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1. Introduction

In order to describe the derived categories of perverse sheaves over singular spaces,

by using derived versions of Grothendieck’s six functors, recollements were first in-

troduced by Beilinson, Berstein and Deligne in 1982, see [6], [12]. Later, recollements

of derived categories were employed to study stratifications of the derived categories

of modules over blocks of the Bernstein-Gelfand-Gelfand category O, see [9]. Fur-

ther, recollements were used by Happel, see [14], to establish a relationship among

finitistic dimensions of finite-dimensional algebras. Recently, they become of great

interest in understanding the derived categories of the endomorphism rings of in-

finitely generated tilting modules, see [2]. It turns out that recollements are actually

a very useful framework for investigating relationships among algebraic, geometric

or topological objects, see [6].

On the other hand, we have gotten many results about limits and colimits, espe-

cially limits and colimits of some special categories. For example, Bergman studied
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the relationships between limits in a G-set and a fixed point set, and gave the condi-

tion for the fixed point of a G-set and limit being exchanged in [7]. Fuchs and Göbel

in [11] researched a direct system and colimits in module categories. As we know,

the colimit category is an extension of category. Xue and Yan in [20] studied some

propositions on a colimit category, proving that such a colimit category of cocomplete

abelian category is a cocomplete abelian category and a class of colimit categories

which is equivalent to module categories. In contrast, the recollements of colimit

categories are still in their infancy. As illustrated by [4], it started from recollements

of functor categories on different levels. Nevertheless, it is also worth presenting

some applications, including recollements of triangular matrix rings and derived cat-

egories. They get the recollement of triangulated categories by constructing two

stable t-structures in categories and applying Miyachi’s result, see [17]. Although

the colimit category is just the functor category, we can discover a recollement of

abelian categories by constructing six functors in details and the conclusion exactly,

which will be shown in the following.

The aim of this paper is to study the recollement of a cocomplete abelian cat-

egory A and its colimit category. Note that we consider the colimits of A being

defined on the I-system.

Theorem 1.1. LetA be a cocomplete abelian category,Al be the colimit category

of A. There is a recollement of Al relative to Ac and A being visualized by the

diagram

Ac
i∗=i! // Al

i!oo

i∗oo
j!=i∗

// A.

j!oo

j∗oo

Here Ac is a full subcategory of Al with the poset I having a maximal element n

such that the direct system Ai (i ∈ I) has An = 0.

This paper is organized as follows. In Section 2, we briefly recall definitions and

basic facts on the recollement and colimit category. We state and prove our main

result in Section 3. However, before starting our proof, we first consider the left

recollement of Al relative to Ac and A, and its dual theorem. Then we get the

main result as an immediate consequence of them. In Section 4, by applying the

main theorem, we obtain some results on Leavitt path algebras, derived equivalence

and Ki groups.
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2. Preliminaries

In this section, we recall some definitions, notations and basic results of the recolle-

ment and colimit category. First, we recall the notations of recollements of abelian

categories which are closely related to our proofs (we refer to [2] for details).

Definition 2.1. Let A, A′ and A′′ be abelian categories. There is a recollement

of A relative to A′ and A′′, diagrammatically expressed by

A′
i∗=i! // A
i!oo

i∗oo
j!=i∗

// A′′

j!oo

j∗
oo

and given by six additive functors

i∗ = i! : A′ → A; j∗ = j! : A → A′′; i∗, i! : A → A′; j∗, j! : A′′ → A

that satisfy the conditions:

(1) (i∗, i∗), (i!, i
!), (j!, j

!) and (j∗, j∗) are adjoint pairs.

(2) The functors i∗, j! and j∗ are full, faithfull.

(3) Ker j! = Im i∗.

Two weaker forms of recollements are introduced by Parshall and Scott, see [18]:

A left recollement is said to hold if the upper two rows of the recollement (as defined

above) exist and the functors appearing in these two rows,

A′

i∗
// A

i∗oo
j! //

A′′,
j!

oo

satisfy all the conditions in the definition above which involve only these functors.

A right recollement is defined via the lower rows similarly.

Note that a recollement can be seen as the gluing of a left recollement and a right

recollement, and if a left recollement and a right recollement satisfy that i∗ = i! and

j! = j∗ then they can be glued to form a recollement.

Then we recall the definitions of a colimit category (see [16] in detail).

Let Ai (i ∈ I) be a direct system of category A, i.e., I is a poset for i 6 j, there

is a morphism φij : Ai → Aj which is compatible with the ordering (called I-system

for simplicity). Denote it by (Ai, φ
i
j , A

′, αi)i∈I or (Ai, φ
i
j , A

′, αi).

Let A be a category, A = (Ai, φ
i
j , A

′, αi) and B = (Bi, ψ
i
j , B

′, βi) two colimits in A.

A pair {fi, f
′} is said to be a colimit morphism from A to B, denoted by f l = {fi, f

′},

if fi ∈ HomA(Ai, Bi), f
′ ∈ HomA(A

′, B′) are such that ψi
j ·fi = fj ·φ

i
j , βi ·fi = f ′ ·αi.

Because f ′ ∈ HomA(A
′, B′) is uniquely determinant by {fi}, then f

′ is called the

induced morphism of {fi} and denoted by f
l = {fi}.
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Definition 2.2. Let Al denote the class of all colimits in A, we change this into

a category by defining a morphism from the colimit (Ai, φ
i
j , A

′, αi) to the colimit

(Bi, ψ
i
j , B

′, βi) in A as a family of morphisms fi ∈ HomA(Ai, Bi), f
′ ∈ HomA(A

′, B′)

such that ψi
j · fi = fj · φ

i
j , βi · fi = f ′ · αi. The composition defined by (gf)i =

gi · fi, (gf)
′ = g′ · f ′, is clearly associative. The category Al is said to be the colimit

category.

3. Main theorem

In this section, the index set I is a poset which has a maximal element, we denote

it by n. Let A be a cocomplete abelian category, denote by Al the colimit category

of A, and let Ac be the full subcategory of Al. Its definition is as follows:

objAc : A
c = (Ai, φ

i
j , A

′, αi) ∈ objAl, where An = 0,

HomAc = HomAl, and the exact sequences in Ac and Al coincide.

Since n is the maximal element in the poset I, I \ {n} is a poset, we denote

it by I1. The entry Ai, i ∈ I1, is a direct system of the category A, hence the

colimit of {Ai, φ
i
j}i6j∈I1 denoted by Al

1 and Al
1
∼= Ac. By [20], Theorem 3.2, Ac is

a cocomplete abelian category.

By constructing a recollement of Al relative to Ac and A, we have the following

consequence.

Theorem 3.1. Let A, Al, Ac be defined as above. There is a recollement of Al

relative to Ac and A being visualized by the diagram

Ac
i∗=i! // Al

i!oo

i∗oo
j!=i∗

// A.

j!oo

j∗oo

P r o o f. By the work of Parshall and Scott, we prove the theorem in two parts.

Part I : There is a left recollement of Al relative to Ac and A, diagrammatically

expressed by

Ac

i∗
// Al

i∗oo
j! //

A.
j!

oo

Part II : There is a right recollement of A relative to Al and Ac, diagrammatically

expressed by

Ac
i! //

Al

i!
oo

j∗
//
A.

j∗
oo

We prove only Part I. Apparently, it is the same to prove Part II.
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(1) Define

j! : A → Al, A 7→ An = (Ai, φ
i
j , A

′, αi), where Ai =

{
0, i 6= n,

A, i = n,

and

f : A→ B 7→ f l = {fi, f} : An → Bn, where fi =

{
0, i 6= n,

f, i = n,

then j! is full, faithfull and exact.

Indeed, it is easy to prove that j! is full and faithfull. Let 0 → A
f
→ B

g
→ C → 0

be exactly in A. By the process of the proof Theorem 3.2 in [20], 0 → An
f l

→ Bn
gl

→

Cn → 0 is exactly in Al. Hence, j! is an exact functor.

(2) Define j! : Al → A, A = (Ai, φ
i
j , A

′, αi) 7→ An, f
l = {fi, f

′} : A =

(Ai, φ
i
j , A

′, αi) → B = (Bi, ψ
i
j , B

′, βi) 7→ fn : An → Bn. Naturally j
! is a func-

tor. It is similar to (1) to prove that j! is exact.

(3) (j!, j
!) is an adjoint pair. Indeed, for A ∈ objA and B = (Bi, ψ

i
j , B

′, βi) ∈

objAl, define

σA,B : HomAl(j!A,B) → HomA(A, j
!
B),

f l = {fi, f
′} : j!A→ B 7→ fn : A→ Bn.

It is easy to prove that σA,B is a group homomorphism. And by the definition of j!A,

f l = {fi, f
′} ∈ HomAl(j!A,B), that is, fi = 0 (for all i 6= n) and f ′ = βnfn. So σA,B

is a group isomorphism and we assert that σ is natural.

In fact, for Ã ∈ objA and h : A→ Ã, note that

(j!h)
∗ = HomAl(−,B)(j!h) : m

l 7→ ml(j!h),

(h)∗ = HomA(−, j
!
B)(h) : u 7→ uh.

For any gl = {gi, βngn} ∈ HomAl(j!Ã,B), where gi = 0 for all i 6= n, we have

σA,B(j!h)
∗(gl) = σA,B(g

l(j!h)) = gnh = (h)∗(gn) = (h)∗σÃ,B(g
l).

So σA,B(j!h)
∗ = (h)∗σÃ,B with the commutative diagram

A

h

��

HomAl(j!Ã,B)
σÃ,B

//

(j!h)
∗

��

HomA(A, j
!B)

(h)∗

��

Ã HomAl(j!A,B) σA,B

// HomA(A, j
!B)
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For C = (Ci, ϕ
i
j , C

′, γi) ∈ objAl and hl = {hi, h
′} : B = (Bi, ψ

i
j , B

′, βi) → C =

(Ci, ϕ
i
j , C

′, γi). Put

(hl)∗ = HomAl(j!A,−)(hl) : sl 7→ hlsl,

(j!hl)∗ = HomA(A,−)(j!hl) : t 7→ (j!hl)t.

Similarly to the above, we see that

B

hl

��

HomAl(j!A,B)
σA,B

//

(hl)∗

��

HomA(A, j
!B)

(j!hl)∗
��

C HomAl(j!A,C) σA,C

// HomA(A, j
!C).

So (j!, j
!) is an adjoint pair.

(4) Let i∗ : Ac → Al, Ac = (Ai, φ
i
j , A

′, αi) 7→ Ac = (Ai, φ
i
j , A

′, αi), f
l 7→ f l. By

the definition of Ac, we see that i∗ is full, faithfull and exact.

(5) For any A = (Ai, φ
i
j , A

′, αi) ∈ objAl, because A is a cocomplete abelian

category, the colimit of the direct system {Ac
i , φ̃

i
j}, where

Ac
i =

{
Ai, i 6= n,

0, i = n,
φ̃ij =

{
φij , j 6= n,

0, j = n,

exists. We denote it by {Ã′, α̃i}, and then Ac = (Ac
i , φ̃

i
j , Ã

′, α̃i) ∈ objAc.

For any A = (Ai, φ
i
j , A

′, αi), B = (Bi, ψ
i
j , B

′, βi) ∈ objAl and f l = {fi, f
′} :

A → B, by the definition of colimit for any i 6 j ∈ I, fjφ
i
j = ψi

jfi (j 6= n), and

0 · 0 = 0 · fi, by [10], Proposition 4, there exists a unique f̃
′ ∈ HomA(Ã

′, B̃′), such

that f̃ l = {f̃i, f̃
′} ∈ HomAl(Ac,Bc), where

f̃i =

{
fi, i 6= n,

0, i = n,
B
c = (Bc

i , ψ̃
i
j , B̃

′, β̃i),

Bc
i =

{
Bi, i 6= n,

0, i = n,
ψ̃i
j =

{
ψi
j , j 6= n,

0, j = n.

From what has been discussed above, we define the functor i∗ as follows

i∗ : Al → Ac, A = (Ai, φ
i
j , A

′, αi) 7→ A
c = (Ac

i , φ̃
i
j , Ã

′, α̃i),

f l = {fi, f
′} : A → B 7→ f̃ l = {f̃i, f̃

′} : A
c → B

c.

It is easy to prove that i∗ is an exact functor.
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(6) (i∗, i∗) is an adjoint pair. In fact, for any A = (Ai, φ
i
j , A

′, αi) ∈ objAl,

Bc = (Bi, ψ
i
j , B

′, βi) ∈ objAc, f l = {fi, f
′} ∈ HomAc(i∗A,Bc), it holds fn = 0 and

fjφ
i
j = ψi

jfi (for all i 6 j). By [20], Proposition 4, there exists a unique f̄ ′ : A′ → B′

such that

f̄ l = {f̄i, f̄ ′} ∈ HomAl(A, i∗B
c), where f̄i =

{
fi, i 6= n,

0, i = n.

Let
ηA,Bc : HomAc(i∗A,Bc) → HomAl(A, i∗B

c),

f l = {fi, f
′} 7→ f̄ l = {f̄i, f̄ ′}.

Naturally, ηA,Bc is a group homomorphism. Moreover, ηA,Bc is an isomorphism. Next

we will prove η to be natural.

For any C = (Ci, ϕ
i
j , C

′, γi) ∈ objAc, gl = {gi, g
′} : Bc → C, it holds gn = 0. Put

(gl)∗ = HomAc(i∗A,−)(gl) : f l 7→ glf l,

(i∗g
l)∗ = HomAl(A,−)(i∗g

l) : hl 7→ glhl.

For any f l = {fi, f
′} ∈ HomAc(i∗A,Bc), we get

ηA,Cc(gl)∗(f
l) = ηA,Cc(glf l) = {gifi, g′f ′}, where gifi =

{
gifi, i 6= n,

0, i = n,

(i∗g
l)∗ηA,Bc(f l) = (i∗g

l)∗(f̄ l) = {gif̄i, g
′f̄ ′}, where gif̄i =

{
gifi, i 6= n,

0, i = n.

Then {gifi, g′f ′} = {gif̄i, g
′f̄ ′}, that is, ηA,Cc(gl)∗ = (i∗g

l)∗ηA,Bc , diagrammatically

expressed by

Bc

gl

��

HomAc(i∗A,Bc)
ηA,Bc

//

(gl)∗
��

HomAl(A, i∗B
c)

(i∗g
l)∗

��

Cc HomAc(A, i∗C
c) ηA,Cc

// HomAl(A, i∗C
c).

For any D = (Di, ̺
i
j , D

′, di) ∈ objAl and hl = {hi, h
′} ∈ HomAl(A,D), we put

(i∗hl)∗ = HomAc(−,Bc)(i∗hl) : sl 7→ sl(i∗hl),

(hl)∗ = HomAl(−, i∗B
c)(hl) : tl 7→ tlhl.
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The commutative diagram follows:

A

hl

��

HomAc(i∗D,Bc)
ηD,Bc

//

(i∗hl)∗

��

HomAl(D, i∗B
c)

(hl)∗

��

D HomAc(i∗A,Bc) ηA,Bc

// HomAl(A, i∗B
c).

So (i∗, i∗) is an adjoint pair.

(7) By the definition of j! and i∗, we can have ker j
! = Im i∗. Combining these

parts yields the result. �

If A is an abelian category, A is finitely cocomplete. Then the colimit of any finite

I-system in A exists.

Corollary 3.2. Let A be an abelian category and Al denote the finitely colimit

category. Then there is a recollement of Al relative to Ac and Al,

Ac
i∗=i! // Al

i!oo

i∗oo
j!=j∗

// A.

j!oo

j∗oo

4. Applications

In this section, we mention three further applications. Furthermore, let K be

a field, A be a finite dimensional algebra over K. The symbols ModA and ModB

denote the right module categories over A and B, respectively. The symbols modA

and modB denote the finitely right module categories over A and B, respectively.

Firstly, we relate the recollements of module categories to one-point coextension

algebras, see [5].

Definition 4.1. Let A be an algebra, X ∈ ModA, and let each right module X

can be viewed as a (K,A)-bimodule. Form the matrix algebra

[X ]A =

[
K 0

DX A

]
,

where DX = HomK(KXA,K). It is called a one-point coextension of A by X ,

denoted by [X ]A.

Let A be ModK, Al be the colimit category in A over quiver Q[X]A, then Al ∼=

Mod [X ]A, Ac ∼= ModA (see [9], Theorem 4.3). By applying Theorem 3.1, we get

the following result.
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Proposition 4.2. Let A be a K algebra. Then there is a recollement ofMod [X ]A

relative to ModA and ModK

ModA
i∗=i! // Mod [X ]A

i!oo

i∗oo
j!=j∗

// ModK.

j!oo

j∗oo

Triangular matrix algebras are generally kinds of one-point coextensions. Next,

we show that a special Leavitt path algebra is an isomorphism to a triangular matrix

algebra.

We briefly recall some graph-theoretic definitions and properties; more complex

explanations and descriptions can be found in [1]. Throughout this section, the

directed graph Q is finite and acyclic. Q = (Q0, Q1, r, s) consists of two sets Q0

and Q1 together with maps r, s : Q1 → Q0. The elements of Q0 are called vertices

and the elements of Q1 edges. We define a relation > on Q0 by setting v> w if there

exists a path in Q from v to w. A subset H of Q0 is called hereditary if v > w and

v ∈ H implies w ∈ H .

For a hereditary saturated subset H of Q0, the quotient graph Q/H is defined as

(Q0 \H, {e ∈ Q1 : r(e) is not in H, r|(Q/H), s|(Q/H)})

and the restriction graph QH is

(H, {e ∈ Q1 : s(e) ∈ H, r|(QH ), s|(QH )}).

We include some notation here. For a graph Q and a field K, LK(Q) is the Leavitt

path algebra (see [1]). Given two algebras B,C and a (C,B)-bimodule M define a

triangular matrix algebra, denoted by (B,C,M).

Then we get that the Leavitt path algebra of a special graph is isomorphic to

a triangular matrix algebra.

Theorem 4.3. Let Q be a directed graph, H be a hereditary saturated subset

of Q0. Let Q be decomposed as QH ∪ Q/H ∪ {α : s(α) ∈ (Q/H)0, r(α) ∈ (QH)0}.

Then

LK(Q) ∼=

(
LK(Q/H) M

0 LK(QH)

)

as algebras.
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P r o o f. Firstly, we can construct an LK(Q/H)-LK(QH)-bimodule M . Let M =

〈α : s(α) ∈ (Q/H)0, r(α) ∈ (QH)0〉. We put

LK(Q/H)×M →M, (pq∗,m) 7→ qp∗pq∗m,

M × LK(Q/H) →M, (m, pq∗) 7→ mpq∗qp∗.

It is easy to prove that M is an LK(Q/H)-LK(QH)-bimodule.

Secondly, we define a map

φ : LK(Q) →

(
LK(Q/H) M

0 LK(QH)

)
, vQ/H 7→

(
vQ/H 0

0 0

)
,

vQH
7→

(
0 0

0 vQH

)
, eQ/H 7→

(
eQ/H 0

0 0

)
, e∗Q/H 7→

(
e∗Q/H 0

0 0

)
,

eQH
7→

(
0 0

0 eQH

)
, e∗QH

7→

(
0 0

0 e∗QH

)
, α 7→

(
0 α

0 0

)
,

where α, s(α) ∈ (Q/H)0, r(α) ∈ (QH)0.

It is easy to prove that φ is an isomorphism. Since

Q = QH ∪Q/H ∪ {α : s(α) ∈ (Q/H)0, r(α) ∈ (QH)0},

then

LK(Q) ∼=

(
LK(Q/H) M

0 LK(QH)

)
.

�

Using Theorem 4.3 and the characterisation of triangular matrix algebras of Li,

see [15], we can deduce the following theorem.

Proposition 4.4. Let Q be a directed graph, H be a hereditary saturated subset

of Q0. Let Q be decomposed as QH ∪ Q/H ∪ {α : s(α) ∈ (Q/H)0, r(α) ∈ (QH)0}.

There is a recollement of modLK(Q) by modLK(QH) and modLK(Q/H),

modLK(Q/H)
i∗=i! // modLK(Q)
i!oo

i∗oo
j!=j∗

// modLK(QH).

j!oo

j∗
oo
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Proposition 4.5. Let Q be a directed graph, H be a hereditary saturated subset

of Q0, and Q can be decomposed as QH∪Q/H∪{α : s(α) ∈ (Q/H)0, r(α) ∈ (QH)0}.

Then there is a recollement of Db(LK(Q)) by Db(LK(QH)) and Db(LK(Q/H)) which

is diagrammatically expressed as

Db(LK(Q/H))
i∗=i! // Db(LK(Q))
i!oo

i∗oo
j!=j∗

// Db(LK(QH)).

j!oo

j∗oo

where Db(LK(Q)) , Db(LK(QH)) and Db(LK(Q/H)) are derived categories of Leavitt

path algebras.

P r o o f. The global dimension of the Leavitt path algebra is less than or equal to 1

(see [3], Theorem 3.5), with respect to Theorem 2 of Chen (see [8]) and Theorem 4.3,

we get this statement immediately. �

Secondly, using Theorem 3.1, we can get the sufficient conditions for two finite

colimit categories to be a derived equivalence.

As we know, when the directed graph Q is finite and A is a finite dimensional K

algebra, then AQ/JA can be constructed by a one point coextension applied finite

many times (where JA is an admissible ideal of AQ).

Theorem 4.6. Let A and B be two finite dimensional K algebras. If A and B are

a derived equivalence, then finite colimit categories (mod A)l and (mod B)l are a

derived equivalence.

P r o o f. Barot and Lenzing in [5] have proved a similar theorem for one point

extensions. As we know, the extension and coextension are dual definitions. So

it stands for one point coextension still. By [9], Theorem 4.3, Mod (AQ/JQ) =

(ModA)l, the result is true. �

Thirdly, we apply the main theorem to Ki groups (refer to [19]). We recall some

propositions about recollements, see [10].

Proposition 4.7. Let A, Ac and Al be defined as above. There is a recollement

of Al relative to A and Ac. Then

(1) i∗j! = 0, i!j∗ = 0, i∗i∗ ∼= idAl
∼= i!i∗, j

!j∗ ∼= idA ∼= j∗j!;

(2) i∗, j! are right exact functors, i
! and j∗ are left exact functors, and i∗, j

! are

exact functors.

Proposition 4.8. Let A, Ac and Al by defined as above. There is a recollement

of Al relative to A and Ac. Then Ki(A
l) ∼= Ki(A

c)⊕Ki(A).
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P r o o f. Ki(A
c) ⊕ Ki(A) is a summand of Ki(A

l). Indeed, i∗ and j∗ are exact

functors and they induce two abelian group homomorphisms

ϕ1 = Ki(i
∗) : Ki(A

l) → Ki(A
c), ϕ2 = Ki(j

∗) : Ki(A
l) → Ki(A).

By the universal property of direct sum,

ϕ =

(
ϕ1

ϕ2

)
: Ki(A

l) → Ki(A
c)⊕Ki(A).

Similarly, we get an abelian homomorphism

ψ = (ψ1 ψ2 ): Ki(A
c)⊕Ki(A) → Ki(A

l),

and combining it with j∗j! ∼= idA, i
∗i! ∼= idAl and j∗i! = 0 = i∗j!, we have

ϕψ =

(
ϕ1

ϕ2

)
(ψ1ψ2) =

(
idKi(Ac) 0

0 idKi(A)

)
.

Hence, Ki(A
c)⊕Ki(A) is a summand of Ki(A

l).

For A = (Ai, φ
i
j , A

′, αi) ∈ objAl, by the definition of i∗, i
∗, j!, j!,

j!j
!
A = Â = (Âi, φ̂

i
j , An, α̂i), where Âi =

{
0, i 6= n,

Ai, i = n,

i∗i
∗
A = (Ac

i , φ̃
i
j , Ã

′, α̃i), where Ac
i =

{
Ai, i 6= n,

0, i = n,
and φ̃ij =

{
φij , j 6= n,

0, j = n.

Then we get a natural monomorphism in Al, that is,

f l = {fi, f
′} : j!j

!
A → A, where fi =

{
0, i 6= n,

1An
, i = n,

a natural epimorphism

gl = {gi, g
′} : A → i∗i

∗
A, where gi =

{
1Ai

, i 6= n,

0, i = n,

and a coker f l = gl (see [9], Theorem 1.6).

Above all, we have an exact sequence in colimit-category Al,

0 −→ j!j
!
A

f l

−→ A
gl

−→ i∗i
∗
A −→ 0.

Moreover,

0 −→ j!j
!−→idAl−→i∗i

∗ −→ 0.

By Theorem 3.1, Ki(A
l) ∼= Ki(A

c)⊕Ki(A). �

Corollary 4.9. Let A be an abelian category. Then Ki(A
l) ∼= Ki(A

c)⊕Ki(A).
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Note that when I is a finite poset, there exists a maximal element n and in

I1 = I \{n} there also exists a maximal element n1. Similarly, define A
c , Al

1 the full

subcategory of Ac
1, then by Proposition 4.5, Ki(A

l
1)

∼= Ki(A
c
1)⊕Ki(A). Since |I| is

finite, denoted by |I| = m, we can repeat the above-mentioned process and get the

following results.

Corollary 4.10. Let A be an abelian category. Let Al be a colimit category

indexed by an index set I and |I| = m. Then Ki(A
l) ∼= Km

i (A).

Example 4.11. Let A be an abelian group category. Consider the direct system

Ai = Z, φj+1
j (1) = j. Then Al is an isomorphism to Q, therefore K0(lim−→Ai) = Z.

Combining this with Proposition 4.2, we get the following result.

Proposition 4.12. Let A be a K algebra and [X ]A a one point coextension of A.

Then Ki(Mod [X ]A) ∼= Ki(ModA)⊕Ki(ModK).

Example 4.13. Let Q be An : 1 → 2 → 3 → . . . → n − 1 → n, where A is

a module category over a field K, the element in poset I coincide with the vertices set

of the quiver Q, Al be the colimit category in A, K0(KQ) = Zn, hence K0(A
l) = Zn.

Example 4.14. Suppose KQ is a finite dimensional path algebra, A is a module

category over K, and I is a poset associated with Q. Then

K1(A
l) = K1(KQ) =

{
(K×)n, K 6= {0, 1},

Gm
2 , K = {0, 1},

where n = |Q0|, m = |Q1|, K× is the multiplication group of K, G2 is the multipli-

cation group {−1, 1}, see [13].

Acknowledgement. The authors would like to thank the referee for careful

reading the manuscript and many useful hints and comments that improved the

exposition.

References

[1] G.Abrams, G.Aranda Pino: The Leavitt path algebra of a graph. J. Algebra 293 (2005),
319–334. zbl MR doi

[2] L.Angeleri Hügel, S. Koenig, Q. Liu: Recollements and tilting objects. J. Pure Appl.
Algebra 215 (2011), 420–438. zbl MR doi

[3] P.Ara, M.A.Moreno, E.Pardo: Nonstable K-theory for graph algebras. Algebr. Rep-
resent. Theory 10 (2007), 157–178. zbl MR doi

[4] J.Asadollahi, R. Hafezi, R. Vahed: On the recollements of functor categories. Appl.
Categ. Struct. 24 (2016), 331–371. zbl MR doi

1159

https://zbmath.org/?q=an:1119.16011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2172342
http://dx.doi.org/10.1016/j.jalgebra.2005.07.028
https://zbmath.org/?q=an:1223.18008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2738361
http://dx.doi.org/10.1016/j.jpaa.2010.04.027
https://zbmath.org/?q=an:1123.16006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2310414
http://dx.doi.org/10.1007/s10468-006-9044-z
https://zbmath.org/?q=an:1360.18020
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3516076
http://dx.doi.org/10.1007/s10485-015-9399-6


[5] M.Barot, H. Lenzing: One-point extensions and derived equivalence. J. Algebra 264
(2003), 1–5. zbl MR doi

[6] A.A.Beilinson, J. Bernstein, P.Deligne: Faisceaux pervers. Analysis and Topology
on Singular Spaces I. Astérisque 100. Société Mathématique de France, Paris, 1982,
pp. 5–171. (In French.) zbl MR

[7] G.M.Bergman: Direct limits and fixed point sets. J. Algebra 292 (2005), 592–614. zbl MR doi
[8] Q.Chen, Y. Lin: Recollements of extension algebras. Sci. China, Ser. A 46 (2003),
530–537. zbl MR doi

[9] E.Cline, B. Parshall, L. Scott: Algebraic stratification in representation categories. J.
Algebra 117 (1988), 504–521. zbl MR doi

[10] V.Franjou, T. Pirashvili: Comparison of abelian categories recollements. Doc. Math. 9
(2004), 41–56. zbl MR

[11] L.Fuchs, R.Göbel, L. Salce: On inverse-direct systems of modules. J. Pura Appl. Alge-
bra 214 (2010), 322–331. zbl MR doi

[12] A.Grothendieck: Groupes de classes des categories abeliennes et triangulees. Complexes
parfaits. Séminaire de Géométrie Algébrique du Bois-Marie 1965–66 SGA 5. Lecture
Notes in Mathematics 589. Springer, Berlin, 1977, pp. 351–371. (In French.) zbl MR doi

[13] X. J.Guo, L. B. Li: K1 group of finite dimensional path algebra. Acta Math. Sin., Engl.
Ser. 17 (2001), 273–276. zbl MR doi

[14] D.Happel: Reduction techniques for homological conjectures. Tsukuba J. Math. 17
(1993), 115–130. zbl MR doi

[15] L.P. Li: Derived equivalences between triangular matrix algebras. Commun. Algebra 46
(2018), 615–628. zbl MR doi

[16] S. J.Mahmood: Limimts and colimits in categories of d. g. near-rings. Proc. Edinb. Math.
Soc., II. Ser. 23 (1980), 1–7. zbl MR doi

[17] J.Miyachi: Localization of triangulated categories and derived categories. J. Algebras
141 (1991), 463–483. zbl MR doi

[18] B. J. Parshall, L. L. Scott: Derived categories, quasi-hereditary algebras, and algebraic
groups. Proceedings of the Ottawa-Moosonee Workshop in Algebra. Mathematical Lec-
ture Note Series. Carlton University, Ottawa, 1988, pp. 1–104. zbl

[19] D.Quillen: Higher algebraic K-theory. I. Higher K-Theories. Lecture Notes in Mathe-
matics 341. Springer, Berlin, 1973. zbl MR doi

[20] R.Xue, Y.Yan, Q.Chen: On colimit-categories. J. Math., Wuhan Univ. 32 (2012),
439–446. zbl MR

Authors’ addresses: J u H u a n g, School of Mathematics and Statistics, Minnan Nor-
mal University, Jiangbin Rd, Xiangcheng District, Zhangzhou, 363000, P.R. China, e-mail:
Hj20140429@163.com; Q i n g hu a Ch e n (corresponding author), College of Mathematics
and Informatics, Qishan Campus, Fujian Normal University, Minhou Shang, Fuzhou 350117,
P.R. China; C hu n hu a n L a i, College of Mathematics and Informatics, Qishan Campus,
Fujian Normal University, Minhou Shang, Fuzhou 350117, and No. 5 Middle School, 49
Guitan Alley, Licheng District, Quanzhou, 362000, P.R. China, e-mail: 920665376@qq.com.

1160

https://zbmath.org/?q=an:1060.16011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1980681
http://dx.doi.org/10.1016/S0021-8693(03)00124-8
https://zbmath.org/?q=an:1390.14055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0751966
https://zbmath.org/?q=an:1088.18001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2172170
http://dx.doi.org/10.1016/j.jalgebra.2005.08.002
https://zbmath.org/?q=an:1215.18014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2014485
http://dx.doi.org/10.1007/BF02884025
https://zbmath.org/?q=an:0659.18011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0957457
http://dx.doi.org/10.1016/0021-8693(88)90123-8
https://zbmath.org/?q=an:1060.18008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2054979
https://zbmath.org/?q=an:1181.13009
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2558741
http://dx.doi.org/10.1016/j.jpaa.2009.05.003
https://zbmath.org/?q=an:0345.00011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0491704
http://dx.doi.org/10.1007/BFb0096809
https://zbmath.org/?q=an:0986.19002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1830928
http://dx.doi.org/10.1007/s101149900010
https://zbmath.org/?q=an:0809.16021
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1233117
http://dx.doi.org/10.21099/tkbjm/1496162134
https://zbmath.org/?q=an:06875436
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3764883
http://dx.doi.org/10.1080/00927872.2017.1327051
https://zbmath.org/?q=an:0414.16023
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0582016
http://dx.doi.org/10.1017/S0013091500003539
https://zbmath.org/?q=an:0739.18006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1125707
http://dx.doi.org/10.1016/0021-8693(91)90243-2
https://zbmath.org/?q=an:0711.18002
https://zbmath.org/?q=an:0292.18004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0338129
http://dx.doi.org/10.1007/BFb0067053
https://zbmath.org/?q=an:1265.18002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2963903

		webmaster@dml.cz
	2021-02-10T10:07:47+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




