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ON RIEMANN-POISSON LIE GROUPS

BRAHIM ALIOUNE®, MOHAMED BOUCETTA?, AND AHMED SID’AHMED LESSIAD®

ABSTRACT. A Riemann-Poisson Lie group is a Lie group endowed with a left
invariant Riemannian metric and a left invariant Poisson tensor which are
compatible in the sense introduced in [4]. We study these Lie groups and we
give a characterization of their Lie algebras. We give also a way of building
these Lie algebras and we give the list of such Lie algebras up to dimension 5.

1. INTRODUCTION

In this paper, we study Lie groups endowed with a left invariant Riemannian
metric and a left invariant Poisson tensor satisfying a compatibility condition to
be defined below. They constitute a subclass of the class of Riemann-Poisson
manifolds introduced and studied by the second author (see [2] B] 4 [5]).

Let (M,m,(, )) be smooth manifold endowed with a Poisson tensor 7 and a
Riemannian metric ( , ). We denote by (, )* the Euclidean product on T*M
naturally associated to (, ). The Poisson tensor defines a Lie algebroid structure
on T* M where the anchor map is the contraction #,: T*M — TM given by
< B, #x(a) == 7(a, 3) and the Lie bracket on Q*(M) is the Koszul bracket given
by

(1) [, Blr = Ly (B — Ly —dr(a, B), o,B€Q(M).
This Lie algebroid structure and the metric ( , )* define a contravariant connection
D: QY(M) x Q1(M) — QY(M) by Koszul formula
(2)
2<Da677>* = #7\'(0[)<577>* + #ﬂ(6)<a7’y>* - #71’(7)<Oé5/8>*
+ ([, Bl + [y, e, ) + ([, Blrs @) @, B,y € QH(M).
This is the unique torsionless contravariant connection which is metric, i.e., for any
a, B, v € QY(M),
DB —Dga = [, Blx  and  #x(a).(B,7)" = (Daf7)" + (B, Da)”

The notion of contravariant connection was introduced by Vaisman in [I3] and
studied in more details by Fernandes in the context of Lie algebroids [§]. The
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connection D defined above is called contravariant Levi-Civita connection associated
to the couple (m, (, )) and it appeared first in [2].

The triple (M, {, )) is called a Riemannian-Poisson manifold if Dm = 0, i.e.,

for any «a, 3,v € Q1 (M),

(3)

Dr(a, B,7) = #x(@).m(B,7) = 7(Daf3, ) + 7(, Day) = 0.

This notion was introduced by the second author in [2]. Riemann-Poisson manifolds
turned out to have interesting geometric properties (see[2] [3] 4] [5]). Let’s mention
some of them.

(1)

The condition of compatibility is weaker than the condition V& = 0
where V is the Levi-Civita connection of (, ). Indeed, the condition
allows the Poisson tensor to have a variable rank. For instance, linear Pois-
son structures which are Riemann-Poisson exist and were characterized in
[5]. Furthermore, let (M, (, )) be a Riemannian manifold and (X7, ..., X,)
a family of commuting Killing vector fields. Put

W:ZXz/\X]
2

Then (M, (, )) is a Riemann-Poisson manifold. This example illustrates
also the weakness of the condition and, more importantly, it is the
local model of the geometry of noncommutative deformations studied by
Hawkins (see [10, Theorem 6.6]).

Riemann-Poisson manifolds can be thought of as a generalization of Kahler
manifolds. Indeed, let (M, ,(, )) be a Poisson manifold endowed with a
Riemannian metric such that m is invertible. Denote by w the symplectic
form inverse of w. Then (M, ,(, )) is Riemann-Poisson manifold if and
only if Vw = 0 where V is the Levi-Civita connection of {, }. In this case,
if we define A: TM — TM by w(u,v) = (Au,v) then —A? is symmetric
definite positive and hence there exists a unique Q: T'M — T'M symmetric
definite positive such that Q> = —A2. It follows that J = AQ ! satisfies
J? = —Idry, skew-symmetric with respect ( , ) and VJ = 0. Hence
(M, J,(,)) is a Kdhler manifold and its Kahler form w;(u,v) = (Ju,v) is
related to w by the following formula:

w(u,v) = —cw(@u,v), u,v € TM .

Having this construction in mind, we will call in this paper a Ké&hler
manifold a triple (M, (, ),w) where (, ) is a Riemannian metric and w is
a nondegenerate 2-form w such that Vw = 0 where V is the Levi-Civita
connection of (, ).

The symplectic foliation of a Riemann-Poisson manifold when 7 has a
constant rank has an important property namely it is both a Riemannian
foliation and a Kahler foliation.

Recall that a Riemannian foliation is a foliated manifold (M, F) with
a Riemannian metric (, ) such that the orthogonal distribution T+F is
totally geodesic.



ON RIEMANN-POISSON LIE GROUPS 227

Kahler foliations are a generalization of Kédhler manifolds (see [6]) and, as
for the notion of Kahler manifold, we call in this paper a Kéahler fohatlon a
foliated manifold (M, F) endowed with a leafwise metric ( , )z € T'(®2T*F)
and a nondegenerate leafwise differential 2-form wz € I'(®?T*F) such any
leaf with the restrictions of ( , ) and wx is a Kéhler manifold.

Theorem 1.1 ([]). Let (M,{, ),m) be a Riemann-Poisson manifold with 7 of
constant rank. Then its symplectic foliation is both a Riemannian and a Kdhler
foliation.

Having in mind these properties particularly Theorem [I.I] it will be interesting
to find large classes of examples of Riemann-Poisson manifolds. This paper will
describe the rich collection of examples which are obtained by providing an arbitrary
Lie group G with a Riemannian metric ( , ) and a Poisson tensor 7 invariant under
left translations and such that (G, (, ), ) is Riemann-Poisson. We call (G, (, ),7)
a Riemann-Poisson Lie group. This class of examples can be enlarged substantially,
with no extra work, as follows. If (G,( , ),m) is a Riemann-Poisson Lie group
and T is any discrete subgroup of G then I'\G carries naturally a structure of
Riemann-Poisson manifold.

The paper is organized as follows. In Section 2] we give the material needed in the
paper and we describe the infinitesimal counterpart of Riemann-Poisson Lie groups,
namely, Riemann-Poisson Lie algebras. In Section 3] we prove our main result which
gives an useful description of Riemann-Poisson Lie algebras (see Theorem . We
use this theorem in Section [4] to derive a method for building Riemann-Poisson
Lie algebras. We explicit this method by giving the list of Riemann-Poisson Lie
algebras up to dimension 5.

2. RIEMANN-POISSON LIE GROUPS AND THEIR INFINITESIMAL
CHARACTERIZATION
Let G be a Lie group and (g = T.G, [, ]) its Lie algebra.
(1) A left invariant Poisson tensor 7 on G is entirely determined by
(e, B)(a) = r(Laa, LaB)
where a € G, a, 8 € TFG, L, is the left multiplication by a and r € A2g
satisfies the classical Yang-Baxter equation
() [r,r] =0,

where [r,r] € A3g is given by

[r,r](e, B,7) : == o, [rg(B), (V)] = + < B, [re(v), re(a)] -
(6) + =7, [rg(a),r4(B)] =, o B,7v€g,

*

and rx: g* — g is the contraction associated to r. In this case, the Koszul
bracket when restricted to left invariant differential 1-forms induces a
Lie bracket on g* given by

(7) [, Bl = ad; ()8 —ady g, B €,
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where < adja,v == — < a, [u,v] >. Moreover, ry4 becomes a morphism
of Lie algebras, i.e.,
(8) ra(lo, Blr) = [ra(a),r4(8)], o, feg"

(2) A let invariant Riemannian metric (, ) on G is entirely determined by
(u,v)(a) = p(TyLg-1u, ToLy-1v),
where a € G, u, v € T,G and p is a scalar product on g. The Levi-Civita
connection of (, ) is left invariant and induces a product A: gx g — g
given by
9)  20(Ayv,w) = o([u,v], w) + o([w, u],v) + o([w,v],u), w,v,weg.
It is the unique product on g satisfying
Ayv — Ayu = [u,v] and  o(Ayv,w) + o(v, Ayw) =0,

for any w, v, w € g. We call A the Levi-Civita product associated to
(a1, ], p).

(3) Let (G,{, ),Q) be a Lie group endowed with a left invariant Riemannian
metric and a nondegenerate left invariant 2-form. Then (G, (, ),) is a
Kahler manifold if and only if, for any u,v,w € g,
(10) w(Ayv,w) + w(u, Ayw) =0,
where w = Q(e), p = (, )(e) and A is the Levi-Civita product of (g, [, ], p).
In this case we call (g, [, |, p,w) a Kéhler Lie algebra.
As all the left invariant structures on Lie groups, Riemann-Poison Lie groups

can be characterized at the level of their Lie algebras.

Proposition 2.1. Let (G,m,{, )) be a Lie group endowed with a left invariant
bivector field and a left invariant metric and (g, |, |) its Lie algebra. Put r = 7(e) €
A%g, 0= (, )e and o* the associated Euclidean product on g*. Then (G,m,{, )) is
a Riemann-Poisson Lie group if and only if

(i) [r,r] =0,
(ii) for any o, B, v € g7, r(Aaf,7) +7(B, Aay) = 0,
where A is the Levi-Civita product associated to (g*,[, ]r, 0%).

Proof. For any u € g and a € g*, we denote by u! and of, respectively, the left
invariant vector field and the left invariant differential 1-form on G given by

u'(a) = T.L,(u) and of(a) =T L,-1(a), a€ G, Ly(b) =ab.

Since m and (, ) are left invariant, one can see easily from and that we
have, for any «, 3, € g*,

{[ﬂ,ﬂ]s(aé,ﬁf7,}/€): [’I", r}(oﬁﬂer)v #TF(O/) = (r#(a))zv ‘C#W(o/)ﬂez (ad:#(a)ﬁ)e’
[, 8% = ([, B],)" s Dot = (Auf)"
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The proposition follows from these formulas, and the fact that (G, 7, (, ))isa
Riemann-Poisson Lie group if and only if, for any «, 3, v € g*,

[r,7]s(at, 8545 =0 and Dr(at, 5%4%) =0. 0

Conversely, given a triple (g, r, 0) where g is a real Lie algebra, r € A?g and o
a Euclidean product on g satisfying the conditions (7) and (i¢) in Proposition
then, for any Lie group G whose Lie algebra is g, if 7 and ( , ) are the left invariant
bivector field and the left invariant metric associated to (r, o) then (G, 7, (, )) is a
Riemann-Poisson Lie group.

Definition 2.1. A Riemann-Poisson Lie algebra is a triple (g,r, ¢) where g is a
real Lie algebra, » € A%g and o a Euclidean product on g satisfying the conditions

(i) and (i) in Proposition 2.1}

To end this section, we give another characterization of the solutions of the
classical Yang-Baxter equation which will be useful later.

We observe that r € A%g is equivalent to the data of a vector subspace S C g
and a nondegenerate 2-form w, € A2S*.

Indeed, for r € A%g, we put S = Imry and w,(u,v) = r(r?(u),r#l(v)) where
u, v € S and r;&l(u) is any antecedent of u by ry.

Conversely, let (S,w) be a vector subspace of g with a non-degenerate 2-form.
The 2-form w defines an isomorphism w®: S — S* by w®(u) = w(u,.), we denote
by #: 5% — S its inverse and we put ru = # o¢* where ¢*: g* — 5" is the dual
of the inclusion i: S — g.

With this observation in mind, the following proposition gives another description
of the solutions of the Yang-Baxter equation.

Proposition 2.2. Let r € A%g and (S,w,) its associated vector subspace. The
following assertions are equivalent:

(1) [r,r]=0.
(2) S is a subalgebra of g and
Owy(u, v, w) 1= wr(u, [, w]) + wp (v, [w, u]) + wr(w, [u,v]) =0
for any u, v, w e S.
Proof. The proposition follows from the following formulas:
< s T#([Oz, ﬁ]?‘) - [7‘#(0{), T#(ﬁ)] —= —[T, ’I"](Oé, ﬂ) 7) ) a, 6a v S g*
and, if S is a subalgebra,
[r,r)(e, B,7) = —0wr(rg (), r(8),r4(7)). O

This proposition shows that there is a correspondence between the set of solutions
of the Yang-Baxter equation the set of symplectic subalgebras of g. We recall that
a symplectic algebra is a Lie algebra S endowed with a non-degenerate 2-form w
such that dw = 0.
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3. A CHARACTERIZATION OF RIEMANN-POISSON LIE ALGEBRAS

In this section, we combine Propositions[2.1]and [2.2]to establish a characterization
of Riemann-Poisson Lie algebras which will be used later to build such Lie algebras.
We establish first an intermediary result.

Proposition 3.1. Let (g,7,0) be a Lie algebra endowed with r € A%g and a
Euclidean product p. Denote by I = kerry, T+ its orthogonal with respect to
0" and A the Levi-Civita product associated to (g*,[, |r,0*). Then (g,7,0) is a
Riemann-Poisson Lie algebra if and only if:

(¢1) [r,r] =0.
(cg) ForallaeZ, A, =0.
(c3) Foralla, B,y €I+, Ay €I+ and

r(Aaf,y) + (B, Aay) = 0.

Proof. By using the splitting g* = Z ® T+, on can see that the conditions (i) and
(#4) in Proposition are equivalent to

[r,7] =0,
r(AafB,y) =0, a€Z, L, yeIt,
(11) r(AaB,7) +1(B,407) =0, a €T, BT+, y€TH,

r(AuB,7) =0, a €T+, eI, yeTIt,
r(AafB,y) +7(8,Aay) =0, a €TH, BT+, yeIt.

Suppose that the conditions (c¢;)-(c3) hold. Then for any o € Z and g € T+,
Apa = [B, o], and hence r4(Aga) = [r4(8), r(a)] = 0 and hence the equations
in holds.

Conversely, suppose that holds. Then (¢1) holds obviously.

For any «, 8 € Z, the second equation in is equivalent to A, € T and we
have from (7)) and (9) [a, 8], = 0 and A.8 € Z+. Thus 4,3 = 0.

Take now o € T and 8 € Z+. For any v € Z, 0" (A.B3,7) = —0*(B8,447) = 0
and hence A,3 € Z+. On the other hand,

r(ls B) = 14(AaB) — r(450) B [ry(), ry(8)] = 0.
So, for any v € 7+,

(L1)
< 7,74 (Anf) === 7,14 (Aga) == r(Aga,”) ! 0.

This shows that A,(8 € Z and hence A, = 0. Finally, (c2) is true. Now, for any
a € I+, the fourth equation in implies that A, leaves invariant Z and since
it is skew-symmetric it leaves invariant Z+ and (c3) follows. This completes the
proof. O

Proposition 3.2. Let (g, 0,7) be a Lie algebra endowed with a solution of classical
Yang-Bazter equation and a bi-invariant Fuclidean product, i.e.,

oladyv,w) + o(v,ad,w) =0, w,v,weEg.
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Then (g, 0,7) is Riemann-Poisson Lie algebra if and only if Imry is an abelian
subalgebra.

Proof. Since g is bi-invariant, one can see easily that for any u € g, ad} is
skew-symmetric with respect to ¢* and hence the Levi-Civita product A associated
to (g%, [, |, 0) is given by A8 = ad:#(a)ﬁ. So, (g, 0,7) is Riemann-Poisson Lie
algebra if and only if, for any «, 3,7 € g*,
0= r(ad:# (a)57 ,Y) + T(ﬁv ad:#(a)’y)
== ﬁv [T#(Q),T#(’y)] - =7 [7’#(0[), T#(ﬁ)] s

B o, [rp(8), ()] »

and the result follows. O

Let (g,[, ]) be a Lie algebra, » € A?g and ¢ a Euclidean product on g. Denote
by (S,w,) the symplectic vector subspace associated to r and by #: g* — g
the isomorphism given by ¢. Note that the Euclidean product on g* is given by

0" (a, B) = o(#(a), #(8)). We have
g =T®7I+ and g=S@S5t,

where Z = kerry. Moreover, 74: I+ — S is an isomorphism, we denote by
7: S — Tt its inverse. From the relation

o(#(),r4(B)) =< a, r4(B) ==1(B,0q),

we deduce that #: Z — ST is an isomorphism and hence #: 7+ — S is also an
isomorphism.
Consider the isomorphism J: § — S linking w,. to g|s, i.e.,

wr(u,v) = p(Ju,v), w,veSs.
On can see easily that J = —# o 7.

Theorem 3.1. With the notations above, (g,r, 0) is a Riemann-Poisson Lie algebra
if and only if the following conditions hold:

(1) (S,0s,wr) is a Kihler Lie subalgebra, i.e., for all 51, s2, s3 € S,
(12) wr(Vs, 82,83) + wr(s2, Vs, 83) =0,
where V is the Levi-Civita product associated to (S,[, |, 0/s)-
(2) for all s € S and all u,v € S*,
(13) 0(@s(s)(u),v) + o(u, ps(s)(v)) =0,

where ¢g: S — End(S*), u — prg. oad, and prg.: g — St is the
orthogonal projection.

(3) For all sy, s2 € S and all u € S+,

(14) wr (s (u)(s1), 52) +wr(s1, s (u)(51)) = 0,
where ¢g. : St — End(S), u — prg oad, and prg: g — S is the
orthogonal projection.
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Proof. Suppose first that (g,r, 0) is a Riemann-Poisson Lie algebra. According to
Propositions and this is equivalent to

Vael, A, =0,

(S,w,) is a symplectic subalgebra,
(15)
Va,8,ve€Tr, A €Tt and r(AuB,7) +7(8, Aay) =0,

where A is the Levi-Civita product of (g*,[, ], 0*).
For a,3 €T and vy €I+,

20" (AaB,7) = 0" ([, By, v) + 0" ([v, Blr, @) + 0" ([, alr, B)
Q*(ad:#('y)ﬁv a) + (ad;'i# (1) B)

= =B, [re(y), #()] = — <, [rx (), #(B)] -
—0(#(8); [rg(7), #()]) — o(F#(a), [r(v), #(B)]) -

Since #: Z — S+ and Ty I+ — S are isomorphisms, we deduce from that
A.pB =0 for any «, § € T is equivalent to (13)).
Fora € and 3, vy € T+,
20" (AaByy) = 0" ([, Blr7) + 0" ([v: Blr, @) + " ([, 0, B)
= —Q*(adt#(ﬁ)aa7)—Q*(ad:#(g)%04)+Q*(ad:#(7)5a 04)+Q*(ad:#(7)045)
=<, [rg(B8), #(V)] =+ =7, [ru(B), #()] = —=< B, [rx(v), #(a)] -
= <, [ru(7), #(B)] == 0(#(), [r#(8), #(a)])
— 0(#(B), [r#(7), #())+ <, [r4 (B), # ()] - — <, [r3 (7), #(8)] >
—o(J oru(v), [r(B), #()]) + o(J 0 r4(8), [rx(7), #(a)])
+ =<0, [rg(B), # (] === o, [r (7). #(B)] -
= —wr(ry(7), prs([ry(8), #()])) — wr(prs([r (v), #()]), r4(8))
(17) + <o, [rp(8), #()] = — <o, [rp (), #(B)] -
Now, #(83), #(v) € S and 74(8), r4(v) € S and since S is a subalgebra we deduce
that [rx(8), #(7)], [r4 (v %#(ﬂ)] € S and hence
<o, [r#(B), #(1)] === o, [r(7),#(B)] == 0.

We have also #: Z — S+ and ry: T+ — S are isomorphisms so that, by virtue
of , A,B =0 for any o € Z and 8 € I+ is equivalent to .
On the other hand, for any o, 3,7 € T+, since # = —J o T4, the relation

20" (Aaf3,7) = 0" ([, Blr, ) + 0" ([7, Blr, @) + 0" ([, A, B)

can be written

20(J o r4(Aaf), J or (7)) = o(J o g ([, Bl,), T 0 (7))
+ Q(JOT#([VHQ]T)’JOT#(O‘))
+o(Jory(ly.alr), Jory(B)) .

(16)
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But r4 (e, B]r) = [r#(a), rx(6)] and hence

2(ry(Aa, B), (7)) s = ([rg(a), 1 (B)] 1 (7)) g 4 ([r#(9), 7% (8)], ()
+ ([rae(v), r ()], 4 (B)) g 5

where (u,v); = o(Ju, Jv). This shows that r4(Aaf) = V., (a)r4(8) where V is
the Levi-Civita product of (S, [, ],(, )s) and the third relation in is equivalent
to

wr(Vyv,w) + wp(v, Vyw) =0, u,v,w € S.
This is equivalent to V,Jv = JV,v. Let us show that V is actually the Levi-Civita
product of (S,[, ], 0). Indeed, for any u, v, w € S, V,v — V,u = [u,v] and
o(Vv,w) + o(Vyw,v) = (J Vv, J'w) y + (J 'V w, J 1)
(Vud ro, J7 ) g + (Vo J hw, T~ 1)
0.

So we have shown the direct part of the theorem. The converse can be deduced
easily from the relations we established in the proof of the direct part. O

Example 1. Let G be a compact connected Lie group, g its Lie algebra and T an
even dimensional torus of G. Choose a bi-invariant Riemannian metric (, ) on G,
a nondegenerate w € A2S* where S is the Lie algebra of T and put o = (, )(e).
Let r € A?g be the solution of the classical Yang-Baxter associated to (S,w). By
using either Proposition or Theorem one can see easily that (g, o,7) is
a Riemann-Poisson Lie algebra and hence (G, (, ),7) is a Riemann-Poisson Lie
group where 7 is the left invariant Poisson tensor associated to r. According to
Theorem the orbits of the right action of 7" on G defines a Riemannian and
Kahler foliation. For instance, G = SO(2n), T = Diagonal(Dy,...,D,) where

[ cos(0;) sin(0;) _ . s
D,; = (_ sin(6;)  cos(6;) and (, ) = —K where K is the Killing form.

4. CONSTRUCTION OF RIEMANN-POISSON LIE ALGEBRAS

In this section, we give a general method for building Riemann-Poisson Lie
algebras and we use it to give all Riemann-Poisson Lie algebras up to dimension 5.

According to Theorem to build Riemann-Poisson Lie algebras one needs to
solve the following problem.

Problem 1. We look for:

(1) A Kahler Lie algebra (b, [, ]s, 05,w),
(2) a Euclidean vector space (p, 0p),
(3) a bilinear skew-symmetric map [, J,: p X p — p,
(4)
(5)

5) two linear maps ¢,: p — sp(h,w) and ¢y : h — so(p) where sp(h,w) =
{J: ) — b, J+J =0} and so(p) = {A: p — p,A* + A =0}, J* is the
adjoint with respect to w and A* is the adjoint with respect to gy,

a bilinear skew-symmetric map p: p X p — b,
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such that the bracket [, | on g = h @ p given, for any a, b € p and u, v € b, by
(18) [U, U] = [U,’U]h, [aa b] = ,LL(CL, b)+[a7 b]pv [a7u] = _[uza] = ¢P(a)(u)_¢b(u)(a)

is a Lie bracket.

In this case, (g, [, ]) endowed with r € A?g associated to (h,w) and the Euclidean
product ¢ = gy @ gp becomes, by virtue of Theorem [3.1} a Riemann-Poisson Lie
algebra.

Proposition 4.1. With the data and notations of Problem[d], the bracket given by
is a Lie bracket if and only if, for any u, v € h and a, b, c € p,
(19)

p(a)([u; vlp) = [u, ¢p(a)(v)]y +[p (@) (w), ]y +dp (¢ (v) (@) (w) = Pp Py (u)(a)) (v) ,
¢y (u)([a, blp) = [a, ¢y () (0)]p + [y (u)(a), bl + by (Pp () (w)) (@) — Py (Pp (@) () (b)
@y ([u, v]y) = [¢n (), oy (v)],

p([a; blp)(u) = [¢p(a), @p(0)](u)+[u, pla, b))y — p(a, oy (u) (b)) —p(dy(u)(a), b) ,

3§[ a[ ’CP p _f¢h (bvc))(a)v
$ dp(a)(p(d,c)) = § pu([b, clyp,a),

where § stands for the circular permutation.

Proof. The equations follow from the Jacobi identity applied to (a,u,v), (a,b,u)
and (a, b, c). O

We tackle now the task of determining the list of all Riemann-Poisson Lie algebras
up to dimension 5. For this purpose, we need to solve Problem [I] in the following
four cases: (a) dimp =1, (b) dimbh = 2 and h non abelian, (¢) dimbh = dimp = 2
and b abelian, (d) dimb = 2, dimp = 3 and h abelian.

It is easy to find the solutions of Problem [I] when dimp = 1 since in this case
so(p) = 0 and the three last equations in hold obviously.

Proposition 4.2. If dimp = 1 then the solutions of Problem[d] are a Kdihler Lie
algebra (h, 0,w), ¢y =0, [, |, =0, =0 and ¢p(a) € sp(h,w) N Der(h) where a is
a generator of p and Der(h) the Lie algebra of derivations of b.

Let us solve Problem [I| when h is 2-dimensional non abelian.

Proposition 4.3. Let ((h,w, 05), (0, [, Ip, 0p), i, Py, Pp) be a solution of Problem
with § is 2-dimensional non abelian. Then there exists an orthonormal basis B =
(e1,e2) of b, by € p and two constants o # 0 and 3 # 0 such that:
(i) [e1,e2]y = aer, w = Bef A €3,
(ii) (p,[, lp,0p) is a Euclidean Lie algebra,
(iii) ¢p(e1) = 0, ¢y(e2) € Der(p) Nso(p) and, for any a € p, M(¢p(a),B) =
0 op (a,bo)
0 0 ’
(iv) for any a, b € p, p(a,b) = po(a,b)er with po is a 2-cocycle of (p,[ , 1p)
satisfying

(20) fro(a; gy (e2)b) + pro (P (e2)a, b) = —op([a; bly, bo) — apo(a, b).

111
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Proof. Note first that from the third relation in (19) we get that ¢y(h) is a
solvable subalgebra of so(p) and hence must be abelian. Since § is 2-dimensional
non abelian then dim ¢y (h) = 1 and [h, h] C ker ¢by. So there exists an orthonormal
basis (e1,e2) of h such that [e1,es]y = aer, ¢y(e1) = 0 and w = fei Aes. If we
identify the endomorphisms of  with their matrices in the basis (e, es), we get
that sp(h,w) = sl(2,R) and there exists ag, bp, co € p such that, for any a € p,

_ [ Op (O'Oa a) Op (b07 (Z) >
a) = .
o= (i) oiens
The first equation in (19) is equivalent to

a(op(ao, a)er + op(co, a)ea) = —ap(ag, a)er + apy(ao, a)ey
+ 0p (ag, #y(e2)(a))er + op (co, dp(e2)(a))ez,

for any a € p. Since ¢y (e2) is sekw-symmetric, this is equivalent to

Py(e2)(ap) = —aap and  ¢y(e2)(co) = —aco .

This implies that ag = cg = 0. The second equation in implies that ¢y (ez) is
a derivation of [, ],. If we take u = e; in the forth equation in , we get that
[e1, u(a,b)] =0, for any a, b € p and hence u(a,b) = po(a,b)e;. If we take u = ey
in the forth equation in we get . The two last equations are equivalent to
[, ]p is a Lie bracket and pg is 2-cocycle of (p, [, ]p)- O

The following proposition gives the solutions of Problem[I]when § is 2-dimensional
abelian and dimp = 2.

Proposition 4.4. Let ((h,w, 05), (,[, lp: 0p): 1t: &1, ) be a solution of Pmblem
with b is 2-dimensional abelian and dimp = 2. Then one of the following situations
occurs:

(1) ¢ =0, (p,[, Jp,0p) is a 2-dimensional Euclidean Lie algebra, there exists
ap € p and D € sp(h,w) such that, for any a € p, ¢p(a) = op(ao,a)D and
there is no restriction on . Moreover, ag € [p,p]pL if D # 0.

(2) ¢ =0, (p,[, Jp,0p) is a 2-dimensional non abelian Euclidean Lie algebra,
¢p identifies p to a two dimensional subalgebra of sp(h,w) and there is no
restriction on [.

(3) (p,[, lp>0p) s a Euclidean abelian Lie algebra and there exists an orthonor-
mal basis B = (e1,e2) of h and by € p such that w = ael Neb, ¢y(er) =0,
on(e2) #0 and, for any a € p, M(¢p(a),B) = <8 gp(b(;),a)) and there is
no restriction on p.

Proof. Note first that since dim p = 2 the last two equations in hold obviously
and (p,[, ]p) is a Lie algebra. We distinguish two cases:

(i) ¢y = 0. Then is equivalent to ¢y is a representation of p in sp(h,w) ~
sl(2,R). Since sl(2,R) doesn’t contain any abelian two dimensional sub-
algebra, if p is an abelian Lie algebra then dim ¢, (p) < 1 and the first

situation occurs. If p is not abelian then the first or the second situation
occurs depending on dim ¢, (p).
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(ii) ¢p # 0. Since dimso(p) = 1 there exists an orthonormal basis B = (eq, e2)
of b such that ¢y(e1) = 0 and ¢p(e2) # 0. We have sp(h,w) = sl(2,R)
and hence, for any a € p, M(¢y(a),B) = (Qp (a0,a) oy (bo, ) ) Choose

’ ’ e op(co,a)  —op(ao,a)
an orthonormal basis (aj,az2) of p. Then there exists A # 0 such that

(bh (62)(0,1) = /\&2 and (bh (62)(@2) = —/\al.
The first equation in is equivalent to

Pp(dy(e2)(a))(e1) =0, a€p.
This is equivalent to
Pp(a1)(er) = ¢p(az)(er) = 0.
Then ap = ¢o = 0 and hence ¢p(a) = (O o» (bo, a)) The second equation

0 0
in gives
oy (e2)([ar, azly) = [ar, py(e2)(az)]p + dp(e2)(ar), az]p
+ ¢p(¢p(az)(e2))(az) — ¢y (dp(a1)(e2))(az),

and hence ¢y (e2)([a1, az]p) = 0. Thus [a1, az], = 0. All the other equations
in hold obviously. O

To tackle the last case, we need the determination of 2-dimensional subalgebras
of sl(2,R).

Proposition 4.5. The 2-dimensional subalgebras of sl(2,R) are

91:{(3 ﬂa),a,ﬁER}, gz:{(g Oa>7a7ﬁ€R}’

o 2ﬁ'fa
gw:{((awLQﬂ)x JVoz)’OZ’BER}

where x € R\ {0}. Moreover, g, = g, if and only if x = y.

Proof. Let g be a 2-dimensional subalgebra of sl(2,R). We consider the basis
B = (h,e, f) of sl(2,R) given by

0 1 0 0 1 0
e(0 0>’f<1 0) andh(o —1>'

[h,e] =2e, [h, f]=—-2f and [e, f]=h.
If h € g then ady, leaves g invariant. But ad;, has three eigenvalues (0,2, —2) with
the associated eigenvectors (h, e, f) and hence it restriction to g has (0, 2) or (0, —2)
as eigenvalues. Thus g = g1 or g = go.
Suppose now that h ¢ g. By using the fact that sl(2,R) is unimodular, i.e., for
any w € sl(2,R) tr(ad,,) = 0, we can choose a basis (u,v) of g such that (u,v,h) is
a basis of sl(2,R) and

Then

[u,v] = u, [hyu] =au+v and [h,v]=du—av—h.



ON RIEMANN-POISSON LIE GROUPS 237

If (x1,29,23) and (y1,¥y2,ys) are the coordinates of v and v in B, the brackets
above gives

—2(z1ys — x3y1) —21 =0, Y1 =(2—a)ry, dzy = (a+2)y1,
2(x2ys — w3y2) —x2 =0, Yo = —(a+2)r, and dry = (a —2)y2,
T1Y2 — Toy1 —x3 =0, Y3 = —azrs, dz3 =ayz +1.

Note first that if 217 = 0 then (z2,23) = (0,0) which impossible so we must have
x1 # 0 and hence d = 4 — a?. If we replace in the third equation in the second

system and the last equation, we get x3 = % and y3 = —7. The third equation in
the first system gives zo = —ﬁ and hence y; = (2 — a)zy and ys = (féfl). Thus

11 _a (a+2)
= span 4 169”1) , ( 4 162, )}
! {<w -1 ) \e-an 8
1 -1 —a (a+2)
S () (R | SRS
2 1 a-+2
2z 0 x -1 2—-a)r a
_ =2} (0 2\1_
g _Spa’n T _1 9 2‘,1,/, 0 _gﬂc

One can check easily that g, = g, if and only if x = y. This completes the proof. [

But

and hence

The following two propositions give the solutions of Problem [I] when § is
2-dimensional abelian and dimp = 3.

Proposition 4.6. Let ((h,w, 04), (P, [, Jps 0p), 1, Oy, ¢p) e a solution of Problem
with b is 2-dimensional abelian and dimp = 3 and ¢y = 0. Then one of the following
situations occurs:

(i) (p,[, lp,0p) is 3-dimensional Euclidean Lie algebra, ¢, = 0 and p is
2-cocycle for the trivial representation.

(ii) ¢p is an isomorphism of Lie algebras between (p,[, |p) and sl(2,R) and
there exists an endomorphism L: p — § such that for any a, b € p,

pi(a, b) = ¢y (a)(L(b)) — dp(b)(L(a)) — L([a, bly) -

(i) There exists a basis B, = (a1,az2,a3) of p, a #0, 8#0, v, 7 € R such
that [, ]|, has one of the two following forms

[a1,az]p = [a1,a3], =0,

[a13a2]p = Oa [a17a3])3 = ﬂa17 [a23a3}p =aQaz, @ 7& 07
las,as]y =va1 +aaz, a#0,5#0 or 1 70
Moy, By) =13 M(op,By)=|7 1 0

0 0 1
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In both cases, there exists an orthonormal basis By = (e1,e2) of b,  # 0,
u# 0 and v € R such that ¢, has one of the following forms

M(dp(a2), By) = <8 g) | Moo By = (2 8) ,
Miy(as) By = ("3 L) | M6plas).By) = (2 Oa> .
dpar) =0, Pplar) =0,
M (p(az), By) = (:; _u> ,

v _2vta
M(6(as), By) = (m E ) ,

2
Pp(ar) =0.

Moreover, p is a 2-cocycle for (p,[, lp, ép).

(iv) There exists an orthonormal basis B = (a1, az,a3) of p such that ¢p(a1) =
oplaz) =0, ¢p(as) is a non zero element of sp(h,w) and

[a1,a2], =0, [a1,as3], = Ba1 + paz , or [a1,a2]y = aas, [a1,as], = paz,
laz,as], = ya1 + aaz, laz, az]y, = yaz, a0 # 0.

Moreover, p is a 2-cocycle for (p,[, |p, ép)-

Proof. In this case, is equivalent to (p,[, |p) is a Lie algebra and ¢, is a
representation and p is a 2-cocycle of (p, [, |y, ¢p)-
We distinguish four cases:

(1) ¢p =0 and the case () occurs.

(2) dim ¢p(p) = 3 and hence p is isomorphic to sp(h,w) ~ sl(2,R) and hence
u is a coboundary. Thus (i) occurs.

(3) dim ¢p(p) = 2 then ker ¢, is a one dimensional ideal of p. But ¢, (p) is a
2-dimensional subalgebra of sp(h,w) =~ sl(2,R), therefore it is non abelian
so p/ kerp is non abelian.

If kerp C [p,p], then dim[p, p], = 2 so there exists an orthonormal basis
(a1,a2,a3) of p such that a; € kerp and

[01702};: = &ay, [alaGS]p = fa; and [02,03];: =7a; +oaaz, a #0,8#0

and we must have £ = 0 in order to have the Jacobi identity.

If kerp ¢ [p,p] then kerp C Z(p) and dim|p,p] = 1. Then there exits a
basis (ay,as,as) of p such that a; € kerp, as € [p,p], a3 € {a1,az}* and

[az,as]p = Qag, [a3,a1]p = [a17a2]p =0, a#0.
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The matrix of g, in (a1, as,as3) is given by

1 7 0
T 1 0
0 0 1

We choose an orthonormal basis (e, e2) of b and identify sp(h,w) to
sl(2,R). Now ¢,(p) = {¢p(a2),Pp(as)} is a subalgebra of sl(2,R) and,
according to Proposition ¢p(p) = g1, g2 or g,. But

T

[01,91] = Re, [g2,02] = Rf and  [g;.9.] = {(w _Z)} :

So in order for ¢, to be a representation we must have

¢p(a2)=<8 g) and qsp(ag):(og Z) and  gp(a1) =0,

ontaz) = () )+ énlan) =

or

0

@
2

SN[

) and  ¢y(a1) =0,

_u _ 2pta
Pp(az) = (u “) s Oplaz) = (mfa 2 ) and  ¢p(a1) =0.

ur —u T —p

(4) dim ¢, (p) =1 then ker ¢, is a two dimensional ideal of p. Then there exists
an orthonormal basis (a1, az,as3) of p such that
la1, as]y, = @as, [as,a1], =pai +qaz and [as,az], = ray + sas .

The Jacobi identity gives o = 0 or (p,7) = (0,0). We take ¢p(a;) =
ép(az) =0 and ¢p(as) € sl(2,R). O

Proposition 4.7. Let ((h,w, 04), (0, Jp, 0p): 14, @y, @p) be a solution of Problem
with b is 2-dimensional abelian, dimp = 3 and ¢y # 0. Then there exists an
orthonormal basis (e1,e2) of b, an orthonormal basis (a1,as,a3) of p, A\ > 0,
a,p, q, b1, 2, m3 € R such that

py(e1) =0, dplez)(ar) = Aaz, dyle2)(az) =—Aa1 and ¢y(e2)(asz) =0,

[a1,as2], = aas, [a1,as], = pair + qasg, [az, az], = —gar + pas  and
dbp(a;) = <8 ’6) . i=1,2,3
and one of the following situations occurs:
(i) p#0, «a =0 and
pla,az) =0, M(@27a3)=—/\71(p/11+qm)€1 and p(ai,az) = )\71(—(1#14-])#2)6%
(ii) p=0, u3 #0, a =0 and
plar, ag)=cey, plag, az)=—A""(pu1+quz)er and p(ar,az) =A""(—quitpus)e: .
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(iii) p=0, us =0 and
p(ar, az) = crer + caez, plag, a3) = =X~ (pp1 + qua)er  and
par, az) = A~ (—qu1 + ppa)er .

Proof. Since ¢ # 0 then ¢y (h) is a non trivial abelian subalgebra of so(p) and
hence it must be one dimensional. Then there exists an orthonormal basis (eq, e3)
of h and an orthonormal basis (a1, az,as) of p and A > 0 such that ¢y(e;) = 0 and

dp(e2)(a1) = Aag, ¢p(ea)(az) = —Aar and ¢y(e2)(asz) =0.
The first equation in is equivalent to
Pp(Pn(e2)(a))(e1) =0, aep.

This is equivalent to

Pp(ai)(er) = Ppplaz)(er) =0.

Thus ¢, (a;) = <8 'L(L)l for i = 1,2 and ¢p(az) = <Zj} _Uu> Consider now the

second equation in (19)
o (u)([a, blp) = [a, ¢y (w)(0)]p + [dn(u)(a), by + ¢y (04 (b) (u))(a) — dp(dp(a)(w)) (D) .
This equation is obviously true when u = ey and (a,b) = (a1, az2). For u = e; and
(a,b) = (a1, a3), we get
by (dp(as)(er))(ar) =0

and hence w = 0.

For u = ez and (a, b) = (a1, a2), we get ¢y (e2)([a1, az]p) = 0 and hence [a1, as], =
aas.

%‘or u = ey and (a,b) = (a1,a3) or (a,b) = (az,as) , we get

op(e2)([a1, asly) = Aaz, agly —Auas  and  ¢y(e2)([az, asly) = —Aa1, asly +Aua;.
This implies that [a1, a3y, [a2, as], € span{ai,as} and hence

[a1,a3]y = pai1 +gas and [ag,as], = rai; + sas.
So

Apag — qar) = A(ra; + saz — uas),
Aras — sar) = —A(pa1 + qaz — uaq) .

This is equivalent to
u=0,p=s and r=—q.

To summarize, we get

la1,as]y, = aas, [a1,a3]p, = pai + qas, [az, a3l, = —qai +pap and

onta = (o )

Let consider now the fourth equation in
Gy ([a,b]p)(u) = [pp(a), dp(b)](w) + [u, u(a, b)]y — pla, oy () (b)) — p(dy(u)(a), b).

This equation is obviously true for u = e;.
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For u = e and (a,b) = (a1, a2), (a,b) = (a1, a3) or (a,b) = (as, as), we get
aps =0,
(pp1 + qu2)er = —Au(az, as)
(—qp1 + pp2)er = Au(ar, as) .
The last two equations are equivalent to
dplas)(u(ar, az)) = —2pp(ar,az) and  play, azly = 0.
e p # 0 then
a=0,pu(ar,a2) =0, ulaz,as) = —)\_l(p,ul + qu2)er  and
plar, az) = A (—qu1 + pus)er -
e p =0 and p3 # 0 then o = 0 and
p(ay, a) = cey, p(az, ag) = =X~ (pu1 + qua)er  and
p(ar,as) = A~ (—qua + pp2)er .
e p =0 and p3 = 0 then
p(ar, az) = crer + czea, p(az, az) = ="' (puy + quz)er  and
plar,as) = A" (—qu + puz)es .
([

By using Propositions [L.2HL.7, we can give all the Riemann-Poisson Lie algebras
of dimension 3, 4 or 5.

Let (g,[, ], 0,7) be a Riemann-Poisson Lie algebra of dimension less or equal to
5. According to what above then g = h @ p and the Lie bracket on g is given by
(18) and ((h,w, 05), (1, [+ Jps 0p), 1, Py, ¢p) are solutions of Problem

e dim g = 3. In this case dimh = 2 and dimp = 1 and, by applying Proposition
the Lie bracket of g, o and 7 are given in Table [} where 2 = e; A es.

Non vanishing Lie brackets Bivector r | Matrix of ¢ | Conditions
[e1, e2] = aeq, [es, ea] = bex ae? I3 a#0,a#0
[es, e1] = —be1 + cea, [e3, ea] = der + bea | ae™® I3 a#0

TaB. 1. Three dimensional Riemann-Poisson Lie algebras

e dim g = 4. We have three cases:

(c41) dimb =2, dimp = 2 and h is non abelian and we can apply Proposition
to get the Lie brackets on g, ¢ and r. They are described in rows 1 and
2 in Table

(c42) dimb =2, dimp = 2 and b is abelian and we can apply Propositions
and [L.5] to get the Lie brackets on g, ¢ and r. They are described in rows 3
and 8 in Table P

(¢43) dimb = 4. In this case g is a Kéhler Lie algebra. We have used [12] to
derive all four dimensional K&hler Lie algebra together with their symplectic
derivations. The results are given in Table [3] The notation Der®(h) stands
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for the vector spaces of derivations which are skew-symmetric with respect
the symplectic form. The vector space Der®(f) is described by a family of
generators and E;; is the matrix with 1 in the ¢ row and j column and 0

elsewhere.

Non vanishing Lie brackets Bivector r Matrix of o Conditions

le1, e2] = ae1, [e3, e2] = bey + ceq, ael? Iy a#0,a#0

leq, e2] = dey — ce3

[e1, e2] = aeq, [e3, e2] = beq, ael? Iq aac # 0,

lea, e2] = dey, [e3, eq] = cez — a” Lcbey

e3,eq] = aey + bea ael? Ia a 0

3

[e3, e4] = ae1 + bea + ce3, [es,e1] = ze1 + yeo, ael? Iy a#0

lea, e2] = ze1 — wea

e3,eq] = aey + bea + 2e4, [e3,e1] = e1, ael? Diag | 1,1, © v « O, u,p>0
v.op

les,e2] = —ea,[ea,e2] = e pp > v?

les, eq] = ae1 + bea — 2e4, [e3,e1] = e1, ael? Diag | 1,1, ﬁ : a#0,pu,p>0

les,e2] = —ea, [es, e1] = e2 np > v2

e3,eq] = aey + bey — 2e3, [e3,e1] = e1 + wea, ael? Diag | 1,1, © v a O,pu,p>0
v p

les,e2] = —Ley —en, [eq, e1] = weg, [eq, e2] = L ey pp > v @ #£0

[e3, eq] = aey + bez, [e3, e2] = we1 + yeq, ael? Iy ay #0

lea, ea] = ze1 — yes

TaAB. 2. Four dimensional Riemann-Poisson Lie algebras of rank 2

Non vanishing Lie brackets Bivector r Matrix of o Der®(h)

[617 62} = e2, ael? + 5634 Diag(a, b, c, d) {E21, FE33 — Fyg4, Fy3, E34}
le1,e2] = —es3, [e1,e3] = e, ael® + B3e?3 | Diag(a,b,b,c) {E23 — E32, F41}

le1, e2] = ea, [e3,e4] = ea, ael? + 3e3% | Diag(a,b, ¢, d) {E21, Es3}

lea,e1] = e1, [eq, 2] = —des, ae'® + B3e?3 | Diag(a,b,b,c) {E14, E23 — E32}

[e4, €3] = dea

(e1, e2] = e3, [ea, €3] = e3, a(612 - 834) Diag(a, ub, pa,b) | {Fs4, E22 — E11, F12 + E21}
les, e1] = 161, [ea, e2] = Fea,,

le1, e2] = e3, [ea, e3] = e3, a(e?® + e | Diag(a, a,2a,2a) | {2FE14 — E32}

lea, e1] = 2e1, [eq, e2] = —ea,

le1, e2] = e3, [e, €3] = €3, a(el? — e3%) | Diag(a, a, a, a) {E34,F12 — F21}

lea,e1] = Fe1 —ea,

lea,e2] = e1 + 5€2,

TaB. 3. Four-dimensional Kéhler Lie algebras and their symplectic

derivations, a, b, c,d > 0,0 # 0

e dim g = 5. We have:

(¢51) dim b = 4 and b abelian and hence a symplectic vector space. We can apply
Proposition [£:2] and g is semi-direct product.

(c52) dim b =4 and b non abelian. We can apply Proposition and Table [3] to
get the Lie brackets on g, ¢ and r. The result is summarized in Table [4]

(¢b3) dimbh = 2 and h non abelian. We apply Proposition In this case
(0,1, lp, 0p) is a 3-dimensional Euclidean Lie algebra and one must compute
Der(p) Nso(p) and solve (20). Three dimensional Euclidean Lie algebras
were classified in [9]. For each of them we have computed Der(p) N so(p)
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and solved by using Maple. The result is summarized in Table [5( when
p is unimodular and Table [6] when p is nonunimodular.

(chb4)

dimbh = 2 and b abelian and ¢y, = 0. We apply Proposition and

we perform all the needed computations. We use the classification of
3-dimensional Euclidean Lie algebras given in [J]. The results are given in
Tables [7H8]

(¢b5) dimbh = 2 and h abelian and ¢, # 0. We apply Proposition and we

perform all the needed computations. The results are given in Table [9]
Non vanishing Lie brackets Bivector r Matrix of o Conditions
e1,e2] = eo2,|es,e1] = xzeq, ae “ + Be Diag(a, b, c,d, e a 0

T2 34 b d
les, e3] = yes + teq, [e5, 4] = ze3 — yeq a,b,c,d, e >0
e1,e2] = —es, [e1, e3] = e2, ae™® + e Diag(a, b, b, c, a 0
T 23 b.b d ,6

les, e1] = yeq, [e5, ea] = —wes, [e5, e3] = zep a,b,c,d >0
[e1, e2] = e2, [e3, ea] = ea, ae? + Be’* | Diag(a, b, ¢, d, €) aB #0
les,e1] = zea, [e5, e3] = yea a,be,de>0
[ea, e1] = e1, [eq, e2] = —Je3, [ea, e3] = Sea ae'™ + 3e? | Diag(a,b,b,c,d) aB #0,6 >0
les, ea] = —yes, [e5, e3] = yea, [e5, ea] = zeq a,b,c,d >0
[e1,e2] = e3, e, e3] = e3,[ea,e1] = Ze1 a(e™ —e31) | Diag(a, ub, pa, b, ) [ a #0
lea, e2] = Sea,[es, e1] = zer + yea, a,bye,u >0
les, e2] = ye1 — weg, [e5, e4] = ze3
le1, e2] = e3, [ea, e3] = e3, [eq, e1] = 2e1 a(e® + ) | Diag(a, a,2a,2a,b) | a#0
lea,e2] = —ea, [e5, ea] = ze3, [e5, ea] = —2zey a,b>0
[e1,e2] = e3, e, e3] = e3,[ea,e1] = 3e1 — €2 a(e’? — e31) | Diag(a,a,a,a,b) a#0
lea, e2] = e1 + Sea, [es, e1] = —wea, [e5, e2] = mey a,b>0
les, ea] = yes

TAB. 4. Five-dimensional Riemann-Poisson

Lie algebras of rank 4

Non vanishing Lie brackets T Matrix of o Conditions
[e1, e2] = e1, [e3, e2] = bue1 — ceq, [eq, e2] = due1 + ces ael? | Diag(l, p, p, p, 1) ca #0
les,ea] = fei,[e3, ea]l = —fe1 +e5 o wp >0
[e1, e2] = e1, [e3, e2] = be, [eq, e2] = cex ae Diag(1, p, 1,1, p) a#0
les, e2] = dueq, [e3, e5] = be1 — e3, [eq,e5] = —ce1 +eq K, p >0
. 1 1
le1, e2] = e1, [e3, e2] = (b + c)ex, [ea, e2] = (cx + b)ey ael? | Diag(1, p, (1 I) JH) | a#0
les, e2] = dueq, [e3, e5] = (b+ c)e1 — es, pHyp >0
lea,e5] = —(zc+bler +eq
[e1, e2] = e1, [e3, e2] = be, [eq, e2] = cper ae'? | Diag(1, p, 1, 4, v) a#0
les, ea] = dvey, [es, e5] = —pcer + ea,[eq, e5] = ber — e3 v, p >0
[e1, e2] = e1, [es, ez] = buei, [es, e2] = cvey ae'? | Diag(1, €, u, v, p) a#0,v#p
les, e2] = dpeq, [e3, ea] = —2pdeq + 2es, v, p, € >0
les, e5] = 2vcer — 2eq, [eq, e5] = 2pber — 2e3 BFEVHFEDP
le1, e2] = e1, [e3, ea] = buen, [ea, 62;] (:)\CVS)l — Xes ae'® | Diag(1, p, p, v, v) Aa #0
2 Y
les, ea] = dvey + Xey, [e3, e4] = — =T g + 265, v, p >0
1422
e3,e5| = Mel — 2ey4, [e4, e5] = 2ube; — 2e3
1422
le1, e2] = e1, [e3, e2] = buer, [ea, e2] = cver ael? | Diag(L, €, u, v, p) a#0,v#p
les, e2] = dpei, [e3, e4] = —pde1 + e5, v, p, € >0
les,es] = vce1 —ea,[ea,e5] = —pber +e3 pFEVHFE P
le1, e2] = e1, [e3, e2] = buer, [e, e2] Scver = es ael? [ Diag(l, p, i, v, v) Ao # 0
[65,52]:duel+)\e47[63,e4]:7'/(1_:7;2)514»557 v, p >0
-~ Ad
les, e5] = %61 —eq,[eq, e5] = —pber +e3
le1, e2] = e1, [e3, e2] = bue1 — ueq — ves, ael? | Diag(1, p, p, p, 1) a#0
lea, e2] = cuper + ueg — wes, [e5, e2] = duey + vez + weq, Hyp >0
[es,eq] = me1 + e5,[e3,e5] = ye1 — eq, [eq, e5] = ze1 + €3
_ ,u(buwfcuv+du2+bv+cw+d)
T = 1+2u2+v2+w2
p(—bvw+ev? —duwtbu—dwtc)
y= 202 w2
T+uZtv2tw
R w(bw? — cvw+duw—cu—dv+b)
— 1+u24 024 w?

TAB. 5. Five-dimensional Riemann-Poisson Lie algebras of rank 2
with non abelian Kahler subalgebra and unimodular complement
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_ (- M)Cf+((f 2)p+£)b
2f(A=f)

Non vanishing Lie brackets r Matrix of o
le1,e2] = e1,[e3,e2] = (f + cA + fA%)er — Xeq, A #0, | ae™® | Diag(L,p, 1,1, 1)
[ea, e2] = ce1 + Aes, [e5, e2] = duen, Hyp >0
[es; e5] = fe1 —es,[ea,e5] = (Af +c)er —eq,
[e1, e2] = e1, [es, e2] = be1, [ea, e2] = cpeq, ae? | Diag(1,p, 1, 1, v)
les, e2] = dvey, [e3, e5] = pcer — ey, 0<pu<|fl,p>0
[ea,e5] = (—fb+2uc)er + fez —2eq, f =1or f <O
[e1,e2] = e1,[e3,ea] = (b+ cu)ex, [es, 2] = (c + bu)er, | ael? | Diag(l,p, <# ;IL)
les, e2] = dver, [es, e5] = (ub + c)er — ea, wvsp>0
lea,es] = ((2— p)e+ (2u — 1)b)es + es — 2e4
1
[e1,e2] = e1, [es, e2] = (b+ c)er, [ea,e2] = (b+cp)er, | ae'? | Diag(l, p, < >
les, e2] = drer, [es,es] = (b+ cp)er — ea, v,p>0,c>pu>1
lea,es] = (2 — f)b+ (2p — fc)er + fes — 2eq
. 1 1
[e1,e2] = e1, [es, e2] = (b+ Lc)er, [ea, 2] = (c+ 2b)er, | ael? | Diag(l, p, <1 f) V)
2
les, e2] = dver, [es,es] = (c+%b)el — e4, p,v >0
lea,e5] = (b+ 2c)er — 2eq
le1, ea] = e1, [e3, e2] = weq, [e4, e2] = yeu, ael?2 | ATBA
1+s _ 1 0
—2fs 2s
[es, e2] = dvei, [e3,e5] = ze1 — ey, A= 12;35 2%
0 0 1
[ea, e5] = te1 + fez —2e4,0 < f <1, B = Diag(1, p, <i 'th> V)
_ ((p+Dbt+(u-1)c)f—2b _  _ (p—1)(cf+b)
377 (f—1 Y= 2= e vip >0

1-f,0<u<1

TAB. 6. Five-dimensional Riemann-Poisson Lie algebras of rank
2 with non abelian Ké&hler subalgebra and non unimodular com-

#0)

plement. («

Non vanishing Lie brackets Bivector » | Matrix of o Conditions
e3,eq] = aeq + bes + e5, [e3,e5] = ceq + deg ae ia, , 1, s a
3 b 5,le3,e5 d 2 Diag(1, 1, ft, 1, 1 0
lea,e5] = fe1 + gea w>0
e3,e4q] = aeq + bea, [e3,e5] = ce1 + degx — e3 ae iag(1,1,1,1, p a
b d 12 Diag(1, 1, 1,1 0
. . 1 1
lea,es] = fe1 +gez + e Diag(1, 1, (1 o)) | k>0
les, eq] = aeq1 + beo, [e3,e5] = ce1 + dea + ey ael? Diag(1,1,1, u, v) a#0
lea,e5] = fe1 +gea —e3 v >0
e3,eq] = aeq en es, [e3, e5] = cep eo — 2eq4 | ae iag(1,1, p, v, «
[ ] + bea + 2es, | ] +d 2 2 Diag(1, 1, u, v, p) #0
lea,es5] = fe1 + gea — 2e3 v, p >0
les, eq] = ae1 + bex + e5, [e3,e5] = ce; + dea — ey ael? Diag(1, 1, u, v, p) a#0
lea,es5] = fe1 +gea +e3 v, p >0
e3,e5] = ce1 + dez — e3 ae iag(1,1,1,1, e
+d 2 Diag(1,1,1,1, #0
lea,e5] = fe1 +gea —eq >0
les, e5] = ce1 +dex — eq ael? There are many cases a#0
lea,es5] = fe1 + gea + xze3 — 2eq See [9]

TAB. 7. Five-dimensional Riemann-Poisson Lie algebras of rank

2 with abelian Kahler subalgebra
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Non vanishing Lie brackets T Matrix of o
les, e1] = —ea, [e3,e2] = e1, [eq, e1] = ea, [eq, e2] = €1 ael? | Diag(1, 1, u, v, p)
[65,61]261,[65,6212762, w,v,p>0
[es, ea] = 2e5 + (22 — l21 — 2l13)e1 — (12 + 111 + 2l23)e2
les, e5] = —2e4 + (l23 — l11 + 2l12)e1 — (I13 — l21 — 2l22)ea,
[eq, e5] = —2e3 + (I3 — l12 + 2l11)e1 + (l13 + l22 + 2l21)e2
[ea, e2] = ue1, [es,e1] = —Fe1, [e5, ea] = ver + Seo, ae'? | Diag(1,1,1,1,1)
les, ea] = xe1 + yea, [e3, e5] = bes + ze1 + teg,
[ea, e5] = ce3 + aeq + re1 + sea,
(a+2b)x — 2tu + 2yv = 0,a # 0,b # 0, (3a + 2b)y =0
[e4, e2] = ue1, [es, e1] = —Fe1, [es, e2] = ver + Fe, ae'? | Diag(l,1, <; 'th) 1)
les, ea] = ze1, [e3, e5] = ze1 + tea,
lea,e5] = aeq + re1 + sez,a # 0,
ar —2tu =0
lea, e1] = uea, [es, e1] = Fe1 + ver, [e5, e2] = —Fe, ael? | Diag(1,1,1,1,1)
[e3, e4] = xe1 + yea, [e3, e5] = beg + ze1 + tea,
[ea, e5] = ce3 4 aeq + re1 + sea,
(Ba+2b)x =0,a #0,b#0
(a+2b)y — 2zu+22v =0
[e4, e1] = uea, [es, e1] = Se1 + vez, [es, e2] = —Fea, ae'? | Diag(l,1, <;1L /f) 1)
les, eq] = yea, [e3, e5] = ze1 + tea,
led,e5] = aea + el + sez,a # 0,ay — 2zu = 0
lea,e1] = uer + upes, [ea, e2] = —%61 — uea,, ael? | Diag(1,1,1,1,1)
les, e1] = ver + WE% [es, e2] = —(21)27_‘_&)61 —vey
les, ea] = ze1 + yea, [e3,e5] = bes + ze1 + tez,a # 0,b# 0
lea,e5] = ces + aeq + req + sea,
((2a + 2b + 2v)z — 2zu)p — ay + 2tu — 2yv =0
(2zv — ax — 2zu)p + (2a + 2b — 2v)y + 2tu = 0
lea,e1] = uer + upes, [ea, e2] = f%el — uea,, ae'? | Diag(l,1, <; 'LlL) ,1)
les,e1] = ver + Weg, les, e2] = —(21)27':‘)61 — veg
les, eq] = ze1 + yea, [e3, e5] = ze1 + teg,
lea,e5] = aeq + re1 + se2,a #0,b #0
((2a + 2v)z — 2zu)p — ay + 2tu — 2yv =0
(2zv — ax — 2zu)p + (2a — 2v)y + 2tu = 0
les, e1] = uer + vea, [es, e2] = wer — uea, ae'? | Diag(1,1,1,1,1)
le3, ea] = xze1 + yea, [e3, e5] = ae3 + bes + ze1 + tea,
lea,e5] = ces + deq + re1 + sea,
(a+d+u)z+yw=0,zv+ (a+d—u)y=0
les, e1] = ue1 + vea, [es5, e2] = wer — uea, ae'? | Diag(1,1,1,1,1)

[e3, ea] = ze1 + yea + aey, [e3, e5] = bes + ze1 + tea,
lea, e5] = cea +re1 + sez,a # 0
(c+uw)z—ar+yw=0

(c—uw)y—as+zv=0

TAB. 8. Five-dimensional Riemann-Poisson Lie algebras of rank
2 with abelian Kéhler subalgebra (a # 0) (Continued)
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Non vanishing Lie brackets Bivector » | Matrix of o Conditions
[e3, ea] = ey — aeyq, [eq, e2] = ye1 + aes, [e5, ea] = ze | ael? Diag(1,1,1,1,1) | aa #0

les, es] = pes + gea + a " (—qz + py)er, a#0
lesses] = —ges + pes — a”(pz + qy)es

[es, e2] = ze1 — aey, [eq, e2] = ye1 + aes, [e5, e2] = zeq ael? Diag(1,1,1,1,1) | o # 0

les, ea] = beq

les,e5] = qeq — a” Lqaze, a#0,z#0
les,es5] = —qes —a"'qye;

[es, e2] = ze1 — aey, [ea, e2] = ye1 + aes, ael? Diag(1,1,1,1,1) | o # 0

les, ea] = be1 + cez

les, e5] = geqa — a ™ qzey, a#0
les,es5] = —qes —a"'qye;

TAB. 9. Five-dimensional Riemann-Poisson Lie algebras of rank
2 with abelian Kéhler subalgebra (Continued)

This theorem unknown to our knowledge can be used to build examples of
Riemann-Poisson Lie algebras.

Theorem 4.1. Let (G,(, )) be an even dimensional flat Riemannian Lie group.
Then there exists a left invariant differential Q on G such that (G,(, ),Q) is a
Kdhler Lie group.

Proof. Let g be the Lie algebra of G and ¢ = (, )(e). According to Milnor’s
Theorem [IT), Theorem 1.5] and its improved version [I, Theorem 3.1] the flatness
of the metric on G is equivalent to [g, g] is even dimensional abelian, [g,g]* =
{u € g,ad, + ad = 0} is also even dimensional abelian and g = [g,g] © [g,9]*.
Moreover, the Levi-Civita product is given by

ad, if a€[g,g]t,

21 L, =
(21) 0 if ac€lg,g

and there exists a basis (eq, f1,..., e, fr) of [g,g] and Ai,...,\. € [g,g]" \ {0}
such that for any a € [g, g]*,
[a,e;] = Ai(a)fi and [a, fi] = —Ai(a)e; .

We consider a nondegenerate skew-symmetric 2-form wg on [g,g]~ and w; the
nondegenerate skew-symmetric 2-form on [g, g+ given by wy = >";_, ef A f7. One

]J_

can sees easily that w = wg @ wy is a Kéhler form on g. (Il
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