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Abstract. Sufficient conditions are given for the solvability of an impulsive Dirichlet
boundary value problem to forced nonlinear differential equations involving the combination
of viscous and dry frictions. Apart from the solvability, also the explicit estimates of
solutions and their derivatives are obtained. As an application, an illustrative example is
given, and the corresponding numerical solution is obtained by applying Matlab software.
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1. INTRODUCTION

Let us consider the forced pendulum equation with dry friction and viscous damp-
ing term together with Dirichlet boundary conditions

(1.1) Z(t) + ax(t) + bsinz(t) + csgn(t) = h(t) for a.a.t € [0,T],
(1.2) xz(0) =x(T) =0,

where a, b and ¢ are real constants and the function h: [0,7] — R plays the role of
the forcing term.

Moreover, let a finite number of points 0 =ty < t; < ... <t, <tpp1 =T,peN,
be given.

In the paper, the solvability of the dry friction problem with the Dirichlet boundary
conditions (1.1), (1.2) will be investigated in the presence of the following impulse
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conditions:

(1.3) e(tf) —a(ti) = Ji(e(t;), i=1,....p,
' B(tf) —a(t;) = Mi(z(t:), i=1,....p,
where the notation lim+ z(t) = z(at), lim z(t) = x(a”) is used and J;, M; €
t—a t—a~—
C(R,R) foralli=1,...,p.
The study of the forced mathematical pendulum equation

(1.4) Z(t) + bsinz(t) = h(t) for a.a.t € [0,T]

(i.e. the case b # 0, a = ¢ = 0 in (1.1)) was studied as far back as a century ago
(see [8] for the case b > 0 and [6] for b < 0). It was shown that it is worth to consider
Dirichlet boundary conditions, since the symmetry of the equation imply that such
solutions are related to periodic solutions. It is known that the Dirichlet problem
corresponding to the forced mathematical pendulum equation (1.4) is solvable under
very mild assumptions, e.g. if p is measurable and satisfies fOT [p(t)| dt < oc.

More recently, the pendulum equation was generalized introducing a nonzero vis-
cous damping coeflicient a or a nonzero friction coefficient ¢ (see [1], [10], [12] for
more details about this topic). As is shown in the mentioned papers, the problems
in the generalized versions are formed mainly by the nonzero friction coefficient c;
in such a case the criteria guaranteeing the existence of a solution are much more
complicated (because of the discontinuous r.h.s.) than in the simplest case of the
forced mathematical pendulum equation.

All of the mentioned papers and monographs studied the pendulum equation with
prescribed boundary conditions, but without impulses. A few years ago, the attention
started to be paid also to the impulse forced mathematical pendulum equation prob-
lem, since the impulses can model a rapid changes in evolution processes. Recently,
in papers [4], [9], [14], an impulse problem was considered in the case a = ¢ = 0, and
in the presence of periodic boundary conditions.

As far as we know, the impulsive problem to the pendulum equation with a nonzero
viscous damping coefficient a as well as with a nonzero friction coefficient ¢ has not
been studied yet. Therefore, the aim of the present paper is to study the forced
pendulum equation with dry friction and viscous damping term (1.1) together with
Dirichlet boundary conditions (1.2) in the case when the impulses described by (1.3)
are involved.

Let us point out that because of discontinuity at y = 0 in sgn y, we should consider
a Filippov solutions of (1.1) which can be identified as Carathéodory solutions of the
following inclusion with a Filippov regularized right-hand side (see [5])

(1.5) Z(t) + ax(t) + bsinz(t) € h(t) — c¢Sgn(t),
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where
-1 for y < 0,

Seny:=<¢ [-1,1] fory =0,
1 for y > 0.

By a Filippov solution of problem (1.1)—(1.3) we shall mean a function x €
PACY([0,T],R™) (see Section 2 for the definition) satisfying (1.2)-(1.5) for a.a. t €
[0,T7].

In this paper, the solvability of the forced pendulum equation with dry fric-
tion and viscous damping term together with Dirichlet boundary conditions and
impulses (1.1)—(1.3) will be investigated using the Kakutani-Ky Fan fixed-point the-
orem. Apart from the solvability, also the explicit estimates of solutions and their
derivatives will be obtained.

The paper is organized as follows. In the second section, suitable definitions and
statements which will be used in the sequel are recalled. In Section 3, Schauder
linearization device will be combined with the Kakutani-Ky Fan fixed-point theorem
and the existence and localization result will be obtained in this way for the impulsive
Dirichlet problem (1.1)—(1.3). Finally, the obtained result will be illustrated by an
example whose numerical solution will be obtained by applying Matlab software.

2. PRELIMINARIES

Let us start with notations we use in the paper. For a given compact real interval J,
we denote by C(J, R™) (by C'(J,R™)) the set of all functions z: J — R™ which are
continuous (have continuous first derivatives) on J. By AC*(J,R™), we shall mean
the set of all functions z: J — R™ with absolutely continuous first derivatives on J.

Let PAC'([0,7],R™) be the space of all functions z: [0,T] — R™ such that

wp)(t) for t € [0,14],

wpy(t)  for t € (t1,12],
a(t) =

w(t)  for t € (t,, T,

where z(g € AC*([0,t1], R™), zy € AC ((ti, tis1], R"), z(t]) = 1irn+ x(t) € R and
st
(it} = lim+ i(t) € R, for every i = 1,...,p. The space PAC*([0, T], R™) is a normed
st
space with the norm

(2.1) [ellz = sup [z(t)|+ sup [i(t)].
t€[0,T] t€[0,7]
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In the sequel, it will be denoted by (E,|:||g). In a similar way, we can define the
spaces PC([0,T],R™) and PC'([0,T],R™) as the spaces of functions z: [0,T] — R"
satisfying the previous definition with xzg) € C([0,%1], R"), z;) € C((ts, tig1], R™) or
with zg) € C([0,t1], R™), xp) € CY((ti, tiv1], R™), for every i = 1,...,p, respectively.
The space PC([0,T], R™) with the norm defined by (2.1) is a Banach space (see [11],
p.128). In the following, a compactness result for subsets of PC* ([0, T], R™) will be
needed. On this purpose, let us recall that a family F C PC([0,T],R™) is left
equicontinuous (see [11]) if for every € > 0 and « € [0, T'] there exists ¢ > 0 such that
for every f € F,

|f(z) = f(y)| <e Vye (z—0,z]
and
|f(z) = fly)l <e Vye (x,2+96).

In the following, we use a generalized Ascoli-Arzela theorem whose prove is given
in [11], Theorem 2 in a slightly different case, i.e., when the real valued functions are
discontinuous from the left and are just continuous in each interval [¢;,¢;+1).

Proposition 2.1. A family F ¢ PC*([0,T],R") is compact if and only if it is
bounded, left equicontinuous and the set {f': f € F} is left equicontinuous.

We also need the following definitions and notions from multivalued theory in the
sequel. We say that F' is a multivalued mapping from X to Y (written F: X —Y)
if for every x € X, a nonempty subset F(z) of Y is given. We associate with F its
graph I'p, i.e. the subset of X x Y defined by

IFrp:={(z,y) e X xXY; ye F(x)}.

The single valued function f: X — Y is called a selection of F if I'y C I'p, i.e., if
f(z) € F(x) for every x € X.

A multivalued mapping F': X — Y is called upper semi-continuous (shortly,
u.s.c.) if for each open set U C Y, the set {z € X; F(z) C U} is open in X.

A multivalued mapping F': X — Y is called compact if the set F(X) = |J F(x)
reX
is contained in a compact subset of Y. Let us note that every u.s.c. mapping with

closed values has a closed graph and that every compact multivalued mapping with
closed graph is u.s.c.

Let Y be a metric space and (Q,U, i) be a measurable space, i.e., a nonempty
set () equipped with a suitable o-algebra U of its subsets and a countably additive
measure g on Y. A multivalued mapping F': Q — Y is called measurable if {w € Q;
F(w) C V} € U for each open set V C Y.
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We say that the mapping F': J x R™ — R™, where J C R is a compact interval,
is an upper-Carathéodory mapping if the map F'(-,z): J —o R™ is measurable for all
x € R™, the map F(t,-): R™ — R" is uw.s.c. for a.a. t € J, and the set F(t,x) is
compact and convex for all (¢,x) € J x R™.

We employ the following selection result in the sequel, which was proved in [2],
Proposition 6 in a quite general setting for continuous function ¢. Its proof can be
easily extended to the piecewise continuous functions, so we omit it here.

Proposition 2.2. Let J C R be a compact interval and F: J x R™ — R" be
an upper-Carathéodory mapping such that for every r > 0 there exists an integrable
function p,: J — [0,00) satistying |y| < pr(t) for every (t,xz) € J x R™, with
|x| < 7, and every y € F(t,z). Then the composition F(t,q(t)) admits, for every
g € PC(J,R™), a measurable selection.

Let XNY # 0 and F: X — Y. We say that a point x € X NY is a fized point
of F if x € F(x). The set of all fixed points of F is denoted by Fix(F), i.e.

Fix(F) :={x € X; z € F(x)}.

For obtaining the existence of a solution, the following Kakutani-Ky Fan fixed-
point theorem will be needed (see e.g. Theorem I1.8.4. in [7]).

Proposition 2.3. Let C' be a convex subset of a normed linear space and let
p: C — C be a compact u.s.c. mapping with compact and convex values. Then ¢
has a fixed point.

3. EXISTENCE AND LOCALIZATION RESULT

In this section, let us formally rewrite the studied problem into the form

Z(t) € F(t,z(t), (t)) for a.a. t € [0,T7,
(3.1) x2(0) ==(T) =0,

z(t]) —xt) = Ji(x(t:), i=1,...,p,

#(tf) = (ty) = Mie(t:), i=1,....p,
where

F(t,z(t),(t)) := h(t) — a@(t) — bsinz(t) — cSgni(t)
is an upper-Carathéodory mapping and M;: R — R and J;: R — R are continuous.

61



Theorem 3.1. Let us consider the b.v.p. (3.1), where
(1) the impulse conditions J; and M; satisfies that |J;(x)| < k+11|z| and | M;(z)| <
k+lg|z| for alli=1,...,p and x € R, where k,l1,l2 > 0 with p < (201 +12)7},
(2) the function h: [0,T] — R playing the role of the forcing term satisfies h €
L=([0,T], R),
(3)

v/ (4]a] + pl2)? + 16[al(1 — 2ply — pla) — 4]a| — pls -

T.
2|al

Then the impulsive Dirichlet b.v.p. (3.1) admits a solution x(-) such that

el = sup |z(t)] + sup |2(t)] < R,
te[0,T] te[0,T

where

(||h]|oe + || + | (T2 + 4T) + 12pk + Tpk
4 — |a|(T? +4T) — 8ply — pl2(T + 4)

(3.2) R>

Moreover, if h(t) is not identically 0 on [0,T], then this solution is nontrivial.

Proof. For the solvability of nonlinear problem (3.1), let us use the Schauder
linearization device (see e.g. [3]). For this purpose, let us define the set @ of candidate

solutions by the formula

Q= {q e PC'(0,T,R"): sup |q(t)| + sup |q()] < R},
telo.7) tefo.7]

where R satisfies the formula (3.2). Let us note that the conditions put on p, Iy, lo,
and T guarantee that R > 0.
Then, for each ¢ € @, let us consider the associated multivalued fully linearized

problem with impulses
t) € Fy(t) for a.a. t € [0, 7],
th) —z(t:) = Ji(q(t), i=1,...,p,

)= (t7) = Mi(g(t:)), i=1,...,p,

where F,(t) = F(t,q(t), ¢(t)) = h(t) — aqg(t) — bsing(t) — ¢Sgn¢(t). According to
Proposition 2.2, there exists at least one measurable selection f,(-) of the multivalued
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mapping Fy (). The corresponding single-valued linear Dirichlet b.v.p. with impulses

B(t) = f4(t) for a.a. t € [0, 77,
z(0) = z(T) =0,

a(tf) —z(t;) = Ji(q(t:), i=1,...,p,
#(t) — #(t7) = M(q(t:)), i=1,...,p,

admits a solution which can be, for a.a. ¢t € [0,T], expressed (see e.g. [13]) by

T P p
oG
o) = [ Gl ds+ 30 G Talt)) + 30 Gl M (a(t).
=1 =1
where T
(S_T 0 <t<s<T
G(t,s) = .
( T )s for0<s<t<T

is the Green function of the corresponding homogeneous problem Z(t) = 0, x(0) =
z(T) =0, z(t]) — z(t;) = 0, 2(t]) —@(t;) = 0,43 = 1,...,p. Therefore, for each
q € @Q, the set of solutions of (P,) is nonempty.

Let us show that for each ¢ € @, the set of solutions of (P;) is convex. For
this purpose, let ¢ € @ be arbitrary and let z1(-), xz2(-) be two solutions of the
problem (P,). Then there exist measurable selections f1(-), f2(-) of F,(-) such that
for a.a. t € [0,T7,

T P oa
z;(t) = /0 G(t,s)fi(s)ds+ ) 55 (b t)Jila(t)) +> Gt t)Mi(q(t), §=1,2.
i=1 j
Therefore, for all A € (0,1),

T
N () + (1= A)aa(t) = / Gt 5) (M1 (5) + (1 — N fals)) ds

+ 30 G R Ia(t) + D0 G4 Ma(6).

i=1

Since Fy(-) has convex values, Af1(-) + (1 — ) f2(-) is a measurable selection of Fy(-)
as well, and so Ax1(-) + (1 — A)z2(-) is a solution of (P,). Thus, the set of solutions
of (Fy) is, for all ¢ € Q, convex as required.
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Let us show now that all solutions of the associated problems (FP,), ¢ € @, lie
in Q. For this purpose, let ¢ € @ be arbitrary and let x(-) be a solution of the
problem (P,). Then

ez = sup [e()]+ sup |&(t)|

te[0,T] te[0,T)
P
= sup / G(t,s)fq(s)ds+ Z (q(t:)) + ZG(t,ti)Mi(q(ti))
t€[0,T] i=1
+ sup / —(t,s)fq(s) ds
tE[O T) ot

+Z at(aG(t ;) ) +Z (a(t:))

T2

//\

T (e + lal R+ [0] + [el) + p(k + 1 F) + %p(k +15R)
| T(|lloo + [alR + b] + lel) + p(k + LR) + p(k + 12R)
- E[R(T2|a| + 4la|T + 8ply + Tpla + 4pla)
+ (T? +4T)(||h]| oo + [b] + |€]) + 12pk + Tpk] < R

according to (3.2). Therefore, all solutions of the associated problems (P,) lie in Q.
Moreover, there exist constants My > 0, My > 0 such that |2(0)] < My and
|£(0)] < M; for all solutions of the associated problems.

If we denote by T: @ — E the solution mapping which assigns to each ¢ € @ the
set of solutions of (F;), then it follows from the previous reasoning that ¥ has convex
values, T(Q) is bounded and that (Q) C Q. Moreover, it is obvious that each fixed
point of the solution mapping ¥ is the solution of the original problem (3.1) belonging
to Q. Therefore, the problem of the existence of a solution of problem (3.1) can be
transformed into the fixed point problem g € %(q).

The existence of the desired fixed point will be obtained using Kakutani-Ky Fan
fixed-point theorem which is stated in the paper in the form of Proposition 2.3. In
order to apply Proposition 2.3, let us at first show that ¥ has a closed graph. Let
{(gx,zr)} C T's be arbitrary and such that (qx,zr) — (¢,2), ¢ € Q. Then, since
Tk € Q, T — x and @ is closed, it holds that z € Q. Moreover, xj, is a solution
of (P,,), and so, according to Proposition 2.2, we get the existence of the selection
fi(:) € Fy, () such that @5 (t;41) — 2k (t) = t’“ fi(s)ds for every t € (t;,t;41] and
i=0,...,p. Furthermore,

[fe(@] < [|Alloc + |al R+ [b] + e[ for a.a. [0, T7].
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This implies that {fz} is bounded in L'([0, 7], R), and so it has a weakly converging
subsequence, for the sake of simplicity still denoted as the sequence, which converges
to a function f. In particular, t’“ fr(s)ds — ft”’l s)ds for every t € (t;,tit1]
and ¢ =0,...,p. Hence,

tit1

i) = (t) = Jim fin(t) =] = Jim [ fuas= [ fs)as

k—oo J

for t € (ti,tiy1] and ¢ = 0,...,p. Therefore, there exists #(t) = f(¢) for a.a.
€ [0,T]. It remains to prove that f(-) € F,(-). Since F, is upper-Carathéodory,
there exists, for every ¢ > 0 and a.a. ¢t € [0,7], a positive number § such that if

(. B) = (q(t),4(¢))] < 6, then
F(t, o, B) C F(t,q(t),q(t)) + Bg.

Recalling that the convergence in PC*([0,T],R™) of q; to ¢ implies the pointwise
convergence of both sequences and of the sequences of their derivatives to the same
limits, we get that for every ¢ € [0,7] and § > 0 there exists k such that for k > k,
[(qr(t), 4r(t)) — (q(¢),¢(t))] < 0. Therefore, for every e > 0 and a.a. t € [0,7T] there
exists k such that if k£ > k, then

fr(t) € F(t, qu(t), 4x(t)) C F(t,q(t),4(t)) + Bg.

Since € > 0 is arbitrary, we get that f(t) € F(t,q(t),q4(t)) for a.a. t € [0,T], i.e
that ¥ has a closed graph. Recalling that a compact mapping with closed graph is
u.s.c. and has compact values, it only remains to prove that ¥ is compact. According
to Proposition 2.1, we need to prove that T(Q) is left equicontinuous, and has left
equicontinuous set of derivatives.

Let © € T(q). Then there exists f(-) € F(-,q(-),qd(-)) such that for every ,f €
(tistip1] with#>tandi=0,...,p,

(3.3) (D) = @ (D) /f

and consequently,

(3.4) 2(8) = 2(8) + #(0)(f - ) +/t~ (F— 8)f(s) ds.

It follows from (3.3) and (3.4) that for every #,f € (t;,t;11] with £ > # and i =

0,....p,
#(0) — (i wﬂ/f

< [ Ul + ot 81+ e
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and

() — ()| < RIF — 1] + / (T — 5)(Illoo + [alR + b] + |¢]) ds.

Thus, if ¢ # t1,...,¢p, one can take ¢ sufficiently small such that (t — d,t + d) N
{t1,...,tp} = 0 and conclude (from the absolute continuity of the Lebesgue integral)
that the functions z and @ are equicontinuous at ¢. The left equicontinuity can be
deduced similarly for ¢ € {t1,...,t,}.

So, we have proved that ¥(Q) is compact, and hence, it follows from Proposi-
tion 2.3 that there exists a fixed point of T(-) in (. This fixed point is then the
solution of the original problem (3.1). O

Remark 3.1. It follows from the proof of Theorem 3.1 that it is possible to
replace in (3.1) the impulses in the form @(¢) — @(¢; ) = Mi(z(t;)), i =1,...,p, by
#(t}) —a(t;) = Mi(i(t;)), i = 1,...,p, where M;: R — R are continuous for all
t=1,...,p.

Remark 3.2. Let us note that by the same way, the existence result can be
deduced also for different types of boundary conditions. In the case that the cor-
responding homogenous problem is trivially solvable, we would apply in the proof
of Theorem 3.1 the corresponding Green function and obtain the analogous result
(with different estimates of the solutions and their derivatives) also in this case.

Example 3.1. Let us consider the forced (mathematical) pendulum equation
with viscous damping and dry friction terms together with three impulses and Dirich-
let boundary conditions

Z(t) + %x(t) +5sinz(t) + 2sgni(t) = sin(%t) for a.a. t € [0, 1],
z(0) = z(1) =0,

(3.5) it i 5 /i .
X Z )—$(1)76+1—00$(1), 271,2,3,

(E) ol ) morta()
J)4 J)4 = 10.134 s — 5 4y .

If we consider, because of discontinuity at y = 0 in sgny, the corresponding mul-

tivalued problem, where the function sgny is replaced by the multivalued mapping

Sgny, then we can apply Theorem 3.1 for T =1, a = 1—10, b=15,c=2,h(t) = sin(5t),

p=3, k=61 = 1‘%, Iy = %, and obtain the existence of Filippov solutions z(-)

of (3.5). The numerical solution of (3.5) obtained by Matlab software is presented
in Figure 1.
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0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Derivative of a numerical solution
T T T T

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. A numerical solution of (3.5) and its derivative.

4. CONCLUSION

Impulsive differential equations are suitable for the mathematical simulation of
rapid changes in evolution processes. In this paper, the impulsive problem to the pen-
dulum equation with a nonzero viscous damping coefficient as well as with a nonzero
friction coefficient was studied together with Dirichlet boundary conditions. Be-
cause of discontinuity in dry friction part it was appropriate to implement the tools
from multivalued analysis, and subsequently obtain the existence result by applying
the Kakutani-Ky Fan fixed point theorem. The theory was illustrated by an exam-
ple whose numerical solution was obtained by Matlab software. The present result
generalized previous works, where only the impulsive problems with zero friction
coeflicient were under consideration or where the problems without impulses were
studied. Some interesting questions dealing with this topic deserve further investi-
gation. It will be for example suitable to study the problem with different types
of boundary conditions or to investigate the case of state-dependent impulses which
generalize the impulses at fixed moments considered in this paper.
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