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Exponential domination in function spaces

VLADIMIR V. TKACHUK

Abstract. Given a Tychonoff space X and an infinite cardinal x, we prove that ex-
ponential k-domination in X is equivalent to exponential k-cofinality of Cp(X).
On the other hand, exponential k-cofinality of X is equivalent to exponential
k-domination in Cp(X). We show that every exponentially x-cofinal space X
has a xT-small diagonal; besides, if X is x-stable, then nw(X) < k. In par-
ticular, any compact exponentially k-cofinal space has weight not exceeding «.
We also establish that any exponentially k-cofinal space X with I[(X) < k and
t(X) < k has i-weight not exceeding x while for any cardinal x, there exists an
exponentially w-cofinal space X such that [(X) > k.

Keywords: exponential k-domination; exponential x-cofinality; k-stable space;
i-weight; function space; duality; x+-small diagonal

Classification: 54C35, 54C05, 54G20

1. Introduction

It was proved in the paper [6] that a regular space X must have density not
exceeding k if any subset of X of cardinality (27)" is k-dominated, i.e., contained
in the closure of a set B C X such that |B| < k. This makes it natural to
study spaces X with exponential k-domination, in which every set A C X with
|A] < 2% is k-dominated. It was established in [6] that spaces with exponential
k-domination have nice categorical properties: they are preserved by continuous
images, products with 2%-many factors and s-unions. Any Cech-complete space
with exponential k-domination turns out to have density less than or equal to k as
well as any space X with x(X) < k. It was also shown in [6] that there exist non-
separable spaces of countable pseudocharacter with exponential w-domination.

In this paper we introduce a new property called exponential x-cofinality for
any infinite cardinal k. A space X is exponentially k-cofinal if for any continuous
onto map f: X — Y such that w(Y") < 2%, there exist continuous surjective maps
g: X — Z and h: Z — Y such that iw(Z) < k and ho g = f. Exponentially
k-cofinal spaces generalize the class of spaces of i-weight not exceeding x and give
global information about a space via its small continuous images. The importance
of this class stems from the fact that it is bidual to the class of spaces with
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exponential k-domination: we will prove that a space X features exponential k-
domination if and only if the function space C,(X) is exponentially x-cofinal and
X is exponentially k-cofinal if and only if C,(X) is a space with exponential
k~-domination.

The class of exponentially k-cofinal spaces turned out to have nontrivial rela-
tionships with some classical properties which makes it interesting in itself. We
will show that the diagonal of any exponentially x-cofinal space is xT-small. The
concept of A-small diagonal was introduced in [8] (under a different name) where
it was proved, among other things, that, under CH, a compact space of count-
able tightness is metrizable whenever it has an wi-small diagonal. Later it was
proved in [9] that the requirement of countable tightness can be omitted in some
models of ZFC (Zermelo-Fraenkel set theory). We will show that exponential
w-cofinality of a compact space X implies metrizability of X so this property is
strictly stronger than having a small diagonal.

More generally, if X is an exponentially k-cofinal space which is k-stable, then
nw(X) < k. It is worth noting that the concept of k-stability was introduced
and studied in [1]. Last, but not least, we show that an exponentially x-cofinal
space X with [(X) < k and ¢(X) < k must have i-weight not exceeding x while
exponentially w-cofinal spaces can have Lindel6f number as large as we wish.

2. Notation and terminology

In this paper all spaces are assumed to be Tychonoff. If X is a space, then
7(X) is its topology and 7(x, X) = {U € 7(X): x € U} for any point x € X. If
k is a cardinal, then [X]<* = {A C X: |A| < k}. The set of reals with its usual
topology is denoted by R and I = [0,1] C R. A set B C X is said to dominate
aset AC X if AC B. The space X features exponential k-domination if for any
set A € [X]=%", there exists B € [X]|=" that dominates A.

A family N of subsets of a space X is a network in X if every open subset
of X is the union of a subfamily of N. The network weight nw(X) of a space
X is the minimal cardinality of a network in X and the density d(X) of the
space X is the minimal cardinality of a dense subset of X. The cardinal w(X) =
min{|B|: Bis a base of X} is the weight of X. Let s(X) = sup{|D|: D is a discrete
subspace of X} and ext(X) = sup{|D|: D is a closed discrete subspace of X}.
The cardinals s(X) and ext(X) are the spread and extent of X, respectively. Given
spaces X and Y and a continuous map f: X — Y say that f is a condensation if
it is a bijection.

The cardinal iw(X) = min{x: there is a condensation of X onto a space of
weight less than or equal to k} is called the i-weight of the space X. If z € X,
then the cardinal ¢ (z, X) = min {||: U C 7(X) and U = {x}} is called the



Exponential domination in function spaces

pseudocharacter of x in X and ¥(X) = sup{v(z, X): x € X} is the pseudochar-
acter of X. Furthermore, a space X is k-stable if nw(Y') < k for any continuous
image Y of the space X such that iw(Y) < k. If u is a cardinal, then X is said
to be a P,-space if U € 7(X) for any U C [7(X)]SF.

For any space X, let Ax = {(z,z): * € X} C X x X be the diagonal of the
space X. The space X has a kT -small diagonal if for any set A C (X x X)\Ax
such that |A| = k™, there exists B C A such that |B| = x* and BN Ax = 0.
The cardinal #(X) = min{x: A = J{B: B € [A]="} for every A C X} is the
tightness of the space X. A space X is k-monolithic if nw(A) < k for each
A € [X]=F. We say that X is a Lindeldf -space if there exists a space Y that
maps continuously onto X and perfectly onto a second countable space. A set A
is concentrated around a set F' C X if |A\U| < |A| whenever F C U € 7(X); the
set A is concentrated around a point x € X if it is concentrated around {z}.

The expression C(X,Y") denotes the set of all continuous maps from a space X
to a space Y. We follow the usual practice to write C'(X) instead of C'(X,R). The
space Cp(X) is the set C(X) endowed with the pointwise convergence topology.
Let Cpo(X) = X and Cp 11(X) = Cp(Cpn(X)) for each natural number n.
Given spaces X and Y, if p: X — Y is a continuous onto map then its dual map
©*: Cp(Y) — Cp(X) is defined by ¢*(f) = f o ¢ for every f € Cp(Y). For any
A C X, the restriction map 74: Cp(X) — Cp(A) is defined by wa(f) = f|A for
each f € Cp(X). Given a set F' C Cp(X) let ep(z)(f) = f(z) for any z € X
and f € F; then ep: X — Cp(F) is the reflection map which coincides with the
diagonal product AF of the functions from F'.

The rest of our notation is standard and follows the book [5]. All relevant
information on cardinal invariants can be found in the paper of Hodel [7]. The
books [12], [13], [14] contain all necessary facts and notions of C)-theory.

3. A dual property for exponential k-domination

We will present a topological property, called exponential k-cofinality, that is
dual to exponential xk-domination with respect to function spaces in the sense
that X features exponential k-domination if and only if C,(X) is exponentially
k-cofinal. Our purpose is to show that the class of exponentially x-cofinal spaces
is interesting in itself.

Definition 3.1. Given an infinite cardinal x, we will say that a space X is
exponentially k-cofinal if for any continuous onto map f: X — Y such that
w(Y) < 2% there exist continuous surjective maps g: X — Z and h: Z —» Y
such that iw(Z) < k and hog = f.
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The proof of the following proposition is straightforward from the definition.
It shows that exponential k-cofinality is a weakening of the property of having
i-weight not exceeding . Therefore an important line of study of exponential
k-cofinality is to find nice classes of spaces in which it coincides with w < k.

Proposition 3.2. If iw(X) < k, then X is an exponentially k-cofinal space. In
particular, any space X with nw(X) < k is exponentially k-cofinal.

Proposition 3.3. Assume that X is an exponentially x-cofinal space and Y is
a continuous image of X with iw(Y) < 2%. Then |Y| < 2*. In particular, if
nw(Y) < 2%, then |Y| < 2%.

PROOF: Let f: X — Y be a continuous onto map. Take a space M and a con-
densation u: Y — M such that w(M) < 2" and choose continuous onto maps
v: X - Z and w: Z — M such that iw(Z) < k and wov = wo f. It follows from
|Z| < 20w(%) < 2% that |[M| < 2" and hence |Y| = |M| < 2~. O

Corollary 3.4. Any discrete exponentially k-cofinal space has cardinality not
exceeding 2°.

PRrROOF: If X is a discrete exponentially k-cofinal space and | X| > 2, then there
exists a surjective map f: X — Y C I?" such that |Y| > 2. Since the map f is
continuous and w(Y') < 2", we have a contradiction with Proposition 3.3. O

Proposition 3.5. If X is an exponentially k-cofinal space and a set ¥ C X
is C*-embedded in X, then Y is exponentially k-cofinal. In particular, if X
is a normal exponentially k-cofinal space, then every closed subspace of X is
exponentially k-cofinal.

PRrROOF: Take any continuous onto map f: Y — Y’ such that w(Y') < p = 2.
There is no loss of generality to consider that Y/ C I# and there is a family
{fa: o < p} C Cp(X,I) such that f = A{fa: @ < p}. Let ua: X — I be
a continuous extension of f, for every @ < p. Then the diagonal product u =
A{ug: a < p} maps X continuously onto a space X’ C I and ulY = f. By
exponential k-cofinality of X, we can find continuous onto maps v: X — Z and
w: Z — X' such that wov = v and iw(Z) < k. Let g = v|Y and h = w|v(Y).
Then hog = f and the i-weight of the space Z’ = v(Y") does not exceed iw(Z) < k
so the maps g and h witness that Y is exponentially k-cofinal. (I

Corollary 3.6. Assume that X is an exponentially k-cofinal space and D is
a discrete subset of X. If D is C*-embedded in X, then |D| < 2*. In particular,
if X is a normal exponentially k-cofinal space, then ext(X) < 2.

PROOF: Just apply Proposition 3.5 and Corollary 3.4. [l
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Corollary 3.7. If k is an infinite cardinal and X is an exponentially k-cofinal
space, then any discrete family of nonempty open subsets of X has cardinality
not exceeding 2.

PRrROOF: If U is a discrete family of nonempty open subsets of the space X and
[U4| > 2%, then pick a point xy € U for every U € U. The set D = {zy: U € U}
is closed, discrete and |D| = |U| > 2. Since the set D is C-embedded in X by
[13, Fact 5 of Theorem 132], we have a contradiction with Corollary 3.6. (]

Theorem 3.8. Given an exponentially k-cofinal space X and a set A C X with
nw(A) < 2%, there exists a continuous map ¢: X — M such that w(M) < k and
©|A is an injection. In particular, iw(A) < k and |A| < 2".

PROOF: The restriction mapping 74: Cp(X) — Cp(A4) is continuous and the
set B = m4(Cp(X)) is dense in C,(A), see [3, Proposition 0.4.1]. Observe that
d(E) < nw(E) < nw(Cp(A)) = nw(A) < 2 so we can find a dense subset D C E
with |D| < 2%. The set D is also dense in Cp(A) and hence it separates the
points of A. If h = A(D) is the diagonal product of the functions from D, then
h: X — RP; let Y = h(X). The map h: X — Y is continuous and surjective.
Since w(Y) < 2%, there exists a space Z and continuous onto maps p: X — Z
and ¢: Z — Y such that gop = h and iw(Z) < k. Observe that the map h|A
is injective and hence so is p|A. There exists a condensation r: Z — M for some
space M such that w(M) < k. It is immediate that the map ¢ = r o p is as
promised. ([

Corollary 3.9. For any exponentially r-cofinal space X, if A C X and |A| < k&,
then |A| < 2% and iw(A) < k.

PROOF: Just note that w(A) < 2" and apply Theorem 3.8. O

Corollary 3.10. Assume that X is a metrizable exponentially k-cofinal space.
Then w(X) < 2% and hence iw(X) < k.

ProOOF: It follows from Corollary 3.6 that w(X) = ext(X) < 2% and we can apply
Theorem 3.8 to conclude that iw(X) < k. O

Corollary 3.11. If X is an exponentially k-cofinal space and s(X) < &, then
iw(X) < k.

PROOF: Observe that nw(X) < 25(X) < 2% see [7, Theorem 5.3], and apply
Theorem 3.8. U

If iw(X) < K, then the diagonal of X is easily seen to be a G-set. This is not
necessarily the case for an exponentially k-cofinal space X but we still have an
important weaker property in X.
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Proposition 3.12. If X is an exponentially k-cofinal space, then the diagonal
of X is kT-small. In particular, any exponentially w-cofinal space has a small
diagonal.

PROOF: Take any faithfully indexed set A = {24 = (Ta,Ya): @ < KT} contained
in (X x X)\Ax; then the cardinality of the set Y = {zq,¥a: @ < T} does not
exceed kT < 2¢ and therefore there exists a continuous map ¢: X — M such
that w(M) < k and ¢|Y is injective, see Theorem 3.8. This implies that the set
{(p(70), 0(ya)): a < Kt} is contained in (M x M)\Ajp; which, together with
w(M) < k, guarantees that there is a set F C 1 such that |E| = k* and the
closure of the set {(p(za), p(Ya)): @ € E} in M x M does not meet Apr. Then
the closure of the set B = {z,: « € E} C Ain X x X does not meet Ax and
|B| = kT, i.e., the set B witnesses that X has a x™-small diagonal. O

Proposition 3.13. Given an infinite cardinal «, if X is a Pyx-space with
ext(X) < 2", then X is exponentially k-cofinal.

PROOF: Let f: X — Y be a continuous onto map such that w(Y) < 2%. Then
f~Y(y) is open in X being a Gax-set for every y € Y. Therefore the partition
P ={f"y): y € Y} is a discrete family of open subsets of X so it follows from
ext(X) < 2% that |P| < 2% and hence |Y| < 2%. If Z is the set Y with the
discrete topology and g(z) = f(z) for any = € X, then the map g: X — Z is
continuous and for the identity map h: Z — Y, we have ho g = f. Since there
exists an injection of Z into I, which is automatically continuous, we conclude
that the maps g and h witness exponential k-cofinality of X. ([l

Example 3.14. For any cardinal k > ¢, consider the set X = x U {p} where
p ¢ k. All points of k are isolated in X and a set U C X with p € U is open if
and only if K\U < c. It is immediate that X is a P.-space and [(X) = ext(X) =¢
so X is exponentially w-cofinal by Proposition 3.13. Therefore the Souslin number
of an exponentially w-cofinal space can be arbitrarily large. This result should be
compared with Corollary 3.7.

Recall that we have the equalities iw(X) = d(Cp(X)) and d(X) = iw(Cp(X))
for any space X, see [10], i.e., the density and i-weight are bidual with respect to
the functor C),. Since exponential x-domination and exponential x-cofinality are
their respective weakenings, it is natural to expect them to be bidual as well. We
will show next that this is, indeed, the case.

Theorem 3.15. A space X is exponentially k-cofinal if and only if C,(X) is
a space with exponential k-domination.

PROOF: Suppose that X is exponentially x-cofinal and take a set A C Cp(X) with
|A] < 2% If u = AA is the diagonal product of the family A, then u: X — R4
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and hence the space Y = u(X) has weight not exceeding 2. We can consider
that u: X — Y and hence the dual map u*: C,(Y) — Cp(X) is an embedding.
Let @ = u*(Cp(Y)) and observe that A C @, see [14, Fact 5 of U.086].

There exists a space Z together with continuous onto maps v: X — Z and
w: Z — Y such that iw(Z) < k and wov = u. The space C,(Z) has density not
exceeding &, see [10]; since E = v*(C},(Z)) is homeomorphic to Cp(Z), we can fix
aset B C E such that |B| < k and E C B. It follows from [12, Problem 163] that
Q C E whence A C Q C E C B so the set B witnesses exponential x-domination
in Cp(X).

To prove sufficiency, assume that C,(X) features exponential x-domination
and take a continuous onto map u: X — Y for some space Y of weight not
exceeding 2. The dual map u*: Cp(Y) — Cp(X) is an embedding so the density
of the set @ = u*(C,(Y)) is the same as the density of C,,(Y") while d(Cp(Y)) <
nw(Cp(Y)) = nw(Y') < 2%. This makes it possible to take a set B C Cp(X) such
that |B| < k and Q C B. The reflection map ez: X — C,(B) is continuous and
the i-weight of space Z = e5(X) C C,(B) does not exceed iw(Cp(B)) < |B| < k.
The dual map ¢ = e5: Cp(Z) — Cp(X) is an embedding and B C ¢(Cy(2))
by [14, Fact 5 of U.086]. Therefore @ C B C ¢(Cp(Z)) so we can apply [3,
Proposition 0.4.7] to see that there exist continuous onto maps v: X — Z and
w: Z — 'Y such that u = w o v. Since iw(Z) < k, the space Z witnesses that X
is exponentially k-cofinal. (Il

Theorem 3.16. Let k be an infinite cardinal. A space X features exponential
k-domination if and only if Cp(X) is exponentially k-cofinal.

PROOF: Assume first that X is a space with exponential xk-domination and we
have a continuous onto map u: Cp(X) — Y for some space ¥ with w(Y) < 2~.
There exists a set A C X and a continuous onto map ¢: ma(Cp(X)) — Y such
that |A] < 2% and ¢ o w4 = u, see [2, Theorem 1]. By exponential k-domination
of X there exists a set B C X such that |B| < k and A C B. It is standard that
the restriction map 74: Cp(X) — ma(Cp(X)) factorizes through g (Cp(X)) so
there exists a continuous onto map w: Z = m5(Cp(X)) — Y such that u = worg.
Since iw(Z) < Cp(B) < |B| < K, we conclude that Z witnesses exponential x-
cofinality of Cp(X).

Now assume that the space C,(X) is exponentially k-cofinal and A C X is
a set of cardinality less than or equal to 2%. By Theorem 3.15 the space CpCp(X)
features exponential xk-domination so there exists a set £ C C,Cp,(X) such that
|E| < k and A C E. Here we identify the space X with its canonical copy
in CpCp(X), see [3, Corollary 0.5.5]. Every continuous real-valued function on
Cp(X) depends on countably many coordinates, see [2, Theorem 1], so we can
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choose for each u € E a countable set B, C X such that u(f) = u(g) whenever
f,9 € Cp(X) and f|B, = g|Bu.

The set B = |J{By: u € E} has cardinality not exceeding k; assume that
p € A\B. There exists a function f € C,(X) such that f(p) = 1 and f(B) C {0};
let g(x) = 0 for any x € X. It follows from p € E that there is a function u € F
such that u(f) > 1 and u(g) < 3. However, f|B = g|B and hence f|B, = g|B.
which implies that u(f) = u(g). This contradiction shows that A C B, i.e., the

set B witnesses that X is a space with exponential x-domination. O

Corollary 3.17. Given a cardinal k > w, if a space X features exponential k-
domination, then Cp2,(X) is a space with exponential k-domination and
Cp.2n+1(X) is exponentially k-cofinal for all n € w.

ProoF: It follows from Theorem 3.16 that the space Cp(X) must be exponen-
tially k-cofinal and hence Theorem 3.15 can be applied to see that C,C,(X)
is a space with exponential k-domination. Proceeding by induction assume that
Cp2n(X) is a space with exponential x-domination. Then Cpont1(X) =
Cp(Cp2an(X)) is an exponentially x-cofinal space by Theorem 3.16 which makes
it possible to apply Theorem 3.15 again to conclude that

Cp,2n+2(X) = Cp(cp,2n+1 (X))
features exponential xk-domination. (I

Corollary 3.18. If X is an exponentially k-cofinal space, then Cj 2541(X) is
a space with exponential k-domination and Cp2n(X) is exponentially k-cofinal
for allm € w.

PrOOF: By Theorem 3.15, the space Y = Cp(X) has exponential k-domination;
apply Corollary 3.17 to convince ourselves that Cp ap+1(X) = Cp 2, (Y) is a space
with exponential x-domination and Cp 2, (X) = Cpa2n—1(Y) is an exponentially
k-cofinal space. (I

Theorem 3.19. Suppose that X is an exponentially rk-cofinal space such that
I(X) <k and t(X) < k. Then iw(X) < k and hence |X| < 2".

PRrROOF: We will prove first that (X) < k. Striving for contradiction, assume
that p € X and ¢(p, X) > k. Take any zyp € X\{p} and let Go = X. Proceeding
by induction, assume that 3 < x* and we have a set {z,: o < 8} C X\{p} and
a family {G,: a < 8} of closed G-subsets of X with the following properties:

(1) {p,za} C G, for all a < ;

(2) Ga C G whenever v < a < f3;

(3) {zy: v <a} NGy C {p} for every a < §.
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The set Bg = {p} U{zq: @ < B} has cardinality less than or equal to 2" by
Corollary 3.9 which implies, by Theorem 3.8, that 1(p, Bg) < x and hence we
can choose a closed G.-set @ in the space X such that Q@ N B = {p}. Let
Gp = {Ga: a < B} NQ; since ¢¥(p, X) > k, we can pick a point zg € Gg\{p}
completing our inductive construction. Observe that it follows from the properties
(1) and (3) that the set A = {zo: @ < st} is faithfully indexed and hence
|A| = KT.

Let Fy ={ap: a < B <Kt} C G, for any a < £T; it follows from I(X) < &
that ) # F = ({Fa: a <kT}. If 2 # pand x € F, then x € A; since t(X) < &,
there exists 8 < xT such that z € {z,: a < 8}. Since also z € Fz C Gg, we
obtained a contradiction with the property (3). Thus, F' = {p} and it is standard
to deduce from I(X) < k that

(4) the family {F,: a < k*} is a network at p, i.e., for any set U € 7(p, X)
there exists a < k1 such that F,, C U and hence {zg: o < 8} C U.

It is an immediate consequence of the property (4) that A is concentrated
around the point p and hence the set D = {(p,z,): o < kT} C (X x X)\Ax
is concentrated around the diagonal Ay. Since |D| = s, the diagonal of X
is not kT -small; this contradiction with Proposition 3.12 shows that ¥ (X) < k.
Arhangel’skii’s inequality |X| < 2{X)¢(X)tX) < 2% shows that |X| < 2 and
therefore iw(X) < k by Theorem 3.8. O

Corollary 3.20. If X is a Lindeléf exponentially w-cofinal space and t(X) < w,
then iw(X) < w.

Corollary 3.21. Suppose that X is a space for which Cy,(X) features exponential
k-domination while I(Cp(X)) < k and t(Cp(X)) < k. Then d(Cp(X)) < k.

PROOF: The space X is exponentially x-cofinal by Theorem 3.15. Next, observe
that t(X) < I(Cp(X)) < k by [4] and [(X) < t(Cp(X)) < & by [11] which shows
that Theorem 3.19 can be applied to see that iw(X) < k whence d(Cp(X)) =
iw(X) < k, see [10]. O

Proposition 3.22. Assume that X is a k-stable exponentially k-cofinal space.
Then nw(X) < k.

ProoF: If d(Cp(X)) > K, then there exists a left-separated set L C C,(X) with
|L| = k™. Next, observe that C,(X) is a space with exponential k-domination
by Theorem 3.15 and hence there exists a set A C Cp(X) such that [A] < &
and L C A. The space C,(X) is x-monolithic by [1] so nw(A) < k. Therefore
kT < hd(L) < nw(L) < nw(A) < k; this contradiction shows that d(C,(X)) < &
and therefore iw(X) = d(Cp(X)) < . Finally, apply s-stability of X to conclude
that nw(X) < k. O
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Corollary 3.23. Any exponentially w-cofinal Lindelof ¥-space has a countable
network.

PROOF: Observe that any Lindel6f Y-space is w-stable by [3, Theorem 11.6.21];
Proposition 3.22 does the rest. (I

Corollary 3.24. Any exponentially w-cofinal pseudocompact space is compact
and metrizable.

PROOF: Observe that it follows from Corollary 11.6.34 of [3] that any pseudocom-
pact space is w-stable and apply Proposition 3.22. O

Example 3.25. For any cardinal k > ¢, there exists an exponentially w-cofinal
space Y such that {(Y) > k. To see it, consider the exponentially w-cofinal space
X = kU {p} from Example 3.14. All points of k are isolated in X and a set
U C X with p € U is open if and only if K\U < c¢. It is standard to see that
Cp(X) is homeomorphic to the X -product S = {z € R*: [z7}(R\{0})] < ¢}
in the space R® and therefore S is a space with exponential w-domination by
Theorem 3.15. If we let u(«) = 1 for any « < k, then we obtain a point u € R
such that u ¢ A for any A C S with |A| < k. This shows that the space
Z = S U{u} has tightness equal to k. The union of countably many spaces with
exponential w-domination is easily seen to have exponential w-domination so Z
features exponential w-domination. It was proved in [4] that I(Cp(Z2)) > t(Z) = k
and therefore I(Cp(Z)) > k. Finally, observe that C,,(Z) is exponentially w-cofinal
by Theorem 3.16 and hence the space Y = Cp(Z) is as promised.

4. Open questions

The author hopes that this work demonstrates that exponentially x-cofinal
spaces form a class interesting in itself. This class encompasses important new
information about function spaces and a new metrization theorem for compact
spaces. The most intriguing open question in this topic is whether Lindelof expo-
nentially w-cofinal spaces must have countable i-weight.

Question 4.1. Suppose that X is a Lindel6f exponentially w-cofinal space. Is it
true that iw(X) < w?

Question 4.2. Suppose that X is a Lindel6f exponentially w-cofinal space. Is it
true that ¥(X) < w?

Question 4.3. Suppose that X is a Lindel6f exponentially w-cofinal space. Is it
true that | X| < 2¢?
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Question 4.4. Suppose that X is an exponentially w-cofinal space of countable
character. Is it true that iw(X) < w?

Question 4.5. Suppose that X is an exponentially w-cofinal Fréchet—Urysohn
space. Is it true that jw(X) < w?

Question 4.6. Let X be an exponentially w-cofinal space with ¢(X) < w. Is it
true that iw(X) < w?

Question 4.7. Let X be an exponentially w-cofinal space with a Gs-diagonal. Is
it true that iw(X) < w?

Question 4.8. Suppose that X is an exponentially w-cofinal space. Is it true
that ext(X) < ¢?

Question 4.9. Suppose that X is a space with exponential w-domination such
that ¢(X) = I(X) = w. Must X be separable?

Question 4.10. Suppose that X is a Lindel6f Fréchet—Urysohn space featuring
exponential w-domination. Must X be separable?

Question 4.11. Suppose that C,(X) is a Fréchet-Urysohn space that features
exponential w-domination. Must Cp,(X) be separable?

Question 4.12. Suppose that C,(X) is an exponentially w-cofinal Fréchet-Ury-
sohn space. Must X be separable?

REFERENCES

[1] Arkhangel’skil A.V., Factorization theorems and spaces of functions: stability and mono-
lithism, Dokl. Akad. Nauk SSSR 265 (1982), no. 5, 1039-1043 (Russian).

[2] Arkhangel’skil A. V., Continuous mappings, factorization theorems and spaces of functions,
Trudy Moskov. Mat. Obshch. 47 (1984), 3-21, 246 (Russian).

[3] Arkhangel’skil A.V., Topological Function Spaces, Mathematics and Its Applications (So-
viet Series), 78, Kluwer Academic Publishers Group, Dordrecht, 1992.

[4] Asanov M. O., On cardinal invariants of spaces of continuous functions, Sovr. Topologia i
Teoria Mnozhestv 2 (1979), 8-12 (Russian).

[5] Engelking R., General Topology, Monografie Matematyczne, 60, PWN—Polish Scientific
Publishers, Warsaw, 1977.

[6] Gruenhage G., Tkachuk V.V., Wilson R.G., Domination by small sets versus density,
Topology Appl. 282 (2020), 107306, 10 pages.

[7] Hodel R. E., Cardinal Functions. I., Handbook of Set-Theoretic Topology, North Holland,
Amsterdam, 1984, 1-61.

[8] Husek M., Topological spaces without k-accessible diagonal, Comment. Math. Univ. Car-
olinae 18 (1977), no. 4, 777-788.

[9] Juhész 1., Szentmikldssy Z., Convergent free sequences in compact spaces, Proc. Amer.
Math. Soc. 116 (1992), no. 4, 1153-1160.

[10] Noble N., The density character of function spaces, Proc. Amer. Math. Soc. 42 (1974),
no. 1, 228-233.

407



408 V. V. Tkachuk

[11] Pytkeev E. G., Tightness of spaces of continuous functions, Uspekhi Mat. Nauk 37 (1982),
no. 1(223), 157-158 (Russian).

[12] Tkachuk V.V., A Cp-Theory Problem Book, Topological and Function Spaces, Problem
Books in Mathematics, Springer, New York, 2011.

[13] Tkachuk V.V., A Cp-Theory Problem Book, Special Features of Function Spaces, Problem
Books in Mathematics, Springer, Cham, 2014.

[14] Tkachuk V.V., A Cp-Theory Problem Book, Compactness in Function Spaces, Problem
Books in Mathematics, Springer, Cham, 2015.

V. V. Tkachuk:

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD AUTONOMA METROPOLITANA,
Av. SAN RAFAEL ATLIXCO, 186, IZTAPALAPA, 09340, MEXICO CITY, MEXICO
current address:

DEPARTMENT OF MATHEMATICS AND STATISTICS, AUBURN UNIVERSITY,

221 PARKER HALL, AUBURN, ALABAMA, AL 36849, U.S.A.

E-mail: vova@xanum.uam.mx

(Received March 3, 2020, revised March 16, 2020)



		webmaster@dml.cz
	2021-02-25T13:27:33+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




