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Abstract. The incompressible limit of the weak solutions to a fluid-particle interaction
model is studied in this paper. By using the relative entropy method and refined energy
analysis, we show that, for well-prepared initial data, the weak solutions of the compressible
fluid-particle interaction model converge to the strong solution of the incompressible Navier-
Stokes equations as long as the Mach number goes to zero. Furthermore, the desired
convergence rates are also obtained.
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1. INTRODUCTION

In this paper, we consider a fluid-particle interaction model called the Navier-
Stokes-Smoluchowski equations, which was first derived formally by Carrillo and
Goudon (without considering the dynamic viscosity term) [6], describing the evo-
lution of particles dispersed in a viscous compressible fluid. This kind of coupled
system plays an important role in sedimentation analysis of disperse suspensions of
particles in fluids, which can be found in many practical applications, such as diesel
engines, rocket propulsors, biotechnology, medicine, chemical engineering, and min-
eral processes [27], [28], [5], [3], [26]. Let o = o(z,t), u = u(z,t) and n = n(x,t)
denote the total mass density, the velocity field and the density of particles in the
mixture, respectively. They are functions of a three-dimensional position vector
x € T2 and of the time ¢ > 0, where T3 C R? is a torus. These variables satisfy
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the primitive conservation equations governing fluid-particle flows in the bubbling
regime. These equations express the conservation of mass, the balance of momentum,
and the balance of particle densities often referred as the Smoluchowski equation:

Oro + div(ou) =0,
(L.1)  q 9(ou) +div(ou @ u) + VP(0,n) = pAu+ (u+v)Vdivu — (7 + o)V,
O + div(n(u — V@)) = An,

where the parameters p and v are the viscosity coefficients satisfying u > 0,
2u+3v >0 and ® = ®(x) is the external potential, which describes the effects of
gravity and buoyancy. In this paper, the pressure P(p,n) that we consider is given by

(1.2) P(o,n) = ag” + 1,

for constants @ > 0 and v > 1.

In [7], Carrillo-Karper-Trivisa showed that solutions exist globally in time and
proved the large-time stabilization of the system (1.1) with some physical con-
straints towards a unique stationary state. Using the relative entropy method,
Ballew-Trivisa [1] presented the global-in-time existence of suitable weak solutions
for a fluid-particle interaction model. Furthermore, Ballew-Trivisa [2] established
the existence of weakly dissipative solutions of model (1.1) and established a weak-
strong uniqueness result via the relative entropy method, yielding that a weakly
dissipative solution agrees with a classical solution with the same initial data when
such a classical solution exists. Constantin-Masmoudi in [11] proved the existence of
global weak solutions for a nonlinear Smoluchowski equation coupled with Navier-
Stokes equations in 2D by using a deteriorating regularity estimate in the spirit
of [8]. Chen-Ding-Wang [9] established the existence theory of global solutions in H?®
to the stationary profile and obtained the optimal convergence rates. For the related
two-phase flow model, we also refer to [14], [15], [18] and their references.

The main purpose of this paper is to rigorously prove an incompressible limit in
the framework of the global weak solutions to system (1.1) based on the following
scaling;:

1.3 tet, ur—eut, O 2P — e, UV El.
Iz Iz

Then the system (1.1) can be rewritten as
Oro® + div(e°u®) =0,
20 ) + div(eu @ ) + 5V (a(®) + )
= pAuf + (p+v)Vdivu® — (o° + n°)VoPe,

1
on® + div(n®u®) — ediv(n*Ve®) = EAnE,

(1.4)
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with the initial data
(1.5) 0°(2,0) = 05(x), n°(x,0) = n5(x), (o°u®)(x,0) = Ms(x) forx € T3,

where € is the low Mach number. Here we use the superscript to emphasize the
dependence of € for each variable in (1.4). Formally, letting ¢ — 0, we obtain
from the momentum equation (1.4), that n° and ¢° converge to some functions o(t)
and 7)(t) depending only on ¢, respectively. Here, we expect them to be the positive
constants ¢* and n*. Thus, the equations of (1.4), and (1.4), yield to the limit
divu® = 0, which is the incompressible condition of a fluid. Hence, we formally
obtain the following incompressible Navier-Stokes equations

(1.6) 0’ + (u* - V)ul + Vo = LA, divu® =0,
0
where Vr in (1.6) is the “limit” of
1
= V(a(@)" +0%) + (¢ +17) VP~

In the present paper, we shall apply the method of relative entropy (or the mod-
ulated energy) and refined energy analysis to study the incompressible limit (¢ — 0)
of weak solutions to the system (1.4). Therefore, we shall prove the limit on any
time interval on which the incompressible Navier-Stokes equations possess a regular
solution. Furthermore, we will obtain the desired convergence rates.

Recently, in [7], Carrillo et al. obtain the global existence of weak solutions of the
mode (1.4) under reasonable physical assumptions on the initial data, the physical
domain, and the external potential. It is a straightforward modification of their
arguments to obtain the global smooth solution to the problem (1.4) in T3. We omit
the details here.

Proposition 1.1 ([7]). Let us assume that the external potential ®° and the
initial data (0§, n5, M§(x)) satisfy:

(1.7) o (z) € WHI(T?), o5 € LY(T?), 15 € L*(T%), Mg e L/5(T?),

where, d = max{3,v/(y — 1)}. Then, for any T > 0, the system (1.4) admits a weak
solution (0%, 7%, u¢): T3 x (0,00) = Ry x Ry x R? such that the following hold:

(1) ¢° € L=([0, T} L7(T?)), veFus € L>([0,T]; L*(T?)), u® € L*([0, T]; H'(T?)),
0 € L([0,T); L*(T%)) n L ([0, T); WH*/2(T%)).
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(2) 0° > 0 represents a renormalized solution of the equation (1.4), on T3 x (0, 00),
namely for any test function ¢ € D(T3 x [0,T)), T > 0, and any b, B such that

oo ¢ ¢ b(z)
(1.8) be L*NCJ0,00), B(¢°):=B(1)+ —=dz,
1
the renormalized continuity equation

(1.9) /000 /Trs [B(0°)0:& + B(0%)u® - V& —b(p°)¢divuf|dadt = —/ B(gg)¢é(+,0) dx

T3

holds.
(3) The balance of momentum (1.4), holds in the sense of distributions, i.e., for any
v e DT x[0,T)),

o0
1
(1.10) / / [que 0+ 0wt @ Ut Vot S(p(e) + 1) div v} dz dt
3
o Jr b
= / / [uVuEVo +vdivu® dive — (¢° +n°)VE® - v]dedt
o Jrs
- / MG - v(-,0)dz.
Q
(4) m° > 0 is a weak solution of (1.4),, i.e., for any ¢ € D(T? x [0,T)),
e 1
(1.11) / / (775&30 +nu® - Vo —en*Vos . Vo — —VUEVgo) dx dt
0 T3 9
= —/ Mo (- 0) da.
K
(5) The energy inequality
¢
(1.12) Ee(t)—k/ / <M|Vu€|2+(u+1/)|divu€|2
0 JT8
1
+ Sl2vViFE + 52\/n_€vq>6|2) da ds < E°(0)
holds with
a

(1.13) Ee(t):/[%gs|u€|2+€2(T

1
)Y € € (5 E\FHE
1)(9) +6277 Inn® + (o +77)<I>}da:

and

IS5 1 £ £ a £ 1 £ £ £ £ £
(1.14)  E°(0) = /[590|uo|2 + m(@o)7 + 2 Inng + (05 +75)® } dx

for a.e. t > 0.
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Without the adjunction of particle and external potential, system (1.4) reduces to
the Navier-Stokes equations, whose incompressible limit or low Mach number limit
was studied by many mathematicians, such as Klainerman and Majda [19], Beirdo
da Veiga [4], Lin [20], Lions and Masmoudi [22], [23], Hsiao-Ju-Li [16], Ou [24],
Donatelli-Feireisl-Novotny [13], Vauchelet-Zatorska [25], Danchin-Mucha [12], Chen-
Zhai [10], etc. Since the existence of solutions to the scaled fluid-particle interaction
model (1.1) or (1.4) follows from [2] and [7] for any choices of the dimensionless
parameters, various singular limits or various scaling limits can be explored. Ballew-
Trivisa [1] rigorously established the low Mach number and low stratification limits
of the system (1.1) for both bounded and unbounded domains in a weak sense.
More recently, Huang-Huang-Wen [17] established the uniform stability of the local
solution family, which yields a lifespan of the Navier-Stokes-Smoluchowski system
and proves the local existence of strong solutions for the incompressible system with
small initial data. Furthermore, they obtained the convergence rates in the case
without external force.

The present paper considers the low Mach number limit of system (1.1) in the scal-
ing form (1.4), which is different from that of [2] and [17]. Under some reasonable
assumptions, we prove rigorously that the weak solutions of the fluid-particle inter-
action model (1.4) correspond to the strong solution of the incompressible Navier-
Stokes equations in the time interval (provided the latter exists) by using the refined
relative entropy method.

In this present paper, we denote by x the characteristic function and C' the
generic positive constants independent of . To simplify our notation from now on,
we denote by

o (t) = /W(M)E — 0" PX(los —o*|<8) * 105 — 0 "X (o5 — 0+ |>8)) A,
one(t) = /W [n°Inn® —n*Inn* — (Inn* +1)(n° —n")]dz

and
00 (0) = /W(LQS — 0" P X(lo5 -0 1<) F 165 — € "X (105 —o>8)) A,
7o 0) = [ s =0 = Gu’ + 105 — 7] d

for any ¢ € (0,1).
The main result of this paper can be stated as follows.

Theorem 1.1. Assume that {(0°,m°, u%)}.>0 is a sequence of weak solutions to
the fluid-particle interaction model (1.4) obtained in Theorem 1.1, satisfying the
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conditions:

0)+o
(115) ()—77 + ||\/ UO \/EugHiz(qs) < Ce

Also assume that (u,7) with | > % + 3 is the smooth solution to the incompressible
Navier-Stokes equations (1.6) with the initial data ul € H'(T?) such that divu = 0,
satisfying

(1.16) SUET(HUOHHl(W) + 10eu® | -2 vsy + 1 V7 =219y + 1067 | m11-312)) < C(T)

(N3N

for any 0 < T < T, and some positive constant C(T'), where T, is the maximal
existence time of (u°, ). Then, for any 0 <t < T, we have

o —|— o
(1.17) T |VeRuE — Vol ||z sy < Ce
and
x 0112
(1.18) |o°u® — o uOHL2w/(w+1>(T3) < Ce.

Moreover, we have

(1.19) IV (" = w12 o,79:22ry) < Ce-

Remark 1.1. Theorem 1.1 describes the incompressible limit of the compress-
ible fluid-particle system (1.4) with well-prepared initial data. For the general initial
data, the fast singular oscillation appears. It is more difficult to prove the incom-
pressible limit in this case, which will be considered in future work.

Remark 1.2. We remark that the estimate in Theorem 1.1 is uniform with
respect to p and v. Therefore, Theorem 1.1 is not only a stability result with respect
to € but also with respect to g and v. In fact, we can show that the combined
incompressible and vanishing viscosity limit of the fluid-particle system (1.4) is the
incompressible Euler equation.
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2. MAIN IDEAS

Our proof of Theorem 1.1 relies heavily on the use of energy inequalities and
relative entropy methods.

Let (0°,u®,7°) be a solution of the system (1.4) with initial data (1.7) and u°
be the smooth solution of the incompressible Navier-Stokes equations (1.6) with the
initial data u3. Denote by M¢ = o*u®, M* = o*u°,

QE *
Ue = qus , U* = Q*U,O
n° "
Given an entropy
(M#)? a 1
2.1 EU®) = N+ —=n°lnn° * 4+ n°)DF,
(2.1) (U9) oV +62(7_1)(9) + gt I+ (0 +r°)

the relative entropy is defined by
H(U®|U*)=EU®) - E(U*)—-DEU")(U*-U"),

where D denotes the derivation with respect to the variables (¢°, M<,n®). We can

get that the relative entropy associated with (1.4) is as follows:
M a
2000 e2(v-1)
(M*)? a _
_ _ * - *1 e _ * * (I>6
20 52(7—1)(‘9) ="t = (e" + ")
u?|? *\Y— 5 5 *
_‘ 2| + 62(?}7_1) (Q )’Y 1+q) 0 —0
_ ’LLO . que _ Q*U,O
e 2(Inn* + 1) + ®¢ 7t —n*

* £ 1 £ £ £ £ >
H(U®U") = (0 )“r;n Inn® + (0° +7°)®

1 9 a _
— 2 €€ & —pflnnt 5 €\pe
5074 +52(7_1)(9) + 5 4 (0 + )

2 a *fy_i *1 e _ * *@6
752(7—1)(” =7 " — (" + ")

]‘6 02 1*02 ary *\y—1 ¢ ary )7y
+ 50 = 5ot 62(7_1)(9) o° + (0")

1
o QE(I)€+Q*(I)E _ geue-u0+g*|u0|2 o 5_27’5 lnn*

1*0
—§Q|U|

16 £ARE 1* * 1* * RE
— 27 —-n°P +§n Inn +5_277 +n®

© () = (%) = (") Mo — %))

e2(y—1)

1 £ £ 1 * * 1 * 5 *
+ g In = 0"y —5—2(11177 +1)(n° —n").

1
— §Q€|u6 _u0|2 +
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Denoting

Filo) = =270 Hi(e") = Bu(e) ~ Bi(0")(e" — &) ~ Fa(e"),

Es(n) =nlnn, Hs(n°) = Ex(n°) — Es(n*)(n° —n") — Ba(n"),

then the relative entropy can be rewritten as

1 1 1
(2.2) HUS|U") = S0 u® —u®f + = H(0%) + Z Ha (1),
Therefore, we introduce the following form of the modulated energy:

* 1 (> € 1 (> 1 (>
(2.3) H(t) = 8 H(U®|U )dx:/ [59 [uf =’ + S Hi(%) + 5 Ha (") | du

T3
In the next section, we are going to prove Theorem 1.1. We shall employ the
evolution equations and elaborated computations to prove the inequality

(2.4) HE(t) < C /t HE(s)ds + Ce.
0

The Gronwall lemma then implies the desired result.

3. PROOF OF THEOREM 1.1
In this section we shall prove Theorem 1.1.

Lemma 3.1. Let (0%, n°, u®) be the weak solution to system (1.4) with initial
data (1.7) on [0,T] with T < T,. Then, we have the following properties:

(3.1) Vofu® is bounded in L>([0, T|; L*(T?)),
1

(3.2) ng(ge) is bounded in L>([0,T]; L*(T?)),
1

(3.3) gHQ(nE) is bounded in L™ ([0, T]; L*(T?)).

Proof. From the energy inequality (1.12), the first and the third equations
in (1.4), we have for almost all ¢ € [0, T,

1 1 1
) [ [5o0F + SHE) + S Ha0) + (& + )0 do
T3 9 9
¢ 1
[ (0P sl divat P+ 5 VVE + VTR dods
o J13
1 1,12 1 € 1 e € S €
< [ [Geblubl® + 5 Hleh) +  Han) + (e + )] do < C,
which implies that Lemma 3.1 holds. 0
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Lemma 3.2. Let (¢°,7°,u°) be the weak solution to system (1.4) on [0,T] with
T < T,. Then there exists a constant C' > 0 such that for all € € (0,1) and v > 1,

(3.5) 6% = 0" |l oo (o, 13;27 (v3)) + IVNF = V0¥l e (o0, 17:22(13)) < C,

where, A = min{2,~v}. Moreover, we have
(3.6) V0% = V0¥ || Lo (fo,11:2(13)) < CE.

Proof. In view of the Lemma 5.3 in [21], there exist two positive constants
c1 € (0,1) and ¢3 € (1,00) independent of g° such that the following inequality

(3.7) €10 < Hi(0%)dz < c20pe,
'ﬂ'S

holds for any fixed ¢ € (0, 1).
(1) If 1 < v < 2, in view of (3.2), we have

v/2
B8 = <O [ 1 - P aicn o)
+/ |0 = &"["X(jg=—e7|>0) A
T3
< C’(UZE/2 + 0pe)

v/2
< C[( Hl(ge)dx> +
'[|'3

<C(E +£?) < 0e.

[ el

(2) If v > 2, we get

(3.9) I = "l ey < © [ H(eF)do < C22
T
and

(3.10) lo® = 0" I22(rs) < c/ Hi(o%) dz < C22.
T3

From (3.8)—(3.10), one obtains
(3.11) ||((_)‘S — Q*HLV(TW) < CeM7 and ||Q€ — Q*HL’\(WW) < Ck,
where, A\ = min{2,v}.
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It is easy to verify that the following inequality

yIny — (Inyo +1)(y —yo) — yoInyo = (V¥ — Vo)

holds for all y > 0, where yo > 0 is a constant.
Using (3.3) and the above inequality, we have

312 F -l = [ W= ViR < [ HaGr)de < c2,
Then, one obtains

(3.13) o® = 0" lLacrsy + IVnF — V¥l L2ersy < Ce,

which implies that the inequality (3.5) holds.
For a fixed positive constant a, using the following two elementary inequalities

Vo —Va> <Mz —al?, [r—a[>6 y>1

and
Wz —+al> < Mz —al*>, >0

for some positive constant M, and 0 < § < 1, it is easy to obtain that
[ WE—VERar = [ WE = VEPxoricn da
+ /T3 VO = VO IPX(1g - 50) A
< M/W 10" — " *X (1o e+ <) A
+ M/wrs l0° = 0" "X (1os o+ |>6) A2
<CM | Hy(¢°)dx < Ce?,
which implies that (3.6) holds.
Lemma 3.3. For allt € [0,T], we have

(3.14) HE(t) < Ce.

78



Proof. In view (2.3) and (3.4), we get

t
(3.15) ’He(t)—i—// (1| Vus > + (p + v)| divu®|?) de ds
o Jr3
! 1
+// (—3|2V\/7?+62\/7?V<1>5|2>dmd5
(AR
_ 1 €1,,€|2 i £ i £
= [ e+ Zme) + 5] d
1
—/gu udm+/g|u|
2 Jya
// (| Vuf|? + (p + v)| divu|?
T3

+ 6—3|2V\/n_5+ 2VEV®©|?) da dt
1 |, € 02 1 5 1 15
< [590|U0_U0 + E_2H1(90)+ E_QHQ(UO):| dx

—/w(ge+n€)@5dx+/r3(gg+ng)@5dx—/ ocus - vl dz

T3

1 1
+/ ggug.ugdx—i——/ Q6|u0|2dl‘——/ Qg|u82
]3 2 ‘[(3 2 '[(3

:HE(O)—/ que-uodx+/ osus - ud dx
T3 T3
—/ (9€+77€)<1>5d$+/ (05 + 1p)®° dz
T3 T3
1 02 1 \[,,0[2
t5 @ m e dr =5 ] (05— o)l

—|——/ |u®)? dw — /|u
2 Jis

We use u (the solution of incompressible Navier-Stokes equations (1.6)) as a test
function in the weak formulation of momentum equation (1.4), to yield the following
equality for almost all ¢ € [0,T:

(3.16) —/ geus-uodx—i—/ o5us - u) d
T3

t
——// NGRS da:ds—//gu€®u€:Vu0dxds
o Jrs T3
t
+M// VuE:Vuodxds—k//(gs—f—ne)V(I)E'udeds,
o Jrs A

where we have used the fact that divu® = 0.
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Taking the L? inner product of the equation (1.6) by u°, we have

(3.17) % |u®|? da — / |ud|? dz = —u/ / |Vl |? dz ds.

T3
Inserting (3.16)—(3.17) into (3.15) and using (1.6), we have

t
(3.18) HE(t)—i—// (1| Vus > + (p + v)| divu®|?) de ds
o Jus
k 1
+// (—3|2V\/7?+62\/7?V<1>5|2>dxd5
(AERS

t
—// o°uf - Osu’ dz ds
o Jr3
t
—// g€u€®u€:Vu0dxds—/ (0° +n°)®° dx
o JT3 T3
t
+/ (98+n8)<1>5dx+// (0° +1F)V®* - 0 dz ds
T3 o JT3
1 € * 02 1 € * 02
3 [ @ = Pe =3 [ (g5 -0l da
T3
—l—u/ Vut : Vu' dzds — / |Vl |? d ds
T3 T3
// o°u’ V)u® dxds—i—// o‘u® - Vrdxds
T3 T3
__*// QEUE'AUdedS—// o°uf @ uf : Vuldads
Y 0 JT3 VAL

/ (0" +n° )‘I)Eda:—i-/ (€ +nG)®° dz

// o +1°)VO© -’ dzds
T3

1 *
3 [ =P e =5 [ (05— ol da
T3

¢ ¢
—l—u/ VuE:Vudeds—u// |Vul|? dz ds
0 JT3 o JT13

5
0) + ZIkv
k=1

t t
T, = / / o’ - (uo . V)uodxds —/ / o°uf @ uf : Vuldz ds,
o JTs3 0 JT3
t
I = // o°u® - Vrdxds,
o J1s

where
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&
I

t
— ﬂ*/ / ofuf - Auldz ds
0" Jo Jrs3
t t
+ u/ / Vuf : Vu® deds — u/ |Vl |? dzx ds,
0 JT3 o Jrs
Iy = — / (0° +n°)0°dx + / (0§ + ng)®° do
// o° +n°)VO© -’ dzds,
ﬂ'3
(5 02 1
L=y [ (¢ =P o5 [ (6 - o uffdo
2 T3 2 T3
Now, we begin to treat the integrals 7 (k = 1,2, 3,4, 5) and H°(0) term by term.

In fact, we do not need to deal with Z5, which will be canceled later.

For Z;, we rewrite and estimate it in the following:

t t
// g€u0®u€'u0dxds—// g€u€®u€:Vu0dxds,
0 JT3 AR
t
= —// o°(uf —u®) @ (uf —u°) : V' dads
0 Jrs
t
+// o°ul @l vul dxds—// o°u’ ®u - Vul dads
0 JT13 T3
¢
<C/ ’Hs(s)ds—i—// gsu0®u0:Vu0dxds—// o°uf @u’: Vu dzds
0 0 Jrs 0 Jrs

t
= C/ HE(s)ds + T11 + Tio.
0

I

Using the Lemma 3.2 and the inequality (1.16), we get that

¢
Ty = / / g€u0 @u’ : Vul dx ds
T3
= / / 0. Vul | dz ds
T3
= —/ / (0° — 0")u’ - V|u° > dz ds
2 0 T3

< Cllof - Q*HLM([O,T];LA(W))||UO : V|u0|2HLN([O,T];L’\/(**UGW)) < Ck,

where we noticed that

¢ ¢
/ / uO'V|u0|2dxds:—/ / divu® - [u®?dzds =0
0o J13 o Jrs
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due to divu® = 0. From (1.4), and the inequality (1.16), we get, by integration by
parts, that

t 1 [t
Zis = —/ / Q€u€®u0:Vu0dxds=——/ / o°uf - V|u’|? dz ds
T3 3
:——/‘ (¢ =) WP dnds = =5 [ (o = )ulP da
T3 2

1
+—/( —o")|uf*dz + = // 0 — 0%)0s|u’)? dz ds
2 Jys

< =I5 + Cllo® — 0"l (o, 730> (12 108 [t Pl oo (0,7, 3/ 6= 1) (73y)
< —I5 —|—C€

So, we have
t

(3.19) I+ 75 < C’/ HE(s)ds + Ce.
0

For 7, using Lemma 3.2, the Young inequality, the continuity equations (1.4),
and integrating by parts, we get that

t t
(3.20) Iy = / / o°u® - Vrdrds = —/ div(e®u®)mdzds
0JT3 0 J13
t
= / 0s(0° — 0" )mdxds = / (¢° — 0" )mdz
0 Jr3

T3

t
— | (05 — 0" )modz — (o — 0")0smdads
T3 o Jrs

< le® = o llprasy Tl para-v sy + 1106 — 0 lacrsy lmoll para-v (rs)
+ [lo® = Q*||L°°([0,T];L>\(1T3)H8377||L°°([O,T];L>\/(>\*1>(TF3) < Ce.

For 75, using Lemma 3.2, Young inequality, and (3.6), we have

t
(3.21) I3 = —i*/ / o°uf - Auldzds
o Jo Jus
¢ t
+u//Vu€:Vu0dxds—u/ |Vl |? dzx ds,
o Jrs o Jrs

t
- L [ [ E - vEE s acas
o Jr
t
1% 5 0 € 0
_ VoF — Vo )uf - Au dxds—u// u® - Au” dads
Vo Jo 13( ) 0 JT3

t t
—l—u/ Vu® :Vuodxds—u/ |Vul|? dz ds
0 JT3 o JT3
< CIVeF = Vorll=(o,ry;22(12))
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X |[VoFus || oo (o, 73;22(r2 ) 1 AU | L1 (0, 77; .00 (72
+ Cl[Ve® = Vol Le(jo,1);2(13))

X Bl L2 o,y 22 rey) 1 Au° || 12 o, 7y, £ow (12))

¢ ¢
+2u/ / Vs : Vuodxds—u/ / |Vl |? dz ds
0JT8 0 JT3

¢ t
<C’€—|—2u/ Vu® :Vuodxds—u/ / |Vl |? dz ds.
0 J13 0 Jrs

For Z,, in view of (1.7), we have

I,= - /@ +77)<I>€dw+/ (g5 + ) da

// 0° +1°)VP© - uldrds
T3

_ /(Q _Q)q>6dx+/( 0*)®° de

// 0° — 0" )VO© - udxds—g// Ve© - u’dzds
T3 T3

=0, due to divu®=0

/(n —ﬂ)@sdx-f-/ (g —n")®" da

// nF —n*)Ve© - uldads — / Ve - u¥dzds
T3

=0, due to divu®=0

< (lle® = o*llzaqrsy + 116 — 0"l sy 1R Laso—1) (rsy

+ Cllo® — 0"l oo (jo,77:22 (12) IVRE | Lasx-1) (79)

+ VD = Vil L2 IV0E + Vi | s sy 19| Lars)
+Iv/n5 = Vil L2 IV + Vil Lss) 19| s vy

+ [t oo o, 77 x72) VO | L3 ¢v2y |VTF — V¥ Loe 0,70 £2(72))
X V1% + V0¥ || L jo,ry; 08 (13)) < Ce.

Inserting (3.19)—(3.22) into (3.18), we get

t
’Hs(t)—f—// (u|Vu® — Vul > 4 (u + v)| divus|?) dz ds
0 JT3
! 1
+// (—3|2V\/7?+52\/77_5V‘I>6|2>dmd5
0 JT3 \€

t
< HE(0) + C/ HE(s)ds + Ce.
0
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Using the initial conditions (1.7) and the inequality (3.6), we have that #°(0) < Ck,
since

[ cilus =l dz <2 [ 1805~ VeruoP s +2 [ |VE Vel da
< 2/3 [V o5ug — voruol* dz + C/3 Veo" — /05| da < Ce.
T¢ T

Thus the proof of Lemma 3.3 is completed due to the Gronwall inequality. ([

We are now in a position to prove Theorem 1.1. Using the Lemma 3.3 and the
Holder inequality, we have that

IVeu® = Veorulllizs) < 21Ve (u® = u”)[f2s) + 21 (Ve = Voo )u’l[12rs)

<
< Ce+ CIVo* = V|2 (rsy < Ce

for any t € [0, T]. Noticing that

O'Qa —+ O'na
2

<c/t/ [iH(E)JriH( 6)}dxds
= 0 T3 52 e 52 27 ’

we conclude that the inequality (1.17) holds. Using the Holder inequality and that
fact 1 < 2vy/(v+1) <~v,ase— 0,

|o"u® — Q*UOHQsz/(wm(w)

2[[¢"(u® — UO)HQL%/(vH)(W) +2|(0" — Q*)uonim/(wl)(vs)
2V 1) IVEF (0 = u®) T2 rs)

+20° - zQ*||2L/\(TF3)HU'OH%%\W/(/W-%—/\—%)(WS)

< Ce + Ce? < Ce.

NN

We note that 0 < Ay + A — 2y < 2\y for the definition of A in Lemma 3.2. So we
conclude that (1.18) holds.

Moreover, from (3.23), we have

t
(3.24) u/ / |Vu® — Vul|?dzds < Ce,
o JTs

which implies that the inequality (1.19) holds. Thus the proof of Theorem 1.1 is
finished. O
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