

= 3 Y (BTG -G = (P o) (6 = e,

KeMo€eint

Since (Fi o) + (Fx.0) ™ = ko

SNoTy=>" N Fl (et — ittt

Kem KeM o€&int

Using (3.35), we have

(338) Z T3> —— Z Z ]:ICU n+1 —(Cerl)Q).

Kem ICeM 0€Eint

Applying (3.4), we get

1
DEETD MO CH IS
KeM Kem 0€Eint
1 1 —n+1
> 5 > micled™) g™ - g™,
Kem
Since
(339) - Z mIC C%+1 +TL+1 n+1 Z T4
ICGM Kem
1 _
=5 > el " g™ >0,
KemM
we deduce

N—
(3.40) Z Y T+ Ty
n=0 Ko

Relations (3.24) and (1.8) give

(3.41) Z Z Ty > ap||[Voep stlli20.r.02)
n=0 KeM

+apl| |U12|1/2VDCD,M||2L2(0,T;L2(Q))-
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Using Young’s inequality, we have

N—-1

€ 1
(3.42) ot Z Z T5 < §||q+a\%2(o,T;L2(Q)) + Q_EHCD,&H%Z(O,T;LZ(Q))-
n=0 KeM

From (3.34), (3.37), (3.40), (3.41) and (3.42) we deduce

P ot

||CD HLz(Q) ”CODH%Z(Q) + aD||VDCD,5tH%z(O,T;L?(Q))
+ aD”|U£|1/2VDCD,MH%Z(O,T;Lz(ﬂ))

€ ~ 1
< §Hq+c||2L2(o,T;L2(Q)) + 2_€||CD,5t||2L2(O,T;L2(Q))'
Using (2.25), (2.27) and (2.29), we get

(b* ¢*

HCD 120 — ||CDHL2(Q + ap||Voep sill 220 1.2 ()
+ ap||lURY*Voep sill 720 102 toen < HVCD stll2(0,;L2(2)
< §||q 2 0.1:020)-
With € = Cy/(2Cs) we have

s

HCDHLZ(Q + apll|UR["*Vpep i3 (0,T;L2(22))
+ (1 +ap)|Vep, 6t||L2(o T,02(Q))

¢ 1

HCD||L2(Q) + = 4C ||q AHLZ(OTL2(Q))

3.5. Existence and uniqueness of (c}; UR; p})-

Lemma 3.3. Let D be a SUSHI mesh of Q (Q is an open bounded connected
polygonal domain of R?). Let T > 0 and &t be a time step such that N = T/6t is
an integer. Assume that (1.3)—(1.12) hold. Then the scheme (3.25)—(3.27) admits

a unique solution (c; UR; ph)1<n< N -

Proof. To demonstrate this lemma we adapt the demonstration of Theorem 3.4

in [6].
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3.6. Numerical results. In this section, we consider four numerical tests to val-

idate the effectiveness of our algorithm. First, we apply the SUSHI-2D scheme to

a diffusion equation under Neumann-like and Dirichlet boundary conditions in a non-

structured mesh (see Figure 1). Then we present the numerical results obtained by

application of SUSHI-2D scheme to problem (1.1)—(1.5) on three different examples,

in a nonstrictured mesh (see Figure 2).

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

0

0.2

0.4

0.6

0.8

1

0

0.2 0.4 0.6 0.8 1

Figure 1. Unstructured mesh in the case where Q = (0,1)? with h = 0.1 (right) and h = 0.2
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Figure 2. Unstructured mesh in the case where Q = (0,1000)? with h = 236.0117 (right)

and h = 119.6810 (left).

3.6.1. Test 1 (Convergence of the pressure equation). In this numerical

test, we are interested in demonstrating the convergence of the pressure equation

with Neumann and Dirichlet boundary.

First, we consider the Neumann boundary with the following exact solution

p1(z,y) = cos(nz) cos(ny) and the permeability

Kao) = |

1 0
0 1

|
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Second, we study the case with Dirichlet boundary. Let pz(z,y) = 2%y?(z—1)2(y—1)?
and the permeability

1 107322 + 92 (1073 — 1)zy

K =K ==
(x,y) Q(xvy) z2 + yz (1073 _ l)xy 1073y2 + 72

In both cases = (0,1)? and for the level number 5 of the mesh, the number of

unknowns equals to 12880, the number of triangles equals to 5120 and the size of

the mesh equals to 0.0294. Then we get the convergence tables (Table 1 and 2) in

norm L2, L', and L.

Refinement level  ||p — pextllz2(@)  Ip = Pextllzi@) 1P — Pextll=(0)

1 0.0379 0.0268 0.3814
2 0.0090 0.0068 0.1776
3 0.0023 0.0017 0.0878
4 6.1482e — 04 4.8368e — 04 0.0444

Table 1. Convergence results of the SUSHI on the pressure p, with pext = p1 and K = K;.

Refinement level  |[p — pextllz2) 1P = Pextlli@) 1P = Pextll ()

1 0.0159 0.0017 0.3076
2 0.0050 4.7231e — 04 0.1941
3 0.0015 1.2424e — 04 0.1124
4 4.2783e — 04 3.1108e — 05 0.0623

Table 2. Convergence results of the SUSHI on the pressure p, with pext = p2 and K = K.

25 . 1000 \
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10 4 10 700 Lo LT P A
5 5 600 L Lo o]
04 0 500 - A
o -5 400 Il
15 ] ~10 300 L L llcccoo |
—90 | —15 D |
—25 . —20 100 (277227 T ZoTDo ]
1000 5o 0 .
00 200 400 600 800 1000 0 200 400 600 800 1000

Figure 3. The pressure (left) and the gradient of the pressure (right) at ¢ = 3600.

3.6.2. Test 2 (Peaceman model with continuous permeability). In the
numerical tests 2 and 3, the spatial domain is Q = (0,1000) x (0,1000)ft?, and the
time period is [0,3600] days. The injection and the production well are respectively
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located at the upper-right corner (1000, 1000) and the lower-left corner (0,0) with an
injection rate ¢* = 30ft?/day and a production rate ¢~ = 30ft?/day. The viscosity
of the oil is u(0) = 1.0 ¢p, the injection concentration is ¢ = 1.0.

0.8
0.6
0.4
0.2
0

Figure 4. Surfaces plot of concentration at t = 36 days, ¢ = 108 days, t = 216 days, t ~ 1
year, t ~ 3 years and t ~ 10 years, with 6t = 36 days and the mesh of the
domain made of 928 triangles of maximal edge length 50 ft. Units on x, y axes
in hundreds.

For the numerical test 2 (see Figures 3 and 4), the initial concentration is co(x) = 0
and the porosity of the medium is specified as ¢(z) = 0.1. We consider that the
porous medium is homogeneous and isotropic and the permeability tensor is given
by K = 80I. Let M = 1 and pu(c) = 1.0cp. We assume that ¢d,, = 1.0ft%/day,
¢d; = 5.0ft and ¢d; = 0.5ft.

1000 _
o 900 [ oo
0y 800 F et
0.3 00 L o L]
0.2 600 L L. Cd
0.1 500 L ity
0 400 "L oo s T Lt

~0.1 il ESSEEIS S 1

—0.2 - [, lZzZ I .
1000 100 27722 e .

O | | | |

0 200 400 600 800 1000

Figure 5. The pressure (left) and the gradient of the pressure (right) at ¢ = 3600 days ~ 10
years.
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3.6.3. Test 3 (Peaceman model with discontinuous permeability). Now,
we consider that the porous medium is homogeneous and isotropic and the perme-
ability tensor is given by K = (801, <500+201y>500)I. Let co(z) = 0 and the porosity
of the medium be specified as ¢(x) = 0.1, M = 1, and p(c) = 1.0cp. We assume
that ¢d,, = 1.0ft?/day, ¢d; = 5.0ft, and ¢d; = 0.5ft. The results are illustrated in
Figures 5, 6, and 7.
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400 - e 400 NG ]
300 - — 300 - N
200 1 200 e
100 - 1 100 F I

0 | | | | 0 | | | |
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Figure 6. Surfaces plot of concentration at ¢ = 36 days, t ~ 1 year, t >~ 3 years, and ¢t ~ 10
years, with 6t = 36 days.
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Figure 7. The norm V = ||ct*+1 — ¢tk ||L2(Q)/||ct"+1 l2(q) computed from co = 0.
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3.6.4. Test 4 (The coupling between the diffusion problem in p and
the Peaceman equation in c is strong). In this test case, we are interested in
the case where the relation between the equation of the pressure and that of the
concentration is strong with a discontinuity of the permeability K (z,c), i.e. u(c) =
(1+ (MY* =1)c)~* with M = 41 and if (z,y) € [200,400] x [200, 400] U [600, 800] x
[200, 400] U [200, 400] x [600,800] U [600,800] x [600,800], K(z,y) = 80 and else
K(z,y) = 20. Let co(x) = 0 and the porosity of the medium be specified as ¢(x) =
0.1, and we assume that ¢d,, = 0ft?/day, ¢d; = 5.0ft, and ¢d; = 0.5ft. For the
results see Figures 8 and 9.
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900 A 15 888_:;:;'tr5.?;;;?i;;;1;//_
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600 » 600t oo T
5 B00F T iorrnriiol .
o
0 300 ' o 7]
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00 200 400 600 800 1000 O0 200 400 600 800 1000
Figure 8. The pressure (left) and the gradient of the pressure (right) at ¢ = 3600 days ~ 10
years.
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Figure 9. Surfaces plot of concentration at ¢ = 36 days, t >~ 1 year, t >~ 3 years and t ~ 10
years, with 6t = 36 days.
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