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Abstract. The incompressible limit of the weak solutions to a fluid-particle interaction
model is studied in this paper. By using the relative entropy method and refined energy
analysis, we show that, for well-prepared initial data, the weak solutions of the compressible
fluid-particle interaction model converge to the strong solution of the incompressible Navier-
Stokes equations as long as the Mach number goes to zero. Furthermore, the desired
convergence rates are also obtained.
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1. Introduction

In this paper, we consider a fluid-particle interaction model called the Navier-

Stokes-Smoluchowski equations, which was first derived formally by Carrillo and

Goudon (without considering the dynamic viscosity term) [6], describing the evo-

lution of particles dispersed in a viscous compressible fluid. This kind of coupled

system plays an important role in sedimentation analysis of disperse suspensions of

particles in fluids, which can be found in many practical applications, such as diesel

engines, rocket propulsors, biotechnology, medicine, chemical engineering, and min-

eral processes [27], [28], [5], [3], [26]. Let ̺ = ̺(x, t), u = u(x, t) and η = η(x, t)

denote the total mass density, the velocity field and the density of particles in the

mixture, respectively. They are functions of a three-dimensional position vector

x ∈ T
3 and of the time t > 0, where T3 ⊂ R

3 is a torus. These variables satisfy
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the primitive conservation equations governing fluid-particle flows in the bubbling

regime. These equations express the conservation of mass, the balance of momentum,

and the balance of particle densities often referred as the Smoluchowski equation:

(1.1)







∂t̺+ div(̺u) = 0,

∂t(̺u) + div(̺u⊗ u) +∇P (̺, η) = µ∆u+ (µ+ ν)∇ div u− (η + ̺)∇Φ,

∂tη + div(η(u −∇Φ)) = ∆η,

where the parameters µ and ν are the viscosity coefficients satisfying µ > 0,

2µ+ 3ν > 0 and Φ = Φ(x) is the external potential, which describes the effects of

gravity and buoyancy. In this paper, the pressure P (̺, η) that we consider is given by

(1.2) P (̺, η) = a̺γ + η,

for constants a > 0 and γ > 1.

In [7], Carrillo-Karper-Trivisa showed that solutions exist globally in time and

proved the large-time stabilization of the system (1.1) with some physical con-

straints towards a unique stationary state. Using the relative entropy method,

Ballew-Trivisa [1] presented the global-in-time existence of suitable weak solutions

for a fluid-particle interaction model. Furthermore, Ballew-Trivisa [2] established

the existence of weakly dissipative solutions of model (1.1) and established a weak-

strong uniqueness result via the relative entropy method, yielding that a weakly

dissipative solution agrees with a classical solution with the same initial data when

such a classical solution exists. Constantin-Masmoudi in [11] proved the existence of

global weak solutions for a nonlinear Smoluchowski equation coupled with Navier-

Stokes equations in 2D by using a deteriorating regularity estimate in the spirit

of [8]. Chen-Ding-Wang [9] established the existence theory of global solutions in H3

to the stationary profile and obtained the optimal convergence rates. For the related

two-phase flow model, we also refer to [14], [15], [18] and their references.

The main purpose of this paper is to rigorously prove an incompressible limit in

the framework of the global weak solutions to system (1.1) based on the following

scaling:

(1.3) t 7→ εt, u 7→ εuε, Φ 7→ ε2Φε, µ 7→ εµ, ν 7→ εν.

Then the system (1.1) can be rewritten as

(1.4)







∂t̺
ε + div(̺εuε) = 0,

∂t(̺
εuε) + div(̺εuε ⊗ uε) +

1

ε2
∇(a(̺ε)γ + η)

= µ∆uε + (µ+ ν)∇ div uε − (̺ε + ηε)∇Φε,

∂tη
ε + div(ηεuε)− ε div(ηε∇Φε) =

1

ε
∆ηε,
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with the initial data

(1.5) ̺ε(x, 0) = ̺ε0(x), ηε(x, 0) = ηε0(x), (̺εuε)(x, 0) = M ε
0 (x) for x ∈ T

3,

where ε is the low Mach number. Here we use the superscript to emphasize the

dependence of ε for each variable in (1.4). Formally, letting ε → 0, we obtain

from the momentum equation (1.4)2 that n
ε and ̺ε converge to some functions ̺(t)

and η(t) depending only on t, respectively. Here, we expect them to be the positive

constants ̺∗ and η∗. Thus, the equations of (1.4)1 and (1.4)3 yield to the limit

div u0 = 0, which is the incompressible condition of a fluid. Hence, we formally

obtain the following incompressible Navier-Stokes equations

(1.6) ∂tu
0 + (u0 · ∇)u0 +∇π =

µ

̺∗
∆u0, div u0 = 0,

where ∇π in (1.6) is the “limit” of

1

ε2
∇(a(̺ε)γ + ηε) + (̺ε + ηε)∇Φε.

In the present paper, we shall apply the method of relative entropy (or the mod-

ulated energy) and refined energy analysis to study the incompressible limit (ε → 0)

of weak solutions to the system (1.4). Therefore, we shall prove the limit on any

time interval on which the incompressible Navier-Stokes equations possess a regular

solution. Furthermore, we will obtain the desired convergence rates.

Recently, in [7], Carrillo et al. obtain the global existence of weak solutions of the

mode (1.4) under reasonable physical assumptions on the initial data, the physical

domain, and the external potential. It is a straightforward modification of their

arguments to obtain the global smooth solution to the problem (1.4) in T3. We omit

the details here.

Proposition 1.1 ([7]). Let us assume that the external potential Φε and the

initial data (̺ε0, η
ε
0,M

ε
0 (x)) satisfy:

(1.7) Φε(x) ∈ W 1,d(T3), ̺ε0 ∈ Lγ(T3), ηε0 ∈ L2(T3), M ε
0 ∈ L6/5(T3),

where, d = max{3, γ/(γ − 1)}. Then, for any T > 0, the system (1.4) admits a weak

solution (̺ε, ηε, uε) : T
3 × (0,∞) → R+ × R+ × R

3 such that the following hold:

(1) ̺ε ∈ L∞([0, T ];Lγ(T3)),
√
̺εuε ∈ L∞([0, T ];L2(T3)), uε ∈ L2([0, T ];H1(T3)),

ηε ∈ L2([0, T ];L3(T3)) ∩ L1([0, T ];W 1,3/2(T3)).
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(2) ̺ε > 0 represents a renormalized solution of the equation (1.4)1 on T
3× (0,∞),

namely for any test function ξ ∈ D(T3 × [0, T )), T > 0, and any b, B such that

(1.8) b ∈ L∞ ∩ C[0,∞), B(̺ε) := B(1) +

∫ ̺ε

1

b(z)

z2
dz,

the renormalized continuity equation

(1.9)

∫ ∞

0

∫

T3

[B(̺ε)∂tξ+B(̺ε)uε ·∇ξ− b(̺ε)ξ div uε] dxdt = −
∫

T3

B(̺ε0)ξ(·, 0) dx

holds.

(3) The balance of momentum (1.4)2 holds in the sense of distributions, i.e., for any

v ∈ D(T3 × [0, T )),

(1.10)

∫ ∞

0

∫

T3

[

̺εuε · ∂tv + ̺εuε ⊗ uε : ∇v +
1

ε2
(p(̺ε) + ηε) div v

]

dxdt

=

∫ ∞

0

∫

T3

[µ∇uε∇v + ν div uε div v − (̺ε + ηε)∇Φε · v] dxdt

−
∫

Ω

M ε
0 · v(·, 0) dx.

(4) ηε > 0 is a weak solution of (1.4)3, i.e., for any ϕ ∈ D(T3 × [0, T )),

(1.11)

∫ ∞

0

∫

T3

(

ηε∂tϕ+ ηεuε · ∇ϕ− εηε∇Φε · ∇ϕ− 1

ε
∇ηε∇ϕ

)

dxdt

= −
∫

T3

ηε0ϕ(·, 0) dx.

(5) The energy inequality

(1.12) Eε(t) +

∫ t

0

∫

T3

(

µ|∇uε|2 + (µ+ ν)| div uε|2

+
1

ε3
|2∇√

ηε + ε2
√
ηε∇Φε|2

)

dxds 6 Eε(0)

holds with

(1.13) Eε(t) =

∫ [1

2
̺ε|uε|2 + a

ε2(γ − 1)
(̺ε)γ +

1

ε2
ηε ln ηε + (̺ε + ηε)Φε

]

dx

and

(1.14) Eε(0) =

∫ [1

2
̺ε0|uε

0|2 +
a

ε2(γ − 1)
(̺ε0)

γ +
1

ε2
ηε0 ln η

ε
0 + (̺ε0 + ηε0)Φ

ε
]

dx

for a.e. t > 0.
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Without the adjunction of particle and external potential, system (1.4) reduces to

the Navier-Stokes equations, whose incompressible limit or low Mach number limit

was studied by many mathematicians, such as Klainerman and Majda [19], Beirão

da Veiga [4], Lin [20], Lions and Masmoudi [22], [23], Hsiao-Ju-Li [16], Ou [24],

Donatelli-Feireisl-Novotný [13], Vauchelet-Zatorska [25], Danchin-Mucha [12], Chen-

Zhai [10], etc. Since the existence of solutions to the scaled fluid-particle interaction

model (1.1) or (1.4) follows from [2] and [7] for any choices of the dimensionless

parameters, various singular limits or various scaling limits can be explored. Ballew-

Trivisa [1] rigorously established the low Mach number and low stratification limits

of the system (1.1) for both bounded and unbounded domains in a weak sense.

More recently, Huang-Huang-Wen [17] established the uniform stability of the local

solution family, which yields a lifespan of the Navier-Stokes-Smoluchowski system

and proves the local existence of strong solutions for the incompressible system with

small initial data. Furthermore, they obtained the convergence rates in the case

without external force.

The present paper considers the low Mach number limit of system (1.1) in the scal-

ing form (1.4), which is different from that of [2] and [17]. Under some reasonable

assumptions, we prove rigorously that the weak solutions of the fluid-particle inter-

action model (1.4) correspond to the strong solution of the incompressible Navier-

Stokes equations in the time interval (provided the latter exists) by using the refined

relative entropy method.

In this present paper, we denote by χ the characteristic function and C the

generic positive constants independent of ε. To simplify our notation from now on,

we denote by

σ̺ε(t) =

∫

T3

(|̺ε − ̺∗|2χ(|̺ε−̺∗|6δ) + |̺ε − ̺∗|γχ(|̺ε−̺∗|>δ)) dx,

σηε(t) =

∫

T3

[ηε ln ηε − η∗ ln η∗ − (ln η∗ + 1)(ηε − η∗)] dx

and

σ̺ε(0) =

∫

T3

(|̺ε0 − ̺∗|2χ(|̺ε
0−̺∗|6δ) + |̺ε0 − ̺∗|γχ(|̺ε

0−̺∗|>δ)) dx,

σηε(0) =

∫

T3

[ηε0 ln η
ε
0 − η∗ ln η∗ − (ln η∗ + 1)(ηε0 − η∗)] dx

for any δ ∈ (0, 1).

The main result of this paper can be stated as follows.

Theorem 1.1. Assume that {(̺ε, ηε, uε)}ε>0 is a sequence of weak solutions to

the fluid-particle interaction model (1.4) obtained in Theorem 1.1, satisfying the
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conditions:

(1.15)
σ̺ε(0) + σηε(0)

ε2
+ ‖

√

̺ε0u
ε
0 −

√
̺∗u0

0‖2L2(T3) 6 Cε.

Also assume that (u, π) with l > 3
2 + 3 is the smooth solution to the incompressible

Navier-Stokes equations (1.6) with the initial data u0
0 ∈ H l(T3) such that div u0

0 = 0,

satisfying

(1.16) sup
06t6T

(‖u0‖Hl(T3) + ‖∂tu0‖Hl−2(T3) + ‖∇π‖Hl−2(T3) + ‖∂tπ‖Hl−3(T3)) 6 C(T )

for any 0 < T < T∗ and some positive constant C(T ), where T∗ is the maximal

existence time of (u0, π). Then, for any 0 < t < T , we have

(1.17)
σ̺ε + σηε

ε2
+ ‖√̺εuε −

√
̺∗u0‖2L2(T3) 6 Cε

and

(1.18)
∥
∥̺εuε − ̺∗u0

∥
∥
2

L2γ/(γ+1)(T3)
6 Cε.

Moreover, we have

(1.19) ‖∇(uε − u0)‖2L2([0,T ];L2(T3)) 6 Cε.

R em a r k 1.1. Theorem 1.1 describes the incompressible limit of the compress-

ible fluid-particle system (1.4) with well-prepared initial data. For the general initial

data, the fast singular oscillation appears. It is more difficult to prove the incom-

pressible limit in this case, which will be considered in future work.

R em a r k 1.2. We remark that the estimate in Theorem 1.1 is uniform with

respect to µ and ν. Therefore, Theorem 1.1 is not only a stability result with respect

to ε but also with respect to µ and ν. In fact, we can show that the combined

incompressible and vanishing viscosity limit of the fluid-particle system (1.4) is the

incompressible Euler equation.
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2. Main ideas

Our proof of Theorem 1.1 relies heavily on the use of energy inequalities and

relative entropy methods.

Let (̺ε, uε, ηε) be a solution of the system (1.4) with initial data (1.7) and u0

be the smooth solution of the incompressible Navier-Stokes equations (1.6) with the

initial data u0
0. Denote by M

ε = ̺εuε, M∗ = ̺∗u0,

Uε =





̺ε

̺εuε

ηε



 , U∗ =





̺∗

̺∗u0

η∗



 .

Given an entropy

(2.1) E(Uε) =
(M ε)2

2̺ε
+

a

ε2(γ − 1)
(̺ε)γ +

1

ε2
ηε ln ηε + (̺ε + ηε)Φε,

the relative entropy is defined by

H(Uε|U∗) = E(Uε)− E(U∗)−DE(U∗)(Uε − U∗),

where D denotes the derivation with respect to the variables (̺ε,M ε, ηε). We can

get that the relative entropy associated with (1.4) is as follows:

H(Uε|U∗) =
(M ε)2

2̺ε
+

a

ε2(γ − 1)
(̺ε)γ +

1

ε2
ηε ln ηε + (̺ε + ηε)Φε

− (M∗)2

2̺∗
− a

ε2(γ − 1)
(̺∗)γ − 1

ε2
η∗ ln ηε − (̺∗ + η∗)Φε

−





− |u0|2

2 + aγ
ε2(γ−1) (̺

∗)γ−1 +Φε

u0

ε−2(ln η∗ + 1) + Φε



 ·





̺ε − ̺∗

̺εuε − ̺∗u0

ηε − η∗





=
1

2
̺ε|uε|2 + a

ε2(γ − 1)
(̺ε)γ +

1

ε2
ηε ln ηε + (̺ε + ηε)Φε

− 1

2
̺∗|u0|2 − a

ε2(γ − 1)
(̺∗)γ − 1

ε2
η∗ ln ηε − (̺∗ + η∗)Φε

+
1

2
̺ε|u0|2 − 1

2
̺∗|u0|2 − aγ

ε2(γ − 1)
(̺∗)γ−1̺ε +

aγ

ε2(γ − 1)
(̺∗)γ

− ̺εΦε + ̺∗Φε − ̺εuε · u0 + ̺∗|u0|2 − 1

ε2
ηε ln η∗

− 1

ε2
ηε − ηεΦε +

1

ε2
η∗ ln η∗ +

1

ε2
η∗ + η∗Φε

=
1

2
̺ε|uε − u0|2 + a

ε2(γ − 1)
[(̺ε)γ − (̺∗)γ − γ(̺∗)γ−1(̺ε − ̺∗)]

+
1

ε2
ηε ln ηε − 1

ε2
η∗ ln η∗ − 1

ε2
(ln η∗ + 1)(ηε − η∗).
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Denoting

E1(̺) =
a

γ − 1
̺γ , H1(̺

ε) = E1(̺
ε)− E′

1(̺
∗)(̺ε − ̺∗)− E1(̺

∗),

E2(η) = η ln η, H2(η
ε) = E2(η

ε)− E′
2(η

∗)(ηε − η∗)− E2(η
∗),

then the relative entropy can be rewritten as

(2.2) H(Uε|U∗) =
1

2
̺ε|uε − u0|2 + 1

ε2
H1(̺

ε) +
1

ε2
H2(η

ε).

Therefore, we introduce the following form of the modulated energy:

(2.3) Hε(t) =

∫

T3

H(Uε|U∗) dx =

∫

T3

[1

2
̺ε|uε − u0|2 + 1

ε2
H1(̺

ε) +
1

ε2
H2(η

ε)
]

dx.

In the next section, we are going to prove Theorem 1.1. We shall employ the

evolution equations and elaborated computations to prove the inequality

(2.4) Hε(t) 6 C

∫ t

0

Hε(s) ds+ Cε.

The Gronwall lemma then implies the desired result.

3. Proof of Theorem 1.1

In this section we shall prove Theorem 1.1.

Lemma 3.1. Let (̺ε, ηε, uε) be the weak solution to system (1.4) with initial

data (1.7) on [0, T ] with T < T⋆. Then, we have the following properties:

√
̺εuε is bounded in L∞([0, T ];L2(T3)),(3.1)

1

ε2
H1(̺

ε) is bounded in L∞([0, T ];L1(T3)),(3.2)

1

ε2
H2(η

ε) is bounded in L∞([0, T ];L1(T3)).(3.3)

P r o o f. From the energy inequality (1.12), the first and the third equations

in (1.4), we have for almost all t ∈ [0, T ],

(3.4)

∫

T3

[1

2
̺ε|uε|2 + 1

ε2
H1(̺

ε) +
1

ε2
H2(η

ε) + (̺ε + ηε)Φε
]

dx

+

∫ t

0

∫

T3

(

µ|∇uε|2 + (µ+ ν)| div uε|2 + 1

ε3
|2∇

√
ηε + ε2

√
ηε∇Φε|2

)

dxds

6

∫ [1

2
̺ε0|uε

0|2 +
1

ε2
H1(̺

ε
0) +

1

ε2
H2(η

ε
0) + (̺ε0 + ηε0)Φ

ε] dx 6 C,

which implies that Lemma 3.1 holds. �
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Lemma 3.2. Let (̺ε, ηε, uε) be the weak solution to system (1.4) on [0, T ] with

T < T⋆. Then there exists a constant C > 0 such that for all ε ∈ (0, 1) and γ > 1,

(3.5) ‖̺ε − ̺∗‖L∞([0,T ];Lλ(T3)) + ‖
√
ηε −

√
η∗‖L∞([0,T ];L2(T3)) 6 Cε,

where, λ = min{2, γ}. Moreover, we have

(3.6) ‖
√
̺ε −

√
̺∗‖L∞([0,T ];L2(T3)) 6 Cε.

P r o o f. In view of the Lemma 5.3 in [21], there exist two positive constants

c1 ∈ (0, 1) and c2 ∈ (1,∞) independent of ̺ε such that the following inequality

(3.7) c1σ̺ε 6

∫

T3

H1(̺
ε) dx 6 c2σ̺ε ,

holds for any fixed δ ∈ (0, 1).

(1) If 1 6 γ < 2, in view of (3.2), we have

(3.8) ‖̺ε − ̺∗‖γLγ(T3) 6 C

(∫

T3

|̺ε − ̺∗|2χ(|̺ε−̺∗|6δ) dx

)γ/2

+

∫

T3

|̺ε − ̺∗|γχ(|̺ε−̺∗|>δ) dx

6 C(σ
γ/2
̺ε + σ̺ε )

6 C

[(∫

T3

H1(̺
ε) dx

)γ/2

+

∫

T3

H1(̺
ε) dx

]

6 C(εγ + ε2) 6 Cεγ .

(2) If γ > 2, we get

(3.9) ‖̺ε − ̺∗‖γLγ(T3) 6 C

∫

T3

H1(̺
ε) dx 6 Cε2,

and

(3.10) ‖̺ε − ̺∗‖2L2(T3) 6 C

∫

T3

H1(̺
ε) dx 6 Cε2.

From (3.8)–(3.10), one obtains

(3.11) ‖̺ε − ̺∗‖Lγ(T3) 6 Cελ/γ and ‖̺ε − ̺∗‖Lλ(T3) 6 Cε,

where, λ = min{2, γ}.
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It is easy to verify that the following inequality

y ln y − (ln y0 + 1)(y − y0)− y0 ln y0 > (
√
y −√

y0)
2

holds for all y > 0, where y0 > 0 is a constant.

Using (3.3) and the above inequality, we have

(3.12) ‖
√
ηε −

√
η∗‖2L2(T3) =

∫

T3

|
√
ηε −

√
η∗|2 dx 6

∫

T3

H2(η
ε) dx 6 Cε2.

Then, one obtains

(3.13) ‖̺ε − ̺∗‖Lλ(T3) + ‖√ηε −
√
η∗‖L2(T3) 6 Cε,

which implies that the inequality (3.5) holds.

For a fixed positive constant a, using the following two elementary inequalities

|
√
x−

√
a|2 6 M |x− a|γ , |x− a| > δ, γ > 1

and

|
√
x−

√
a|2 6 M |x− a|2, x > 0

for some positive constant M , and 0 < δ < 1, it is easy to obtain that

∫

T3

|
√
̺ε −

√
̺∗|2 dx =

∫

T3

|
√
̺ε −

√
̺∗|2χ(|̺ε−̺∗|6δ) dx

+

∫

T3

|
√
̺ε −

√
̺∗|2χ(|̺ε−̺∗|>δ) dx

6 M

∫

T3

|̺ε − ̺∗|2χ(|̺ε−̺∗|6δ) dx

+M

∫

T3

|̺ε − ̺∗|γχ(|̺ε−̺∗|>δ) dx

6 CM

∫

T3

H1(̺
ε) dx 6 Cε2,

which implies that (3.6) holds. �

Lemma 3.3. For all t ∈ [0, T ], we have

(3.14) Hε(t) 6 Cε.
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P r o o f. In view (2.3) and (3.4), we get

(3.15) Hε(t) +

∫ t

0

∫

T3

(µ|∇uε|2 + (µ+ ν)| div uε|2) dxds

+

∫ t

0

∫

T3

( 1

ε3
|2∇√

ηε + ε2
√
ηε∇Φε|2

)

dxds

=

∫

T3

[1

2
̺ε|uε|2 + 1

ε2
H1(̺

ε) +
1

ε2
H2(η

ε)
]

dx

−
∫

T3

̺εuε · u0 dx+
1

2

∫

T3

̺ε|u0|2

+

∫ t

0

∫

T3

(µ|∇uε|2 + (µ+ ν)| div uε|2

+
1

ε3
|2∇

√
ηε + ε2

√
ηε∇Φε|2) dxdt

6

∫ [1

2
̺ε0|uε

0 − u0
0|2 +

1

ε2
H1(̺

ε
0) +

1

ε2
H2(η

ε
0)
]

dx

−
∫

T3

(̺ε + ηε)Φε dx+

∫

T3

(̺ε0 + ηε0)Φ
ε dx−

∫

T3

̺εuε · u0 dx

+

∫

T3

̺ε0u
ε
0 · u0

0 dx+
1

2

∫

T3

̺ε|u0|2 dx− 1

2

∫

T3

̺ε0|u0
0|2

= Hε(0)−
∫

T3

̺εuε · u0 dx+

∫

T3

̺ε0u
ε
0 · u0

0 dx

−
∫

T3

(̺ε + ηε)Φε dx+

∫

T3

(̺ε0 + ηε0)Φ
ε dx

+
1

2

∫

T3

(̺ε − ̺∗)|u0|2 dx− 1

2

∫

T3

(̺ε0 − ̺∗)|u0
0|2 dx

+
̺∗

2

∫

T3

|u0|2 dx− ̺∗

2

∫

T3

|u0
0|2 dx.

We use u0 (the solution of incompressible Navier-Stokes equations (1.6)) as a test

function in the weak formulation of momentum equation (1.4)2 to yield the following

equality for almost all t ∈ [0, T ]:

(3.16) −
∫

T3

̺εuε · u0 dx+

∫

T3

̺ε0u
ε
0 · u0

0 dx

= −
∫ t

0

∫

T3

̺εuε · ∂su0 dxds−
∫ t

0

∫

T3

̺εuε ⊗ uε : ∇u0 dxds

+ µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds+

∫ t

0

∫

T3

(̺ε + ηε)∇Φε · u0 dxds,

where we have used the fact that div u0 = 0.
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Taking the L2 inner product of the equation (1.6) by u0, we have

(3.17)
̺∗

2

∫

T3

|u0|2 dx− ̺∗

2

∫

T3

|u0
0|2 dx = −µ

∫ t

0

∫

T3

|∇u0|2 dxds.

Inserting (3.16)–(3.17) into (3.15) and using (1.6), we have

(3.18) Hε(t) +

∫ t

0

∫

T3

(µ|∇uε|2 + (µ+ ν)| div uε|2) dxds

+

∫ t

0

∫

T3

( 1

ε3
|2∇√

ηε + ε2
√
ηε∇Φε|2

)

dxds

6 Hε(0)−
∫ t

0

∫

T3

̺εuε · ∂su0 dxds

−
∫ t

0

∫

T3

̺εuε ⊗ uε : ∇u0 dxds−
∫

T3

(̺ε + ηε)Φε dx

+

∫

T3

(̺ε0 + ηε0)Φ
ε dx+

∫ t

0

∫

T3

(̺ε + ηε)∇Φε · u0 dxds

+
1

2

∫

T3

(̺ε − ̺∗)|u0|2 dx− 1

2

∫

T3

(̺ε0 − ̺∗)|u0
0|2 dx

+ µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds− µ

∫ t

0

∫

T3

|∇u0|2 dxds

= Hε(0) +

∫ t

0

∫

T3

̺εuε · (u0 · ∇)u0 dxds+

∫ t

0

∫

T3

̺εuε · ∇π dxds

− µ

̺∗

∫ t

0

∫

T3

̺εuε ·∆u0 dxds−
∫ t

0

∫

T3

̺εuε ⊗ uε : ∇u0 dxds

−
∫

T3

(̺ε + ηε)Φε dx+

∫

T3

(̺ε0 + ηε0)Φ
ε dx

+

∫ t

0

∫

T3

(̺ε + ηε)∇Φε · u0 dxds

+
1

2

∫

T3

(̺ε − ̺∗)|u0|2 dx− 1

2

∫

T3

(̺ε0 − ̺∗)|u0
0|2 dx

+ µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds− µ

∫ t

0

∫

T3

|∇u0|2 dxds

= Hε(0) +

5∑

k=1

Ik,

where

I1 =

∫ t

0

∫

T3

̺εuε · (u0 · ∇)u0 dxds−
∫ t

0

∫

T3

̺εuε ⊗ uε : ∇u0 dxds,

I2 =

∫ t

0

∫

T3

̺εuε · ∇π dxds,
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I3 = − µ

̺∗

∫ t

0

∫

T3

̺εuε ·∆u0 dxds

+ µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds− µ

∫ t

0

∫

T3

|∇u0|2 dxds,

I4 = −
∫

T3

(̺ε + ηε)Φε dx+

∫

T3

(̺ε0 + ηε0)Φ
ε dx

+

∫ t

0

∫

T3

(̺ε + ηε)∇Φε · u0 dxds,

I5 =
1

2

∫

T3

(̺ε − ̺∗)|u0|2 dx− 1

2

∫

T3

(̺ε0 − ̺∗)|u0
0|2 dx.

Now, we begin to treat the integrals Ik(k = 1, 2, 3, 4, 5) and Hε(0) term by term.

In fact, we do not need to deal with I5, which will be canceled later.
For I1, we rewrite and estimate it in the following:

I1 =

∫ t

0

∫

T3

̺εu0 ⊗ uε · u0 dxds−
∫ t

0

∫

T3

̺εuε ⊗ uε : ∇u0 dxds,

= −
∫ t

0

∫

T3

̺ε(uε − u0)⊗ (uε − u0) : ∇u0 dxds

+

∫ t

0

∫

T3

̺εu0 ⊗ u0 : ∇u0 dxds−
∫ t

0

∫

T3

̺εuε ⊗ u0] : ∇u0 dxds

6 C

∫ t

0

Hε(s) ds+

∫ t

0

∫

T3

̺εu0 ⊗ u0 : ∇u0 dxds−
∫ t

0

∫

T3

̺εuε ⊗ u0 : ∇u0 dxds

= C

∫ t

0

Hε(s) ds+ I11 + I12.

Using the Lemma 3.2 and the inequality (1.16), we get that

I11 =

∫ t

0

∫

T3

̺εu0 ⊗ u0 : ∇u0 dxds

=
1

2

∫ t

0

∫

T3

̺εu0 · ∇|u0|2 dxds

=
1

2

∫ t

0

∫

T3

(̺ε − ̺∗)u0 · ∇|u0|2 dxds

6 C‖̺ε − ̺∗‖L∞([0,T ];Lλ(T3))‖u0 · ∇|u0|2‖L∞([0,T ];Lλ/(λ−1)(T3)) 6 Cε,

where we noticed that

∫ t

0

∫

T3

u0 · ∇|u0|2 dxds = −
∫ t

0

∫

T3

div u0 · |u0|2 dxds = 0
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due to div u0 = 0. From (1.4)1 and the inequality (1.16), we get, by integration by

parts, that

I12 = −
∫ t

0

∫

T3

̺εuε ⊗ u0 : ∇u0 dxds = −1

2

∫ t

0

∫

T3

̺εuε · ∇|u0|2 dxds

= − 1

2

∫ t

0

∫

T3

∂s(̺
ε − ̺∗) · |u0|2 dxds = −1

2

∫

T3

(̺ε − ̺∗)|u0|2 dx

+
1

2

∫

T3

(̺ε0 − ̺∗)|u0
0|2 dx+

1

2

∫ t

0

∫

T3

(̺ε − ̺∗)∂s|u0|2 dxds

6 − I5 + C‖̺ε − ̺∗‖L∞([0,T ];Lλ(T3))‖∂s|u0|2‖L∞([0,T ];Lλ/(λ−1)(T3))

6 − I5 + Cε.

So, we have

(3.19) I1 + I5 6 C

∫ t

0

Hε(s) ds+ Cε.

For I2, using Lemma 3.2, the Young inequality, the continuity equations (1.4)1
and integrating by parts, we get that

(3.20) I2 =

∫ t

0

∫

T3

̺εuε · ∇π dxds = −
∫ t

0

∫

T3

div(̺εuε)π dxds

=

∫ t

0

∫

T3

∂s(̺
ε − ̺∗)π dxds =

∫

T3

(̺ε − ̺∗)π dx

−
∫

T3

(̺ε0 − ̺∗)π0 dx−
∫ t

0

∫

T3

(̺ε − ̺∗)∂sπ dxds

6 ‖̺ε − ̺∗‖Lλ(T3)‖π‖Lλ/(λ−1)(T3) + ‖̺ε0 − ̺∗‖Lλ(T3)‖π0‖Lλ/(λ−1)(T3)

+ ‖̺ε − ̺∗‖L∞([0,T ];Lλ(T3)‖∂sπ‖L∞([0,T ];Lλ/(λ−1)(T3) 6 Cε.

For I3, using Lemma 3.2, Young inequality, and (3.6), we have

I3 = − µ

̺∗

∫ t

0

∫

T3

̺εuε ·∆u0 dxds(3.21)

+ µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds− µ

∫ t

0

∫

T3

|∇u0|2 dxds,

= − µ

̺∗

∫ t

0

∫

T3

(
√
̺ε −

√
̺∗)

√
̺εuε ·∆u0 dxds

− µ√
̺∗

∫ t

0

∫

T3

(
√
̺ε −

√
̺∗)uε ·∆u0 dxds− µ

∫ t

0

∫

T3

uε ·∆u0 dxds

+ µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds− µ

∫ t

0

∫

T3

|∇u0|2 dxds

6 C‖√̺ε −
√
̺∗‖L∞([0,T ];L2(T3))
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× ‖√̺εuε‖L∞([0,T ];L2(T3))‖∆u0‖L1([0,T ];L∞(T3))

+ C‖√̺ε −
√
̺∗‖L∞([0,T ];L2(T3))

× ‖uε‖L2([0,T ];L2(T3))‖∆u0‖L12([0,T ];L∞(T3))

+ 2µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds− µ

∫ t

0

∫

T3

|∇u0|2 dxds

6 Cε+ 2µ

∫ t

0

∫

T3

∇uε : ∇u0 dxds− µ

∫ t

0

∫

T3

|∇u0|2 dxds.

For I4, in view of (1.7), we have

(3.22) I4 = −
∫

T3

(̺ε + ηε)Φε dx+

∫

T3

(̺ε0 + ηε0)Φ
ε dx

+

∫ t

0

∫

T3

(̺ε + ηε)∇Φε · u0 dxds

= −
∫

T3

(̺ε − ̺∗)Φε dx+

∫

T3

(̺ε0 − ̺∗)Φε dx

+

∫ t

0

∫

T3

(̺ε − ̺∗)∇Φε · u0 dxds− ̺∗
∫ t

0

∫

T3

∇Φε · u0 dxds

︸ ︷︷ ︸

=0, due to divu0=0

−
∫

T3

(ηε − η∗)Φε dx+

∫

T3

(ηε0 − η∗)Φε dx

+

∫ t

0

∫

T3

(ηε − η∗)∇Φε · u0 dxds− η∗
∫ t

0

∫

T3

∇Φε · u0 dxds

︸ ︷︷ ︸

=0, due to divu0=0

6 (‖̺ε − ̺∗‖Lλ(T3) + ‖̺ε0 − ̺∗‖Lλ(T3))‖Φε‖Lλ/(λ−1)(T3)

+ C‖̺ε − ̺∗‖L∞([0,T ];Lλ(T3))‖∇Φε‖Lλ/(λ−1)(T3)

+ ‖√ηε −
√
η∗‖L2(T3)‖

√
ηε +

√
η∗‖L6(T3)‖Φε‖L3(T3)

+ ‖
√

ηε0 −
√
η∗‖L2(T3)‖

√

ηε0 +
√
η∗‖L6(T3)‖Φε‖L3(T3)

+ ‖u0‖L∞([0,T ]×T3)‖∇Φε‖L3(T3)‖
√
ηε −

√
η∗‖L∞([0,T ];L2(T3))

× ‖√ηε +
√
η∗‖L1([0,T ];L6(T3)) 6 Cε.

Inserting (3.19)–(3.22) into (3.18), we get

(3.23) Hε(t) +

∫ t

0

∫

T3

(µ|∇uε −∇u0|2 + (µ+ ν)| div uε|2) dxds

+

∫ t

0

∫

T3

( 1

ε3
|2∇

√
ηε + ε2

√
ηε∇Φε|2

)

dxds

6 Hε(0) + C

∫ t

0

Hε(s) ds+ Cε.
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Using the initial conditions (1.7) and the inequality (3.6), we have that Hε(0) 6 Cε,

since

∫

T3

̺ε0|uε
0 − u0|2 dx 6 2

∫

T3

|
√

̺ε0u
ε
0 −

√
̺∗u0|2 dx+ 2

∫

T3

|(
√
̺∗ −

√

̺ε0)u0|2 dx

6 2

∫

T3

|
√

̺ε0u
ε
0 −

√
̺∗u0|2 dx+ C

∫

T3

|
√
̺∗ −

√

̺ε0|2 dx 6 Cε.

Thus the proof of Lemma 3.3 is completed due to the Gronwall inequality. �

We are now in a position to prove Theorem 1.1. Using the Lemma 3.3 and the

Hölder inequality, we have that

‖
√
̺εuε −

√
̺∗u0‖2L2(T3) 6 2‖

√
̺ε(uε − u0)‖2L2(T3) + 2‖(

√
̺∗ −

√
̺ε)u0‖2L2(T3)

6 Cε+ C‖
√
̺∗ −√

̺ε‖2L2(T3) 6 Cε

for any t ∈ [0, T ]. Noticing that

σ̺ε + σηε

ε2
6 C

∫ t

0

∫

T3

[ 1

ε2
H1(̺

ε) +
1

ε2
H2(η

ε)
]

dxds,

we conclude that the inequality (1.17) holds. Using the Hölder inequality and that

fact 1 < 2γ/(γ + 1) < γ, as ε → 0,

‖̺εuε − ̺∗u0‖2L2γ/(γ+1)(T3)

6 2‖̺ε(uε − u0)‖2L2γ/(γ+1)(T3) + 2‖(̺ε − ̺∗)u0‖2L2γ/(γ+1)(T3)

6 2‖√̺ε‖2L2γ(T3)‖
√
̺ε(uε − u0)‖2L2(T3)

+ 2‖̺ε − ̺∗‖2Lλ(T3)‖u0‖2L2λγ/(λγ+λ−2γ)(T3)

6 Cε+ Cε2 6 Cε.

We note that 0 < λγ + λ − 2γ < 2λγ for the definition of λ in Lemma 3.2. So we

conclude that (1.18) holds.

Moreover, from (3.23), we have

(3.24) µ

∫ t

0

∫

T3

|∇uε −∇u0|2 dxds 6 Cε,

which implies that the inequality (1.19) holds. Thus the proof of Theorem 1.1 is

finished. �
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