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Abstract. We give an explicit recollement for a cocomplete abelian category and its colimit
category. We obtain some applications on Leavitt path algebras, derived equivalences and
K-groups.

Keywords: colimit category; recollement; Leavitt path algebra; K; group

MSC 2020: 18A30, 19D50

1. INTRODUCTION

In order to describe the derived categories of perverse sheaves over singular spaces,
by using derived versions of Grothendieck’s six functors, recollements were first in-
troduced by Beilinson, Berstein and Deligne in 1982, see [6], [12]. Later, recollements
of derived categories were employed to study stratifications of the derived categories
of modules over blocks of the Bernstein-Gelfand-Gelfand category O, see [9]. Fur-
ther, recollements were used by Happel, see [14], to establish a relationship among
finitistic dimensions of finite-dimensional algebras. Recently, they become of great
interest in understanding the derived categories of the endomorphism rings of in-
finitely generated tilting modules, see [2]. It turns out that recollements are actually
a very useful framework for investigating relationships among algebraic, geometric
or topological objects, see [6].

On the other hand, we have gotten many results about limits and colimits, espe-
cially limits and colimits of some special categories. For example, Bergman studied
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the relationships between limits in a G-set and a fixed point set, and gave the condi-
tion for the fixed point of a G-set and limit being exchanged in [7]. Fuchs and Gébel
in [11] researched a direct system and colimits in module categories. As we know,
the colimit category is an extension of category. Xue and Yan in [20] studied some
propositions on a colimit category, proving that such a colimit category of cocomplete
abelian category is a cocomplete abelian category and a class of colimit categories
which is equivalent to module categories. In contrast, the recollements of colimit
categories are still in their infancy. As illustrated by [4], it started from recollements
of functor categories on different levels. Nevertheless, it is also worth presenting
some applications, including recollements of triangular matrix rings and derived cat-
egories. They get the recollement of triangulated categories by constructing two
stable t-structures in categories and applying Miyachi’s result, see [17]. Although
the colimit category is just the functor category, we can discover a recollement of
abelian categories by constructing six functors in details and the conclusion exactly,
which will be shown in the following.

The aim of this paper is to study the recollement of a cocomplete abelian cat-
egory A and its colimit category. Note that we consider the colimits of A being
defined on the I-system.

Theorem 1.1. Let A be a cocomplete abelian category, A' be the colimit category
of A. There is a recollement of A! relative to A° and A being visualized by the
diagram

Here A° is a full subcategory of A" with the poset I having a maximal element n
such that the direct system A; (i € I) has A, = 0.

This paper is organized as follows. In Section 2, we briefly recall definitions and
basic facts on the recollement and colimit category. We state and prove our main
result in Section 3. However, before starting our proof, we first consider the left
recollement of A’ relative to A° and A, and its dual theorem. Then we get the
main result as an immediate consequence of them. In Section 4, by applying the
main theorem, we obtain some results on Leavitt path algebras, derived equivalence
and K; groups.
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2. PRELIMINARIES

In this section, we recall some definitions, notations and basic results of the recolle-
ment and colimit category. First, we recall the notations of recollements of abelian
categories which are closely related to our proofs (we refer to [2] for details).

Definition 2.1. Let A, A’ and A" be abelian categories. There is a recollement
of A relative to A’ and A”, diagrammatically expressed by

and given by six additive functors
iv=i A=A =40 Ao AT i A A g A= A

that satisfy the conditions:
(1) (i*,is), (i1,4), (j1,4') and (j*,j«) are adjoint pairs.
(2) The functors i, ji and j, are full, faithfull.
(3) Kerj' = Imi,.
Two weaker forms of recollements are introduced by Parshall and Scott, see [18]:
A left recollement is said to hold if the upper two rows of the recollement (as defined
above) exist and the functors appearing in these two rows,
i i
A’ A A",

.1

T 3!

satisfy all the conditions in the definition above which involve only these functors.

A right recollement is defined via the lower rows similarly.

Note that a recollement can be seen as the gluing of a left recollement and a right
recollement, and if a left recollement and a right recollement satisfy that i, = 4, and
j' = j* then they can be glued to form a recollement.

Then we recall the definitions of a colimit category (see [16] in detail).

Let A; (i € I) be a direct system of category A, i.e., I is a poset for i < j, there
is a morphism qbé: A; — A; which is compatible with the ordering (called I-system
for simplicity). Denote it by (A;, ¢§»,A’, a;)ier or (4, ;,A’, a;).

Let A be a category, A = (A;, é-, A’ a;) and B = (B;, ;, B’, ;) two colimits in A.
A pair {f;, f'} is said to be a colimit morphism from A to B, denoted by f!' = {f;, '},
if f; € Hom4(A;, B;), f' € Homu(A', B') are such that o’ - fi = f;-¢%, Bi- fi = ['-cui.

Because f’ € Hom4(A’, B') is uniquely determinant by {f;}, then f’ is called the
induced morphism of {f;} and denoted by f! = {f;}.
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Definition 2.2. Let A’ denote the class of all colimits in A, we change this into
a category by defining a morphism from the colimit (A;, qﬁé, A’ a;) to the colimit

(Bi, %, B', B;) in A as a family of morphisms f; € Hom4(A;, B;), f' € Homa(A', B')
such that 1/)} “fi=f- qﬁé-,ﬂi - fi = '+ o;. The composition defined by (gf); =
gi - fi,(gf) =g - f', is clearly associative. The category A' is said to be the colimit

category.

3. MAIN THEOREM

In this section, the index set I is a poset which has a maximal element, we denote
it by n. Let A be a cocomplete abelian category, denote by A’ the colimit category
of A, and let A° be the full subcategory of A’. Its definition is as follows:

obj A¢: A¢ = (Ai,qbé,A',ozi) c obj A, where 4,, =0,

Hom A° = Hom A!, and the exact sequences in A° and A’ coincide.

Since n is the maximal element in the poset I, I\ {n} is a poset, we denote
it by I;. The entry A;, i € I, is a direct system of the category A, hence the
colimit of {A;, d);}igjejl denoted by A! and A! = A°. By [20], Theorem 3.2, A° is
a cocomplete abelian category.

By constructing a recollement of A’ relative to A° and A, we have the following
consequence.

Theorem 3.1. Let A, A, A° be defined as above. There is a recollement of A’
relative to A¢ and A being visualized by the diagram

i Ji

. . N e
s =1 J =

A° Al , A.

P Jx

Proof. By the work of Parshall and Scott, we prove the theorem in two parts.
Part I: There is a left recollement of A’ relative to A° and A, diagrammatically

expressed by
i Jt
A¢ Al A.

s 3"

Part II: There is a right recollement of A relative to A' and A¢, diagrammatically
expressed by

i J*
A€ Al A.

We prove only Part I. Apparently, it is the same to prove Part II.
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(1) Define
0, 1i#n,

i A= AL A A, = (A, ;,A',ai), where Ai—{
A, i=n,

and
0, i#n,

f’ ZZn?

fr A= B fl={fi, f}: A, = B, Wherefi_{

then j is full, faithfull and exact.

Indeed, it is easy to prove that j is full and faithfull. Let 0 — A ENy: N,
be exactly in .A. By the process of the proof Theorem 3.2 in [20], 0 — A, Ll> B, il)
C, — 01is exactly in A'. Hence, j is an exact functor.

(2) Define j': A" — A, A = (A4, ;,A’,ai) = A, Y= {1 A =
(A, ;-,A’,ai) — B = (Bi,d);-,B’,Bi) — fn: A, — B,. Naturally j' is a func-
tor. It is similar to (1) to prove that j' is exact.

(3) (j1,7") is an adjoint pair. Indeed, for A € objA and B = (Bi,w;»,B’,ﬂi) €
obj A!, define

oap: Homu(jiA,B) — Homa(A, ' B),

fl={fi,f'}: fA—> B f,: A— B,.

It is easy to prove that o 4 g is a group homomorphism. And by the definition of ji A,
ft=1{fi, f'} € Hom 4 (jiA, B), that is, fi = 0 (for all i # n) and f' = Bnfn. So cap
is a group isomorphism and we assert that ¢ is natural.

In fact, for Ae objA and h: A — /T, note that

(jth)* = Hom g (=, B)(jih): m' = m'(jih),
(R)* = Homu(—,§'B)(h): u > uh.

For any ¢' = {gi, Bugn} € Hom 4 (j!/T, B), where g; = 0 for all i # n, we have
aap(7ih) (9') = oaa(d (ith)) = guh = (h)*(gn) = (h)* 0 5 5(g")-
So oa,8(jth)* = (h)*o 5 5 with the commutative diagram

TAB

HOIIIAI, (j!g, B) - HOHI_A(A,]'!B)

A
hl (jlh)*l l(h)*
A

Hom 4: (j1A4, B) ——— Hom4 (4, i'B)
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For C = (Ciasoé'ﬂcla’yi) € ObjAl and hl = {hivh,}: B = (Bivw;‘vB/aﬂi) - C =
(C’Lﬁozvclvﬁy’b) Put

(h'). = Hom g (1A, —=)(h'): s' — hls!,
(5'h")« = Homu (A, =)(j'h"): t = (§'R')t.

Similarly to the above, we see that

Hom 4 (1A, B) —"> Hom (A, j'B)

B
h’l (h")*l l(j!hl)*
C

Hom 4 (1A, C) v Hom 4 (A, §'C).

So (j1,4') is an adjoint pair.

(4) Let i,: A° — Al A = (Ai,qbé-,A’,ai) — A = (A, ;,A’,ai), fl— fl. By
the definition of A°, we see that i, is full, faithfull and exact.

(5) For any A = (A, ;,A’,ai) € obj Al,~because A is a cocomplete abelian
category, the colimit of the direct system {A¢, ¢§»}, where

AC:{A’U Z#’nﬂ (’51:{ _177 j;é’nﬂ

Q . 7 .
Oa t=mn, 07 J=n,

exists. We denote it by {A’, &}, and then A¢ = (AS, ~§, A’ @;) € obj A°.

For any A = (A4, ;,A’,ai), B = (B, ;-,B',,Bi) € obj Al and f' = {fi, f'}:
A — B, by the definition of colimit for any i < j € I, f;¢; = ¢if (‘7~ 7é~n), and
0-0=0-f;, by [10], Proposition 4, there exists a unique f’ € Hom4(A4’, B"), such
that f! = {fi, f'} € Hom 4 (A, B¢), where

fi: BC:(BE,TZ;-,E/,B;)’

0, =n,

7 J

O, i:n, O’ j:n

= {fta Z#na

From what has been discussed above, we define the functor i* as follows

A A% A= (A 80, A ag) o A = (AL 6L A @),
Fr={fif}: A=Be fl ={fi, f'}: A° = B

It is easy to prove that i* is an exact functor.
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(6) (i*,7x) is an adjoint pair. In fact, for any A = (Ai,qﬁé-,A’,ai) € obj Al
B® = (Bi, %, B, Bi) € obj A, = A{fi, f'} € Hom4e(i*A, B°), it holds f, = 0 and
fi¢% = @i fi (for all i < j). By [20], Proposition 4, there exists a unique f': A" — B’
such that

f’ia Z7éna

0, +=n.

]a ={fi, '} € Hom 4 (A,i.B°), where f; = {

Let
1A, Be HOHlAc (’L*A, Bc) — HOHlAl (A, Tx BC),

fl = {fivf/} = fl = {fiv.f,}'
Naturally, na ge is a group homomorphism. Moreover, na g is an isomorphism. Next
we will prove i to be natural.

For any C = (Ci,go;'-,C',%-) € obj A, g' = {gi,g'}: B¢ — C, it holds g, = 0. Put

(9")« = Homae (i*A, =)(g"): f' = g'f",
(ixg')s = Hom g1 (A, =) (ig"): A — g'hl.

For any f!' = {f;, f'} € Homu(i*A, B®), we get

gifia { #nv
0, 1 =n,

(ieg")ema,e (fY) = (ixg") (fY) = {9:fi, g F'}, where gif; = {zif“ T

nace () (fY) = nace(9'f') ={g:fi. ' F'},  where g f; = {

, 1 =n.

Then {g;fi,9'f'} = {9:fi, ' ['}, that is, na ce(g')« = (ixg").na pe, diagrammatically
expressed by

Be Hom 4. (i*A, B€) e Hom 4 (A, i.B°)
gll (9’)*l l(i*gl)*
Ce Hom 4. (A, ,.C€) Ve Hom 4 (A, 4,.C°).

For any D = (D, gé,D’,di) € obj Al and h! = {h;,h'} € Hom 4 (A, D), we put

(i*hl)* = Hom 4 (—, BC)(i*hl): st sl(i*hl),
(h')* = Hom i (—,i.B)(h): ' ¢'hl.
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The commutative diagram follows:

A Hom e (i*D, B®) ——2> Hom 4 (D, i, B°)
hll (i*m*l l(hlr
D HOIII‘AU(Z'*A7 BC) T]A\T HOmAI, (A,Z*Bc)

So (i*,4,) is an adjoint pair.
(7) By the definition of j' and 4., we can have ker j' = Im4,. Combining these
parts yields the result. O

If A is an abelian category, A is finitely cocomplete. Then the colimit of any finite
I-system in A exists.

Corollary 3.2. Let A be an abelian category and A' denote the finitely colimit
category. Then there is a recollement of A’ relative to A° and A',

i Ji

. . N %
Ly =11 J=J
A Al , A.

@ Jx

4. APPLICATIONS

In this section, we mention three further applications. Furthermore, let K be
a field, A be a finite dimensional algebra over K. The symbols Mod A and Mod B
denote the right module categories over A and B, respectively. The symbols mod A
and mod B denote the finitely right module categories over A and B, respectively.

Firstly, we relate the recollements of module categories to one-point coextension

algebras, see [5].

Definition 4.1. Let A be an algebra, X € Mod A, and let each right module X
can be viewed as a (K, A)-bimodule. Form the matrix algebra
K 0
X]A =
X) [ o A} ,
where DX = Hompg(xXa,K). It is called a one-point coextension of A by X,
denoted by [X]A.

Let A be Mod K, A' be the colimit category in A over quiver Q[x)a, then Al =
Mod [X]A, A° = Mod A (see [9], Theorem 4.3). By applying Theorem 3.1, we get
the following result.
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Proposition 4.2. Let A be a K algebra. Then there is a recollement of Mod [X]A
relative to Mod A and Mod K

i Jt
= S—

Mod A — "> Mod [X]A ——L~ Mod K.
B B

Triangular matrix algebras are generally kinds of one-point coextensions. Next,
we show that a special Leavitt path algebra is an isomorphism to a triangular matrix
algebra.

We briefly recall some graph-theoretic definitions and properties; more complex
explanations and descriptions can be found in [1]. Throughout this section, the
directed graph @ is finite and acyclic. Q = (Q°, Q',r,s) consists of two sets Q°
and Q' together with maps r,s: Q' — @Q°. The elements of Q° are called vertices
and the elements of Q! edges. We define a relation > on Q by setting v> w if there
exists a path in Q from v to w. A subset H of Q° is called hereditary if v > w and
v € H implies w € H.

For a hereditary saturated subset H of Q°, the quotient graph Q/H is defined as

(Q"\ H, {e € Q*: r(e) is not in H, /), sl /) })

and the restriction graph Qg is
(Hv {6 € le 8(6) € Hv r|(QH)7 S|(QH)})'

We include some notation here. For a graph @ and a field K, Lk (Q) is the Leavitt
path algebra (see [1]). Given two algebras B,C and a (C, B)-bimodule M define a
triangular matrix algebra, denoted by (B, C, M).

Then we get that the Leavitt path algebra of a special graph is isomorphic to
a triangular matrix algebra.

Theorem 4.3. Let Q be a directed graph, H be a hereditary saturated subset
of Q°. Let Q be decomposed as Qi U Q/H U {a: s(a) € (Q/H)°, r(a) € (Qg)°}.
Then

L H M
i@ (P )

0 Lk (Qm)

as algebras.
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Proof. Firstly, we can construct an Lk (Q/H)-Lk(Qg)-bimodule M. Let M =
(a: s(a) € (Q/H)°, r(a) € (Qu)°). We put

Lx(Q/H)x M — M, (pqg*,m) — qp"pqg*m,
M x Lg(Q/H) = M, (m,pq") — mpq*qp*.

It is easy to prove that M is an Li(Q/H)-Lk(Qg)-bimodule.

Secondly, we define a map

¢: Lk (Q) — (LK(%Q/H) LK](\éH)) » VQ/H & <UQ/H O) ,

0 0 eQ/H 0 % eZQ/H 0
> > >
fan (0 UQH)’ cQ/H ( 0 0)’ o/ ( 0 0/’
(0 0 . (0 0 (0 @
(& & (0%
QTR0 e ) N0 ey, ) 00/

where a, s(a) € (Q/H)?, r(a) € (Qr)°.
It is easy to prove that ¢ is an isomorphism. Since

Q=QrUQ/HU{a: s(a) € (Q/H)°, r(a) € (Qu)"},

then

e G L)

0 Lk (Qn)
O

Using Theorem 4.3 and the characterisation of triangular matrix algebras of Li,
see [15], we can deduce the following theorem.

Proposition 4.4. Let Q be a directed graph, H be a hereditary saturated subset
of Q°. Let Q be decomposed as Qu U Q/H U {a: s(a) € (Q/H)°,r(a) € (Qu)°}.
There is a recollement of mod Lk (Q) by mod Lk (Qpu) and mod Li(Q/H),

*

i .Ij!.
mod L (Q/H) —— mod Lx(Q) ———> mod Lx(Qn).
[3 Jx
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Proposition 4.5. Let Q be a directed graph, H be a hereditary saturated subset
of QY and Q can be decomposed as QUQ/HU{a: s(a) € (Q/H)°,r(a) € (Qm)°}.
Then there is a recollement obe(LK(Q)) by Db(LK(QH)) and Db(LK(Q/H)) which
is diagrammatically expressed as

DM (Lic(Q/H)) —S" DHILk(Q) — = DMLk (Qu).

where D*(Lx (Q)) , D*(Lk (Qp)) and D (L (Q/H)) are derived categories of Leavitt
path algebras.

Proof. The global dimension of the Leavitt path algebra is less than or equal to 1
(see [3], Theorem 3.5), with respect to Theorem 2 of Chen (see [8]) and Theorem 4.3,
we get this statement immediately. O

Secondly, using Theorem 3.1, we can get the sufficient conditions for two finite
colimit categories to be a derived equivalence.

As we know, when the directed graph @ is finite and A is a finite dimensional K
algebra, then AQ/J4 can be constructed by a one point coextension applied finite
many times (where J4 is an admissible ideal of AQ).

Theorem 4.6. Let A and B be two finite dimensional K algebras. If A and B are
a derived equivalence, then finite colimit categories (mod A)! and (mod B)' are a
derived equivalence.

Proof. Barot and Lenzing in [5] have proved a similar theorem for one point
extensions. As we know, the extension and coextension are dual definitions. So
it stands for one point coextension still. By [9], Theorem 4.3, Mod (AQ/Jg) =
(Mod A)!, the result is true. O

Thirdly, we apply the main theorem to K; groups (refer to [19]). We recall some
propositions about recollements, see [10].

Proposition 4.7. Let A, A° and A’ be defined as above. There is a recollement
of Al relative to A and A°. Then
(1) 5 =0, i'5. = 0, i*i, 2id g = i'is, §'5. Zidg = 5 5);
(2) *, ji are right exact functors, i' and j, are left exact functors, and i., j' are
exact functors.

Proposition 4.8. Let A, A° and A’ by defined as above. There is a recollement
of A! relative to A and A°. Then K;(A") = K;(A°) @ K;(A).
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Proof. K;(A°) ® K;(A) is a summand of K;(A'). Indeed, i* and j* are exact

functors and they induce two abelian group homomorphisms
o1 = K;(i*): Ki(A) — Ki(A%), @2 =EKi(j*): Ki(A") = K;(A).
By the universal property of direct sum,

P = (4,01 ): Kz(.Al) — Ki(.Ac) ©® Kz(.A)
P2

Similarly, we get an abelian homomorphism

V= (Y1 a): Ki(A°) @ Ki(A) — K;(AY,

and combining it with j*ji = id 4, "4 = id 4 and 5% = 0 = ¢*ji, we have

_—_ (¢ _ (ki 0 )
v (802)(1/111/12) < 0 idg, )/

Hence, K;(A°) ® K;(A) is a summand of K;(A").
For A = (A;, ;,A',ai) € obj Al, by the definition of iy, i*, j', ji,

0, i#mn,

.]'J'A:&: (A\“(Z;,An,azL where A\z =
A,L', = n,

-~ A;, i #n, ~ Lo #n,
1.0°A = (AS, ;,A',&i), where Ag = ! 7é and (ﬁ; = J J 7&
0, i =n, 0, j=n.

Then we get a natural monomorphism in 4!, that is,

0, i #n,

la,, i=mn,

fr={fi, f'}: 3i'A = A, where f; = {
a natural epimorphism

]‘Ai Z# n
¢ ={9:9'}: A—id*A, where g; = { ’ ’

0, 1 =n,
and a coker f! = g! (see [9], Theorem 1.6).
Above all, we have an exact sequence in colimit-category A,
1 l
0 — A L5 A L iAo
Moreover,
0 — jij' —id g1 —>i,i* — 0.

By Theorem 3.1, K;(A") = K;(A°) @ K;(A).

O

Corollary 4.9. Let A be an abelian category. Then K;(A') = K;(A°) @ K;(A).
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Note that when [ is a finite poset, there exists a maximal element n and in
I} = I\ {n} there also exists a maximal element n,. Similarly, define A° , A} the full
subcategory of A, then by Proposition 4.5, K;(A}) = K;(A$) @ K;(A). Since |I] is
finite, denoted by |I| = m, we can repeat the above-mentioned process and get the
following results.

Corollary 4.10. Let A be an abelian category. Let A' be a colimit category
indexed by an index set I and |I| = m. Then K;(A') =2 K" (A).

Example 4.11. Let A be an abelian group category. Consider the direct system
A =1, d)ﬁ-ﬂ(l) = j. Then A! is an isomorphism to Q, therefore Ko(lim 4;) = Z.

Combining this with Proposition 4.2, we get the following result.

Proposition 4.12. Let A be a K algebra and [X]A a one point coextension of A.
Then K;(Mod [X]A) = K;(Mod A) ® K;(Mod K).

Example 4.13. Let Q be 4,: 1 -2 -3 = ... > n—1— n, where A is
a module category over a field K, the element in poset I coincide with the vertices set
of the quiver @, A be the colimit category in A, Ko(KQ) = 7", hence Ko(A!) = 7".

Example 4.14. Suppose K@ is a finite dimensional path algebra, 4 is a module
category over K, and I is a poset associated with (). Then

(K*)", K #{0,1},
() = K (KQ) = {
2 K = {Oa 1}7
where n = |Q°|, m = |Q'], K* is the multiplication group of K, G5 is the multipli-
cation group {—1, 1}, see [13].

Acknowledgement. The authors would like to thank the referee for careful
reading the manuscript and many useful hints and comments that improved the
exposition.
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