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Abstract. Let V be a unitary space. For an arbitrary subgroup G of the full symmetric
group Sm and an arbitrary irreducible unitary representation A of GG, we study the general-
ized symmetry class of tensors over V' associated with G and A. Some important properties
of this vector space are investigated.
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1. INTRODUCTION

Let S,,, be the full symmetric group of degree m and G a subgroup of S,,,. Let U be
a unitary space and End(U) the set of all linear operators on U. Denote by C,;, x, the
set of all m x m complex matrices. Suppose A is an irreducible unitary representation
of G over U. The generalized Schur function Dy : C,yxm — End(U) is defined by

Da(4) = 37 A0) [ aios
=1

ceG

for A = (aij)mxm € Cmxm.
Let V be a unitary space of dimension n and denote by V®™ the mth tensor power
of V. Then U ® V®™ is a unitary space with induced inner product that satisfies

=

(U®(E®,’U®y®) = (u,v) (xiayi)v

i=1

whereu,v €U and 2° =21 ® ... Q21, Y =11 ® ... @ Yy, € VO™,
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For any o € G there is a unique permutation operator
P(o): V@™ o yom

satisfying P(o~1)(v®) = vg, where v§ = V(1) ®VUp(2) @ . . @ Vg (). The permutation
operator yields a representation of G, i.e. P: G — GL(V®™). It is well known
that if dimV' > 2, then P is a faithful unitary reducible representation of G and
Tr P(0) = n(?), where ¢(o) is the number of factors in the disjoint cycle factorization
of o, see [9].

The generalized symmetrizer associated with G and A is defined by

Sy = G > Ao ) € End(U @ V™).
| | oceG

In the following theorem we show that S, is an orthogonal projection on U @ V™,

Theorem 1.1. Suppose A is an irreducible unitary representation of G over uni-
tary space U. Then Sy is an orthogonal projection on U @ V®™,

Proof. We first prove that S, is Hermitian. We have

%i= <|G|ZA > |G|ZA

> Ao ) @P(c7") = Sa.

ceG

IGI

Now we show that S is idempotent. We have

S = (|G|ZA >(|G|ZA )

ceG TeG
|G|2 > 3 M) @ PPl
ceGmeG
|G|2 Z ZA (om)®@ P(ow) (om=T)
ceGmeG
S
|G|2 ZGZG P |G| ZG ho

Definition 1.1. The range of Sy,
VA(G) = SA(U ® VE™),
is called the generalized symmetry class of tensors over V associated with G and A.
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If dimU = 1, then ViA(G) reduces to Vi(G), the symmetry class of tensors asso-
ciated with G and the irreducible character A of G corresponding to the representa-
tion A (see [4], [5], [9], [10], [12], [13], [14]). Recently, the other types of symmetry
classes have been studied by several authors (see [1], [2], [3], [7], [11], [15], [16]).

The elements in V3 (G) of the form

u®v® 1= Sp(u®v®)

are called the generalized decomposable symmetrized tensors. The equality of two
generalized decomposable symmetrized tensors has been studied in [6], [8].
In this paper, we study some important properties of the vector space Vi (G).

Lemma 1.1. Forany o € G, u € U and 2% € V®™ we have

u®z? = Ao)u® 2®.
Proof. The proof is straightforward. O

Theorem 1.2. Suppose A is an irreducible unitary representation of G over uni-
tary space U. If A affords the irreducible character A of G, then

dim V(G Z Ao)n®),
IGI
oceG

Proof. According to Theorem 1.1, Sy is an orthogonal projection, so we have

dim Vi (G) = rank Sy = Tr Sy = ﬁ Z Tr(A(o) ® P(0))
UEG

ZTrA Tr P(o |G| Z)\ n@).

|G| ceG ceG

Notice that A(1) dim Va(G) = dim Vi (G).
Let 'y, be the set of all sequences o = (a(1),...,a(m)) with 1 < a(i) < n,
1 < i< m. The group G acts on I'y, ,, as

ac = (a(o(1)),...,a(a(m))).

Two sequences a and 3 in I'y,,, are said to be equivalent modulo G, denoted by
a ~ B modG, if there exists 0 € G such that 8 = ao. For each a € I'y, ,, the
equivalence class I', = {ao: o € G} is called the orbit containing . So we have the

following disjoint union 'y, , = |J T'o. We know that |I'y| = [G : G4 ], in which G,
aEA
is the stabilizer subgroup of a. Let A be a system of representatives for the orbits

such that each sequence in A is first in its orbit relative to the lexicographic order.
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Definition 1.2. Suppose a € 'y, ,,. The linear map T,: U — U defined by

is called the linear map corresponding to a. If a ~  mod G, then we can easily see
that Tt and Tz are similar.

Theorem 1.3. For any o € I'y, ,, the linear map Ty, is an orthogonal projection
onU.

Proof. It is easy to see that T, is Hermitian. Now we prove that T, is idem-
potent. We have

T3_<|G_1a|Z N (e = A0) = e

>, 2 A0

c€Gq TFEG 0€Gq TEGy
LY Y M g XY AW e
|G | 0€Go mEG, |G | 0€Gqo TEG,
2 Z |GalTo = T
|G | ceGq

O

According to Theorem 1.3, the linear map T, is an orthogonal projection. So
rank T, = Tr T,,. Thus, we have the following result.

Corollary 1.1. Let A be an irreducible unitary representation of G over unitary
space U. If A affords the irreducible character A of G, then for each o € Iy, ,, we
have

rankT, = —— Z Ao
|G |U€G
In particular, T, # 0 if and only if Y A(o) # 0.
ccGy

In the following theorem we state the intimate relationship between generalized
Schur functions and generalized decomposable symmetrized tensors.

Theorem 1.4. For each u,v € U and z%,y® € V®™ we have

L (Da(A)u ),

(u®r®v®y®) =
G|

where A = ((zi,Y;))mxm-
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Proof. According to Theorem 1.1 we have

(u®®v®y®) = (Sa(u®a®), Sa (v ® %)) = (Sa(u@2®),0 0 y®)
- (é > Ao)u® P(0)a®,v® y®>

oceG
LS (e [T
= — 0' 1
Gl =, Hte=0.5)

(H To-1(1)s Yi)A(0)u, v)

|G| (Z A ];[ xz,ya(z) ) = |_61¥|(DA(A)U7U)

ceG
Il
2. BASES OF GENERALIZED SYMMETRY CLASSES OF TENSORS
Suppose F = {uq,...,u,} and E = {ey,...,e,} are orthonormal bases for unitary

spaces U and V, respectively. Then
[E®:{ul®e® 1<i<r,aely,}
is an orthonormal basis of U ® V®™. Hence
VA(G) ={u; ®e®: 1<i<r, a €l p).
For each o € T'y, 5, the subspace
VE = (u;®@e®: 1<i<r)

is called the generalized orbital subspace corresponding to «. By using Lemma 1.1,

we deduce that
G)=> Ve
aEA

Since A is an irreducible representation of G over U,
U= (A(o)u1: 0 €G).

Thus
VE = (Alo)uy ®e®: 0 € G).
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Again by Lemma 1.1 we have
VE =(u; ®e® : 0 €q).
For each 1 < i < r we define
ViG) = (ui®e®: a €T,

)

Then Vi (G) = Y Vi(G), but it is not necessary a direct sum. (This will be described
=1

more with an ex;mmple.)

Theorem 2.1. For each1 <3, j <r anda,fp €1y, , we have

0, a» B modG,
(ui®e®,uj®e®)= 1
: g W@ﬂtuﬂj% a=p.
U
In particular,
Jus ® e§1? = gy el
Uq

Proof. Let
A = (aij)mxm, aij = (€a(i)s €8()) = Oa(i),80)-

Then by Theorem 1.4 we have

1 m
(u; ® €2, u; ® eﬂ) = ﬁ( A(A)ug,uj) = @ (Z A(o) kl;[lakg(k)ui,uj)

oceG
1 m
“ia <Z Ao H Oax(k),Bo(k) Wis Uj)
ceG k=1
= ?(ZA ozBanan>
ceG
0, a »  modG
= 1
i B, Acs). a=p
0, a = B modG,
= 1
[G: G(y] (Tan,Uj), a:B
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In particular,

||uz ® e§|‘2 = (uz ® 6§7ui ® eg) = ﬁ(Tau’u ’U/L)
= ﬁ(Tauinan) (by Theorem 1.3)
1
N WHT&WHQ-

O
Corollary 2.1. For each1 < i <r and o, € Iy, ,, we have u; ® e? = 0 if and
only if Tou; = 0.

For any 1 <i<rlet Q = {a€lpn: Tau; #0}. If we set A; = AN, then we
can easily see that the set {u; ® e®: o € A;} is an orthogonal basis of Vi (G). Let

Q= JQ and A = ANQ. Then by Corollary 1.1,
i=1
A={aecA: Ta7£0}—{a6A: > )\(a);éo}.
g€Gq
Now we conclude the following corollary.
Corollary 2.2. The generalized symmetry class of tensors Vy (G) is the orthogo-
nal direct sum of the generalized orbital subspaces V.2, as o ranges over A.

Example 2.1. Let G = S3. Consider the matrix representation A: G —
GL(2,C) such that

A(l):((l) ?) A12) = ((1’ é) AL 3) = (2 “(’)2)
A(23):(£2 :) A(123)=(“(’)2 g) A(132):(°g 32),

where w is a primitive third root of unity. It is easy to see that A is a unitary
irreducible representation of G. Suppose that V is an two-dimensional vector space
with an orthonormal basis E = {e1, e2}. Let A be a system of distinct representatives
for the equivalence classes of I'3 » modulo G. Then

A={a=(1,1,1), =(1,1,2), v=(1,2,2), § = (2,2,2)}.

It is obvious that G, = G§ = G. Since A is an irreducible representation of G,
> A(o) =0. Hence T,, = T5 = 0. Similarly, we can see that

oceG
1/1 1 1/1 w
Ty = = T, == .
b 2(1 1)’ v 2(0.)2 1)
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Suppose U = C? and F = {u, uz} is the standard basis of U. Then

A=Ay = {5,’7}-

Thus, dim V/{(G) = |Al| =2, dim Vﬁ(G) = |A2| = 2. But

dim Vi (G Z Mo)n@) = —[ (2)3 +2(=1)(2)] = 2.
UEG

Therefore V) (G) = V{(G) + VE(G) is not a direct sum.
The following theorem extends [10], Theorem 6.34 to the generalized symmetry

classes of tensors.

Theorem 2.2 (Generalized Freese’s Theorem). Let A be an irreducible unitary
representation of G over unitary space U such that it affords character A of G. If
a € A, then

dim V.® = [\ 1g.,
where [, | is the inner product of characters.

Proof. LetG = U Go0iy Ty = {aoq,...,ao.} be the right coset decomposition
=1

of G, in G. Notice that V¥ = Sy(W,,), where
Wo=(u;®e2 : 1<i<r o€dq).

Then

Eo ={ui@el, : 1<i<r, 1< <t}

is a basis of W, but the set
{ui®ed, : 1<i<r,1<j<t}

may not be a basis for V®. Since W, is an invariant subspace of Sy, the restriction
S§ = Salw, is a linear operator on W,. Let

C = (¢, Gs) = [ShlE
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Now for each u € G we have
1
S8 @ €2,) = Sa( © ¢5,) = Sa(Alw)ur @ ) = = >~ Ao ) (AGo)u) @ €&,

t Gl =
=ﬁZ(ZAwme@

c€Gqa0;

Z Z A ul®ea-r(r

i=17€Gy

ZZAU T u @ e,

i=1 7€G,

In particular,

1 t
SA(ul ® 60(07) @ Z Z A(o—i_lrrilo—j)ul ® efai

i=117€G,

~

T

1 1
— G X Ll o e,

i=1 T€EG, k=1
! 1
-3 [E Z — mj}umegm.

So
C(k,n,(m)* kaz Clrog), kd=1,...r d,5=1,..t
€Gq

We prove that C' is an idempotent matrix. We have

(C) ki), (1) = ZZC(IH (2,a) C(p,0),(1,7)

pz;qz;( Uezc; mkp(ai_100Q)) (ﬁTezG: mpz(Uq_lTUj))

|G|2 ZZ Z Z Mip (0 oaq)mpl(a 1705)

p=1g=10€G, TEG,

t _
LS S o) = 5 mutor e
UTEGQ(] 1 9, 7T€Gq

tlG _
= |Ga|? > mui(o7905) = . )-
@ 16l 2
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Thus,
dim V,# = rank(S}) = rank C' = Tr C.

Now we calculate Tr C. We have

T

T t t
TrC = ZZC(k,i),(k,i) ZZ( Z mkk(UilUUi)>
k=11i=

k=11i=1 1 UEG

|G| Z szkk g 1001 |G| Z ZTFA o; 001)

c€Gq 1=1 k=1 c€eG, =1

ZZ)\O’ 00;) |G|ZZ)\

G'EGQ’L 1 celG, i=1

ZA Go] =1)

o'EGa

Z Ao
UEG

O

We now construct a basis of V4 (G). By Corollary 2.2, VA(G) = @ V¥, In
a€A
order to find a basis for Vj(G), it suffices to find bases of the generalized orbital

subspaces V.2, a € A.
Choose a lexicographically ordered set {an = a, aa,...,as, } from {ao: o € G}
such that
{ur®e? ,ur ®el ... uy ®e§f§u

is a basis of V.®. The same is done for any a € A. If {a,,7,...} is the lexico-
graphically ordered set A, take A = {ay,...,as,,B1,- -, Bss,-- -} to be ordered as
indicated. Then {u; ® e®: o € A} is a basis of Vi (G). Obviously, A = {a1, 81, ...}
is lexicographically ordered, but note that A is not lexicographically ordered; it is
possible that as > 1. Such order in A is called an orbital order. If ) is a linear char-
acter, then dim V. = 1 and in this case, the set {u; ® ¢®: a € A} is an orthogonal
basis of Vj (G) We call a basis consisting of generalized decomposable symmetrized
tensors uy ® €®, an orthogonal ®-basis. If X is not linear, it is possible that V, (G)
has no orthogonal ®-basis.

Corollary 2.3. Suppose dim Va® = S4. Then

dim V) (G Z Sa = Z la,

acA oc€EA
Now we give a necessary condition for the existence of orthogonal ®-basis.
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Theorem 2.3. Let A be an irreducible unitary representation of G over a unitary
space U such that it affords the character A of G. If there is a € Iy, ,, such that

A1) < [G: Ga] < 2[\ 1)a, s
then V) (G) has no orthogonal ®-basis.

Proof. Let G = U Gaoli, [G : G,] = s be the right coset decomposition of G,
in G. Then i=1
Ve =(u ®el,: 1<i<s).

For any ¢ and j we have

(u1 ® ey, u ® e, ) = (Sa(ur @ey,), Salur @ ey,)) = (Sa(ur ®ed,), ur ®ef,)
1
el <Z Al@ur @ ey o u1 @ 65@)

el
1 1
=@ > (A0)ur,u1)at,0-1 a1, = ol > (Ao)ur,wm)
oeG ._1G t;
1
= @ Z m11 U |G| Z m11
o€t Gat; 0€Ga

Now we define an s X s matrix D as
zj = mll
Py
Observe that

=t~ by 5 o) 3y I o)

p=1 2E€Gq

|G|QZ Z Z mai(t; z)ma (yt;)

p=1xzeG,tp yEt_lG

|2 Z Z Z ma (t mn(x_lhtj) (xy = h)

p=1 h€Gqo 2E€G 4t

|G|2 Z Zmn z)ma1(z lti_lhtj) (ti_la: =2)

heGq 2z€G

Z ma1(t; *ht;) (by Schur Relations)
AL |G| heGn
1
= ——D,;.
A1)

Therefore \(1)D? = D.
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Let V5 (G) have an orthogonal ®-basis. Then V.® has an orthogonal basis. Now
suppose dim V¥ = k and consider that B = {u; @eatl, cen u1®e§tk} is an orthogonal
basis of V.®. Thus, the matrix D has the block partition form

B, Es
Es Ei)°

where

It follows that )
D2 — ( Ef + ExE;  Ei1Es + E2E4)

EsEy + E4E3  E3E, + E}
Using A(1)D? = D we obtain

1

E? + ByE3s = —FE),.

1+ Baolus 1) 1

S
’ g 0
)\(1) 11
EyEs =
dx o
0 )\(1) kk

We know that d;; # 0 for any 1 < ¢ < k because d;; = ||lu; & e?tl

2
- =0
)\(1) k43
for some 1 < i < k, then
=i = | X e > )
i mii\z; m11
O P “ja 2 "

|G|Zl GG’

and this contradicts the assumption A\(1) < [G : G4] of the theorem. Thus, E;F3 is
an invertible k£ x k matrix. This implies that k < s — k. Therefore

G : G4l
2 )
and the result holds. O

P‘v ]-]Gu <
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